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FOREWORD 


Since  1980  there  has  been  a  tremendous  advance  in  the  state-of-the-art  of  QFT.  This  is 
due  primariiy  to  the  association  of  Wright  Laboratoiy's  Right  Dynamics  Directorate 
(WL/FiG)  with  the  Department  of  Electrical  and  Computer  Engineering  of  the  Air  Force 
Institute  of  Technology  (AFIT/ENG)  and  with  Professor  issac  M.  Horowitz*  the  founder  of 
QFT.  Numerous  technical  publications  by  WL/FIG  and  AFiT/ENG  researchers  have 
resulted  from  this  association.  This  symposium  is  a  testimonial  to  these  researchers  and 
is  intended  to  transfer  many  of  their  results  to  the  general  public. 
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PROGRAM  COMMITTEE 


PLENARY  SPEAKER 


Dr.  I.  M.  Horowitz 


Dr.  Horowitz  is  the  originator  and  developer  of  the  Quantitative  Feedback  Theory 
(QFT)  for  control  systems  design.  He  is  a  professor  at  the  University  of  California,  Davis 
and  the  1992  recipient  of  the  ASME  Dynamic  Systems  and  Control  Division  "Rufus 
Oldenburger  Award".  As  a  Distinguished  Visiting  Professor  at  the  Air  Force  Institute  of 
Technology  for  the  past  7  years,  he  has  been  co-advisor  on  numerous  thesis  research 
efforts.  His  past  achievements  include  engineering  professorships  at  the  Weizmann 
Institute  of  Science,  Israel,  University  of  Colorado-Boulder,  and  City  University  of  New 
York. 

QFT  is  the  first  quantitative  feedback  design  in  control  history.  QFT  is  widely  used 
in  Japan  and  Russia.  Dr.  Horowitz  has  extended  QFT  from  SISO,  to  MIMO,  to  discrete 
time,  to  non-minimum-phase  plants,  to  time-varying  plants,  to  nonlinear  systems,  and  to 
the  use  of  non-LTI  compensation. 
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BANQUET  SPEAKER 


Dr.  E.  Eiteiberg 


Dr.  Eiteiberg  is  a  Professor  and  Head  of  the  Department,  Eiectrical  Engineering,  at 
the  University  of  Durban-Westville,  Durban,  South  Africa. 
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the  University  of  Karlsruhe,  Karlsruhe,  West  Germany.  He  is  a  researcher  in  control 
engineering  and  has  performed  extensive  research  on  power  plant  detailed  modeling  and 
computer  simulation  for  KWU/Siemens,  Germany.  He  developed  a  new  numerical 
"absolutely"  stable  modular  simulation  method  for  very  large  nonlinear  systems. 

Dr.  Eiteiberg  has  over  60  publications;  including  6  books,  40  scientific  journal 
papers,  and  two  patents. 
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Dr.  Oded  Yaniv 
Faculty  of  Engineering 
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Tel-Aviv  University,  Tel-Aviv,  Israel 


Dr.  Yaniv  received  his  Ph.D.  from  Weizmann  Institute  of  Science  under  the  guid¬ 
ance  of  Dr.  Horowitz.  He  has  been  with  Te!-Aviv  University  since  his  graduation.  He  is 
active  in  QFT  research  and  computer  aided  design  tools. 


TECHNOLOGY 

TRANSFER 


PLENARY  ADDRESS 

QfT  •  PAST,  PRESENT  AND  FUTURE 


Isaac  Horowitz,  Professor  Emeritus 

Univeisity  of  Califomia.  Davis 
Davis,  CA  95616 
and 

Weizmann  Institute  of  Science 
Rehovot,  Israel 


ABSTRACT 

Quantitative  fe^back  theory  (QFT)  is  an  engineering  science  devoted  to  the  problem  of 
achieving  precise  petlonnance  specifications,  despite  high  uncertainty  in  the  means  of  producing 
the  desired  ouq)ut&  It  was  an  outgrowth  of  the  author’s  work  in  Active  Network  Synthesis. 
Early  in  itt  hisro^  it  cho»  the  input-output  system  description,  frequency  response  and  the  loop 
transmission  u  its  priricipal  and  natural  design  tools.  QFT  is  especially  oriented  towards  the 
practical  desi^er  in  its  emphasis  on  the  cost  of  feedback,  design  transparency,  and  the 
mathematical  simplicity  of  its  design  methods.  QFT  has  ^veloped  such  techniques  for  SISO, 
MIMO,  sin^  and  multiple  loop,  linear  and  nonlinear,  lumped  and  distributed  plants  But  it  is  as 
yet  in  its  infancy,  pointing  to  vast,  available  problem  areas. 


1.  Network  Synthesis  Origin 

My  role  in  the  development  of  QFT  was  influenced  by  my  prior  work  in  Modem  Network 
Synthesis,  especially  Active  Network  Synttesis.  A  set  of  building  blocks  is  assumed  available: 
resistors  (R),  inductors  (L),  capacitors  (C)  in  passive  network  synthesis;  R,  C  and  transistors  in 
active  RC  synthesis.  One  is  to  design  a  function,  usually  the  transfer  function,  by  combining 
these  elements  in  a  systematic  maruier.  Modem  type  “existence”  theorems  were  rare  in  those  days 
because  it  was  assumed  that  primarily  engineering  research  was  supposed  to  show  how  to  build 
practical  systems  rather  thari  just  prove  dm  systems  could  be  built  with  iHMiiyoH  So  the 

theoreitts  were  mostly  implicit,  constructive  in  nature,  usually  presenting  design  based 

on  canonical  structures.  As  the  subject  advanced,  the  practic^ty  of  the  design  constraints  was 
increased  such  as  element  size,  value  spread  and  dissipation  factors. 

My  interest  was  in  Active  RC  synthesis.  The  poles  of  RC  transfer  functions  are  confined 
to  the  negative  teal  axis.  Feedback  around  the  active  element  can  move  them  into  the  complex 
plane.  But  active  element  parameters  usually  have  much  greater  variation  than  passive  elements. 
So  in  the  problem  statement  I  would  list  their  maximum  variation  (va),  and  the  a^ignw^  tolerances 
(vd)  on  the  desired  transfer  function.  In  a  narrow  band  filter,  vd  would  be  very  small  Find  a 
synthesis  technique  for  this  purpose,  assuming  some  R.  C  elements  could  be  built  with  arbitrary 
smaU  variation,  nierc  ate  two  problems  here.  One  is  the  filter  problem,  to  obtain  the  desired 
nominal  transfer  function.  The  second  is  the  sensitivity  problem,  to  obtain  the  desired  small  vd/va 
ratio.  Here,  feedb^k  is  intentionally  used  in  the  filter  problem  and  introduces  the  second  problem 
which  it  has  a  major  role  in  solving.  Active  network  synthesis  had  heretofore  not  incorporated 
sensitivity  to  such  an  extent 

It  is  an  obvious  transition  from  such  an  approach,  to  feedback  control  where  the  sensitivity 
problem  is  paramount  and  the  filter  problem  is  mostly  secondary.  The  sensitivity  is  easier 
in  SISO  feedback  control  because  uncertainty  is  lodged  in  the  plant  fuixtion  P(s),  winch  appears 
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as  a  single  block  in  the  transfer  function  T(s)  =  FPG/(1  -f  PG).  It  is  more  complicated  in  active 
synthesis:  the  low-frequency  model  of  the  active  element  has  four  resistances  and  a  controlled 
source.  In  dw  more  cludlenging  structures,  these  five  parameters  are  scattered  about  in  the  system 
transfer  function,  so  unlike  feedback  control  it  is  not  simply  a  matter  of  making  the  loop 
transmission  large  enough  over  a  large  enough  frequency  range. 

2.  PRINCIPAL  FEATURES  OF  QFT 

The  principal  features  of  QFT  almost  all  appear  in  the  first  QFT  work  in  1959  [1].  Major 
considerations  were:  time  domain  vs  transform  domain,  input-output  vs  detailed  internal 
modelling,  frequency  response  vs  state-space,  sensitivity  function  vs  loop  transmission,  global 
optimization  vs  detailed  quantitative  design.  The  transform  domain  was  chosen  because  of  the 
great  difficulty  of  satisfying  specifications  and  stability  direcdy  in  the  time  domain.  Professor 
Barnard  [2]  is  working  in  the  latter  area.  Input-output  seemed  obvious  because  systems  theory  in 
general  focuses  on  the  relation  between  blocks,  rather  than  on  the  internal  design  of  the  individual 
blocla.  So  why  bother  with  the  unnecessary  complexity  of  detailed  internal  descriptions  when 
the  information  is  irrelevant  for  our  purpose?  In  a  o^r  system,  why  use  20  equations  when 

19  of  diem  are  only  definitions?  ControUabilify,  observability  and  hidden  oscilladons  are  easily 
handled  in  a  proper  input-output  description,  Le.,  which  considers  parameter  uncertainty.  For 
several  decades  it  was  rather  lonesome  in  the  frequency  domain,  which  was  derided  by  the 
dominant  modem  control  society.  However,  times  are  changing  and  “the  stone  which  the 
builders  scorned  has  become  the  comer  stone”  [3]. 

The  sensitivity  function  S-(l-fL)*l  seems  to  be  the  natural  design  tool  because  it  gives 
direcdy 

effect  with  feedback 
open-loop  effect  ~  ^ 

and  offers  hope  for  analytical,  automatic  design.  However  it  is  very  cumbersome  for  detailed 
quantitative  design,  although  it  may  be  suitable  for  global  measures  anu  global  optimization 
wherein  one  throws  a  variety  of  factors  into  a  single  cost  function.  But  in  multivariable  design, 
one  is  interested  in  detailed  control  of  n^  input-output  relations.  It  is  difficult  to  discern  and 
achieve  such  detailed  control  via  a  single  scalar  cost  Action.  It  has  additional  disadvantages.  A 
practical  L  =  PG  k/s^  as  s  ->  <»,  so  the  first  e  leading  numerator  coefficients  of  S  must  equal 
those  of  its  denominator.  If  degree  of  S  is  e  4-  m,  only  2m  free  parameters  are  available  for 
design.  This  seems  to  be  the  reason  why  its  compensation  functions  turn  out  so  impractical  in 
terms  of  bandwidth,  which  is  the  principal  cost  of  feedback. 

Another  important  factor  is  high-frequency  sensor  noise  effect  at  plant  input,  Tk  = 
(1-  SyP.  fa  this  range  1 L  I  «  1 ,  S  -»  1,  P  0,  so  T^  is  highly  insensitive  to  S.  But  written 
as  Tn  =  L/P(l4-  L)  s  L/P,  it  is  very  sensitive  to  L,  and  one  sees  the  importance  of  fast  decrease  of 
I  L  I  at  large  ox  At  I  L  I  =lOr^,  an  increase  to  lO*^  (tenfold)  changes  I  S  I  at  best  from  .999 
to  .99  (1%),  i.e.,  an  insensitivity  factor  of  KXX).  Thus  the  sensitivity  function  is  highly 
insensitive  to  two  imnortant  costs  of  feedback:  sensor  noise  and  loop  bandwidth. 

It  is  instmetive  too  that  Bode,  the  pioneer  of  feedback  theory  and  the  definer  of  the 
sensitivity  function  S,  did  not  use  S  for  actual  design,  but  instead  used  L,  the  loop  transmission 
function  [4].  This  was  the  choice  of  QFT  at  the  outset  [1].  Our  commitment  to  detailed 
quantitative  design  drove  us  to  use  L  because  of  the  vagueness  of  the  global  figures  of  merit.  In 
fact,  I  believe  that  once  the  decision  was  made  that  plant  uncertainty  was  ths  problem  and  practical 
quantitative  design  the  objective,  then  the  problem  structure  led  Q^  into  the  direction  it  Im  taken 


10 


since  its  beginning  in  19S9  [1].  An  additional  gift  nature  has  awarded  to  QFT  is  its  design 
transparency,  which  is  so  often  emphasized  by  its  practitioners.  One  clearly  seos  and  has  in  & 
grasp  the  important  trade-off^  between  bandwidth,  design  complexity,  sensor  noise  effects,  etc 
This  property  and  the  close  relation  of  QFT  to  Bode’s  work  were  sustaining  sources  during  the 
long,  lonely  period  when  QFT  was  confined  to  the  wilderness  by  academia  and  by  government 
fimdmg  tgencies. 

For  about  half  a  century  feedback  control  concentrated  on  the  filter  problem,  and  neglected 
its  abili^  to  cope  with  uncertainty.  The  following  quotations  are  illustrative: 

it  is  generally  taken  for  granted  that  the  dynamic  characteristics  of  the  process  will 
change  (^y  slightly  under  any  operating  conditions  encountered  during  the  lifetime  of  the 
control  system.  Such  sUght  changes  are  foreseen  and  are  usually  counteracted  by  using 
feedbadc  Should  the  changes  become  large,  the  control  equipment  as  originally  d^gned 
may  &il  to  meet  performance  specificadons.** 

(Kalman  [5]) 

"Conventional  control  .<;y.<rems  are  designed  to  meet  certain  specifications  under  certain 
given  conditions  of  the  L.i/ironment  and  the  system  parameters,  but  should  these 
conditions  change,  the  perfmtnance  will  change  as  a  result” 

(Gibstm  and  McVey  [6]) 

The  above  was  the  natural  outcome  of  classical  feedback’s  concentration  on  the  filter 
problem.  They  were  used  to  justify  use  of  nonlinear  compensation  (so-called  adaptive  systems) 
m  problems  amenable  to  relatively  simple  linear  time-invariant  (LTI)  compensation.  I  believe  that 
I  ^owed  most  of  these  arguments  were  invalid  [7].  Successftil  QFT  design  for  huge  plant 
uncertainties  (KXX)  to  1)  were  published,  b  is  also  worth  noting  that  this  lack  of  appreciation  of 
the  power  of  LTI  compensation  is  widespread  even  today.  Rorently  a  student  auditing  a  QFT 
course  did  an  example  with  plant  uncertainty  factor  of  only  10.  His  advisor  was  skeptical  of  his 
results  and  perform^  the  simulations  himself.  Modem  control  throry  for  many  years  appeared  to 
be  concern^  with  the  same  problem  as  classical  feedback  control,  the  filter  problem.  However, 
classical  feedback  control  d^t  in  a  relatively  practical  manner  with  the  filter  problem,  whereas 
modem  control  theory,  with  its  apparent  prima^  interest  in  existence  theorems,  often  emerged 
with  unrealistic  results.  QFT  was  a  pioneer  in  its  re-defiiution  of  the  basic  purpose  of  feedback 
control  QFT  is  "classicar  only  in  that  it  uses  the  classical  tool  of  frequency  response,  whereas  in 
the  much  more  important  sense  of  design  objective^  it  is  modem  feedback  control  which  is 
classical  actually  ‘distorted  classical,’  b^ause  practicality  is  secondary  to  existence  theorems. 
After  many  years,  some  universities  have  caught  up  with  this  fundamental  truth. 

3.  PROGRESS  OF  QFT 

Following  the  single-loop  SISO  design  technique,  two  directions  were  obviously  open. 
One  was  to  consider  use  of  internal  variables  available  for  feedback,  as  in  the  SISO  cascade-loop 
structure.  Frequency  response  and  the  Nichols  chart  as  the  synthesis  tools  were  overwhelmingly 
vindicated.  Oiie  sees  almost  by  inspection  how  the  feedback  burden  should  be  allotted  among  the 
loops,  and  the  trade-offs  between  the  loops,  their  bandwidths  and  their  ;«nsors.  This  is  due  to 
the  “pointwise  synthesis”  nature  of  QFT.  Thus  the  actual  plant  uncertaint>  and  the  desired  much 
smaller  closed-loop  system  uncertainty  obviously  impose  constraints  on  the  loop  transmission 
operator  L(s),  or  equivalently  on  the  sensitivity  function  S(s)  =  (1  +  L)-^  In  QFT  these  are 
translated  into  bounds  on  L(jo)),  separately  at  each  m  rather  than  on  a  global  operator,  following 
the  ancient  technique  of  breaking  a  difficult  problem  into  smaller  easier  problems.  In  a  multiple- 
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loop  system  this  feedback  burden  can  be  divided  among  several  available  loops.  By  doing  so 
separately  at  each  m  it  is  relatively  easy  to  see  the  important  trade-offs  involved  in  this 
apportionment  of  the  “feedback  burden.”  It  is  very  easy  to  see  that  it  is  overwhelmingly  in  favor 
of  the  major  burden  on  the  outer  loop  in  the  low-m  region  with  respect  to  sensor  noise  effects, 
compensator  complexity  and  bandwidth,  and  that  the  opposite  is  true  in  the  high-m  region.  Also, 
it  is  easy  to  locate  the  critical  m-range  in  which  the  transition  should  be  made,  and  how  to  do  so. 
It  is  enormously  more  difficult  to  do  so  by  means  of  the  more  mathematically  sophisticated  global 
operator  technique.  Furthermore,  the  transparency  available  in  the  pointwise  technique,  easily 
seen  by  the  ordinary  engineer,  is  lost  in  the  process.  This  is  another  major  difference  between 
a^  Ha«  with  its  use  of  a  ^obal  sensitivity  function. 

In  this  marmer,  systematic  QFT  design  procedures  were  developed  for  a  number  of  SISO 
multiple-loop  structures.  However,  the  generm  SISO  multiple-loop  problem  has  not  as  yet  been 
solved  in  the  QFT  sense.  It  is  an  important  problem  over  and  above  its  own  sake,  because  the 
general  MIMO  system  with  available  internal  feedback  variables,  can  be  rigorously  transformed 
into  SISO  multiple-loop  problems  whose  solutions  are  guaranteed  to  solve  the  original  MIMO 
problem. 

A  second  direction  of  QFT  was  in  design  optimization  for  the  single-loop  system.  A 
reasonable  definition  was  made,  and  it  was  shown  that  the  optimum  exists  and  lies  on  its  bounds 
for  all  <0  values.  It  became  obvious  even  then  and  much  mote  so  later,  that  there  is  ample  room  in 
QFT  for  the  mathematically  oriented  researcher  whose  primary  interest  is  in  existence  theorems. 

QFT  has  proceeded  step  by  step  to  nonminimum-phase  (NMP)  systems,  digital  compensa¬ 
tion,  multivariable  plants  with  and  without  internal  feedback  variables.  It  was  proven  that  despite 
contrary  opinion,  digitally  compensated  feedback  systems  ate  inherently  inferior,  in  the  sensitivity 
sense,  than  analog  fradback  systems.  An  especially  important  QFT  breakthrough  was  made  in 
time-varying  and  nonlinear  feedback  plants  wherein  the  problem  is  reduced  to  rigorously 
equivalent  LTI  problems.  Two  desigti  techniques  have  been  developed.  In  one,  the  nonlinear 
ai^or  time  var^g  uncertain  plant  set  is  replace  by  a  LIT  set  which  is  equivalent  with  respect  to 
the  set  of  deared  plant  outputs.  The  following  mc^iling  is  necessary  for  the  nonlinear  MIMO 
case:  Given  a  set  of  ouqrut  n-vectors  If  =  (y)  and  associated  set  of  plant  input  vectors  U.  - 
(u),  find  the  set  of  nxn  matrices  7^={P)  such  that  ysPu.  This  is  quite  tricky  in  feedback 
because  it  can  be  very  important  whether  P  is  MP  or  NMP.  But  suppose  both  mo^ls  appear  to 
give  equally  good  results  in  the  time  domain?  This  problem  is  avoided  to  a  large  extent  in  the 
second  technique  where  the  nonlinearities  become  equivalent  disturbances.  They  have  been 
successfully  applied  to  many  multivariable  problems,  including  man-in-the  loop  flight  control 
TIk  reader  is  referred  to  Reference  8  for  a  more  detailed  exposition  of  QFT  progress. 

4.  FUTURE  OF  QFT 

If  one  accepts  the  feedback  problem  in  the  QFT  sense  of  design  to  achieve  quantitative 
performance  specifications  despite  uncertainty,  then  the  research  problems  are  limitless.  We  are 
living  in  a  sea  of  uncertainty,  and  nature  depends  on  its  myriads  of  self-correcting  feedback  loops. 
Nature  is  far  from  delicately,  fragilely  balanced,  as  espoused  by  many.  Thanks  to  its  feedback 
loops  it  is  highly  robust.  Histo^,  especially  recent  history,  has  dramatically  shown  that  it  is 
some  of  man’s  economic  and  social  systems  which  are  delicately  fragile.  One  might  attribute  this 
to  (1)  ideologicalratherthanempiricalassessmentof  the  plant  (nauire  of  man),  and  (2)  woeful 
ignorance  of  quantitative  feedback  theory. 

There  are  very  many  open  areas  of  research  even  in  LTI  feedback  theory:  SISO  and  MIMO 
internal  variable  feedback  even  with  all  feedback  returned  to  plant  inputs,  but  more  important  with 
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feedback  returned  to  internal  plant  points,  thereby  introducing  ‘plant  modification’  [8].  The  latter 
has  hardly  been  touched  and  is  extremely  important  in  biological,  economic  and  organizational 
systems.  It  can  greatly  reduce  tte  cost  of  feedback  in  typical  control  problems  if  it  is  considered 
in  the  original  plant  design.  There  is  needed  much  more  extensive,  intimate  experience  in  the 
design  of  MIMO  systems  in  order  to  achieve  greater  insight  into  the  trade-offs  be^een  the  loops 
and  the  cost  of  feedback.  I  would  urge  much  greater  involvement  of  the  theoretical  researcher  in 
actual  design.  That  is,  in  my  opinion,  the  only  way  for  deep  understanding  and  consequent 
practical  research  usefulness,  and  for  formulation  of  deep,  realistic  research  problems.  QFT  has 
ntaA*  its  greatest  progress  by  such  interaction  with  practit^ty.  There  is  hardly  a  single  topic 
which  is  totally  completed.  In  the  NMP  SISO  system,  is  it  possible  to  obtain  better,  simpler 
criteria  for  the  existence  of  a  solution?  A  versatile  loop-shaping  program  would  be  very  useful  in 
general  We  need  more  detailed  tools  for  trade-off  beoveen  loop  bandwidth  economy  and  design 
complexity.  I  have  not  mentioned  as  yet  distributed  plants  with  input,  output  and  control  all 
distributed,  and  the  design  tolerances  are  also  distributed,  very  important  its  traffic  control  and 
tran^rtadon. 

QFT  has  only  opened  a  door  into  feedback  design  for  nonlinear,  time-varying  uncertain 
plants.  But  the  techniques  may  be  far  from  the  last  word  in  design  economy.  Much  more  design 
experience  is  needed  with  such  plants.  QFT  has  at  least  provided  rigorous  design  techniques 
enabling  such  experience  to  be  attained.  Consider  the  vast  amount  of  work  in  LTl  feedback 
theory,  which  is  nevertheless  far  from  complete,  and  the  much  greater  complexity  and  importance 
of  nonlinear  plants. 

The  most  cridcal  and  challenging  area  is  in  non-LTI  compensadon.  We  have  a  pretty  good 
idea  of  the  power  and  limitadons  of  LTI  compensadon,  whether  for  linear  or  nonlinear  plants. 
The  only  way  to  beat  the  game  is  by  non-LTI  compensadon,  and  therein  is  the  challenge. 
Adapdve  systems  with  their  emphasis  on  idendficadon  are  only  one  means  of  non-LTI 
compensadon.  Consider  the  huge  support  it  has  received  since  its  incepdon  in  the  late  19S0s. 
Yet,  I  am  not  aware  of  any  such  adapdve  design  techniques  which  quantify  tlieir  advantages,  if 
any,  over  LIT  compensadon.  The  only  such  techniques  I  know  of  ^ve  bMn  done  by  Q^  for 
osc^dng  adapdve  systems,  and  to  some  extent  for  a  specialized  nonlinear  element  FOI^  (first 
order  reset  element).  In  both,  the  design  theory  enables  one  to  see  beforehand  the  advantages,  if 
any,  of  non-LTI  compensadon  and  therefore  if  it  is  worth  the  extra  complexity.  In  some  problem 
ck^jses  there  is  no  opdon,  as  the  problem  is  not  solvable  by  LTI  compensadon. 

Linear  time-varying  (LTV)  compensadon  is  an  intermediate  stage  between  LTI  and 
nonlinear  compensadon.  The  following  QFT  result  is  fascinating  and  provocadve  [9].  Consider 
a  lumped  (ODE)  uncertain  nonminimum-phase,  unstabte  SISO  plant  whose  finite  ivjmber  of  RHP 
poles  and  zeros  are  close  toother.  With  LTT  compensadon  a  stable  design  is  always  possible  for 
a  nominal  case,  but  even  in  an  opdmal  design  [10],  it  remains  stable  for  only  very  small 
departures  from  nominal.  LTV  compensadon  permits  its  stabiUzadon  over  a  large  class  of 
arbitrarily  large  uncertainty.  However,  the  normally  acute  sensidvity  to  the  plant  is  transferred  to 
the  compensadon.  Very  small  variadon  in  the  latter  renders  the  system  unstable.  This  is  a 
fantastic  result  It  is  far  easier  to  build  a  compensator  (say  a  digital  controller)  witli  very  narrow 
tolerances  than  a  plant  whose  power  level  can  be  billions  of  times  greater.  But  even  more 
fascinating  is  this  means  of  transfer  of  razor-edge  sensidvity  from  one  part  of  a  system  to  another. 
This  is  only  a  glimpse  into  the  power  of  non-LTI  compensation  and  a  suggestion  of  how  much 
more  powerful  nonlinear  compensadon  may  be. 

Non-LTI  compensadon  is  the  means  for  radically  changing  the  relation  between  cost  of 
feedback  and  its  benefits,  and  of  achieving  results  otherv^  tot^y  unattainable.  Its  potentialities 
are  unlimited.  However,  I  would  advise  the  researcher  to  first  obtain  deep  knowledge  of  LTT 
feedback  theory  and  its  limitadons.  Also,  do  not  attack  this  formidable  opponent  on  too  wide  a 
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front  It  has  been  tried  unsuccessfully  for  decades  by  many  brilliant  teseaichers  in  adaptive 
control  Try  first  to  squeeze  out  just  a  bit  of  profit  in  some  area  where  the  limitation  of  LH 
compensation  is  cleariy  delineated. 


5.  CONCLUSIONS 

It  is  suggested  that  QFT  is  essentially  what  feedback  control  tlieory  is  all  about  It  is  only 
in  its  infancy  at  present  Unlimited  >'pportunities  face  the  enthusiastic  researcher  in  the  unending 
quest  for  achieving  highly  precise  results,  despite  large  uncertainty  in  the  means  of  producing  the 
results.  There  is  room  in  QFT  for  highly  diverse  talents:  the  nonmathematical  practical  engineer 
with  physical  insight  and  inventive  tdent  the  skilled  mathematician  interested  in  existence 
theorems  and  abstract  generalizations,  up  to  the  stubborn,  even  plodding  researcher  who  by  hard 
dedicated  work  acquires  deep  understanding  of  his  subject 
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BANQUET  SPEECH 


QFT  INDUSTRIAL  APPLICATIONS; 
PAST,  PRESENT,  AND  FUTURE 

Dinner-Speech  by  Dr  Eduard  Eitelberg 


Ladies  and  Gentlemen! 

It  is  an  exceptional  honour  to  have  been  asked  by  Professor  Isaac  Horowitz  and  the  conference 
organizers  to  speak  at  this  important  meeting  of  people  that  have  either  grown  up  with  or  been 
converted  to  QFT. 

I  assume  that  the  number  of  QFT  opponents  or  indifferents  present  is  insignificant.  Hence  my 
aim  is  not  to  bore  you  with  what  you  know  anyway  —  that  the  QFT  is  the  best  control  system 
design  strategy  and  philosophy  today.  Having  thus  established  my  loyalties,  I  will  try  to  stay  on 
the  topic  of  my  speech. 

I  would  like  to  restrict  attention  to  industry  that  produces  goods,  excluding  for  example  the 
tourism  industry.  Due  to  often  vastly  different  financing  philosophies  I  would  Uke  tc  distinguish 
between  the  military  or  defence  industry  and  the  non-socialist  non-monopolistic  (?) 
market— related  industry,  whose  product  must  be  marketable  at  a  profit  although  sometimes  there 
is  very  little  difference  in  the  actual  production  activity.  It  may  not  be  a  commonly  accepted 
classification,  but  there  are  practical  differences  in  control  theory  applications  where  the  control 
system  is  an  inherent  part  of  the  manufactured  product  on  the  one  hand  and  where  the  control 
system  is  part  of  the  production  process  (hence  "process  control"). 

I  am  not  qualified  to  survey  the  defence  industry  applications  for  various  reasons.  One  is  the 
extreme  confidentiality  in  this  field.  The  other  is  that  many  of  you  know  more  than  I  do.  Hence  I 
shall  concern  myself  with  the  non— military  industrial  applications. 

At  another  level,  if  "past"  is  what  was  before  now,  and  if  "future"  is  after  now,  then  there  is  no 
need  to  talk  about  "present."  Hence,  for  the  purpose  of  this  speech,  I  would  bke  to  consider  the 
last  five  years  as  "present"  —  this  is  in  the  order  of  magnitude  that  an  idea  may  need  to  become  a 
marketable  product. 

With  these  clarifications,  I  can  say  that  the  QFT  non— military  industrial  applications  do  not  yet 
seem  to  have  a  past.  It  has  a  presence  in  a  few  products,  such  as  earthquake  instrumentation, 
welding  machines  and  a  few  other  confidential/classified  machines.  I  actuary  requested  data  from 
23  QFT  related  researchers  and  their  acquaintances.  To  those  10  who  responded  —  a  big  thank 
you!  Not  one  of  them  has  reported  process  control  applications  of  QFT.  What  is  more,  I  do  not 
foresee  in  the  near  future  significant  QFT  applications  in  the  process  control  industry,  the  way 
QFT  is  understood  at  the  universities,  unless  dramatic  changes  of  attitudes  occur  among  all 
concerned  groups.  I  would  not  be  surprised  if  more  and  more  products  included  feedback  loops 
designed  with  the  QFT  (or  if  there  were  fewer  of  them),  this  depends  mostly  on  the  attitude  of  the 
academics. 

In  the  following  I  shall  explain  the  reasoning  for  both  of  these  statements  and  for  the  difference  in 
process  control  and  control  in  products.  Let  us  address  the  products  first. 

Designing  a  product  usually  involves  experimentation  in  a  laboratory-type  environment.  Most  of 
the  respondents  to  my  survey  did  not  report  laboratory  application  of  QFT  although  some  had 
product  development  experience.  1  am  convinced  that  if  students  are  forced  to  control  realistic 
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laboratory  experiments,  some  of  them  will  be  able  to  apply  QFT  in  industrial  products.  There  are 
at  least  four  academic  institutions  known  to  me  where  efibrts  are  made  in  this  QFT  direction  - 
two  are  in  the  R.S.A.  (at  UDW  and  Wits)  and  two  are  in  the  U.S.A.  (at  AFIT  and  UMass) 

What  do  I  mean  by  a  realistic  experiment?  I  mean  an  experiment  that  is  not  finished  in  an 
afternoon.  I  mean  an  experiment  where  the  student  will  have  to  specify  the  sensor  and  actuator 
and  will  have  to  justify  his  control  system  specification  by  the  currently  available  technology. 
The  experiment  must  educate  the  student  to  modify  or  build  systems  that  facilitate  the 
controller’s  performance.  I  realize  that  this  may  be  too  expensive  for  many  universities  and  one 
may  have  to  use  post-gtaduate  supervised  industrial  training  before  a  graduate  becomes  an 
engineer.  At  least  two  such  places  are  known  to  me  —  El— Op  in  Israel  and  Sandia  National 
Laboratories  in  the  USA.  There  certainly  are  others.  This  engineering  experience  cannot  be 
replaced  by  QFT-CAD. 

Process  control  is  much  more  difficult  to  learn  in  a  laboratory  than  control  in  a  product,  because 
of  the  sheer  size  f.nd  expense  of  the  usual  plants.  Furthermore,  in  my  experience,  QFT  knowledge 
and  application  skill  has  almost  nothing  to  do  with  the  chance  of  its  application  in  the  process 
industry.  Most  industrial  decision  maiers  do  not  understand  control  theory  of  any  kind  and 
frankly  find  control  theoreticians  to  be  a  nuisance. 

Let  me  try  to  put  the  above  statements  into  some  perspective. 

The  hardware  and  associated  software  in  controlled  systems  can  be  classified  as  indicated  in 
Figure  1. 


Figure  1:  Hardware  in  (process)  control  systems. 

Sensors,  actuators,  communication  hardware  (e.g.  transmitters,  I-to— P  converters,  signal 
conditioners,  multiplexers),  and  power  supplies  are  called  instrumentation  in  process  control 
circles. 

A  lot  has  been  published  in  recent  years  about  the  design  and  reliability  of  (digital)  controllers, 
about  their  programming,  hardware  and  software  maintenance,  operator  interfaces.  Distributed 
Control  System  (DCS)  communication  via  bus  systems  (as  opposed  to  instrumentation 
communication)  and  so  on. 

Concurrently,  the  application  design  aspects  of  instrumentation  have  been  neglected  by  the 
academic  control  community  with  the  result  that  almost  the  complete  field  of  instrumentation  in 
many  areas  of  process  industry  is  often  handled  by  technicians  and  vendors.  Universities, 
generally,  do  not  graduate  instrumentation  engineers  (McMillan,  G.K.  and  Weiner,  S.r  Hovi  to 
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Become  an  Instrument  Engineer  -  The  Making  of  a  Prima  Donna,  ISA,  1987). 

The  U.S.  market  for  instruments  and  controllers  was  in  1989  about  (US)  $6  billion,  it  was 
probably  twice  that  in  the  world  {Control  Engineering,  Oct.  1991).  Total  U.S.  automation 
spending  was  S33  billion.  [Compare  this  to  G.E.  (U.S.)  yearly  turnover  of  $60  billion  {Control 
Engineering,  Nov.  1991).  Of  this  control  spending  only  3%  ^as  spent  in  the  aerospace  industry 
{Control  Engineering,  Oct.  1991).] 

In  process  industry,  probably  most  control  related  projects  are  carried  out  on  existing  plants  as 
retrofits.  In  an  unpublished  ICl  presentation  a  typical  "control"  project  cost  breakdown  was 
given  as: 


Contract  Engineering:  11% 

Own  Engineering:  8% 

Civil/Mech/Elec.  Eng:  25% 

DCS:  40% 

Instruments:  15% 

Benefits  Analysis:  1% 


Hence  in  an  "average"  (few  hundred  thousand  U.S.  dollar)  control  project,  just  over  50%  is  spent 
directly  on  the  control  loop  hardware  and  associated  (configuration)  software  —  controllers  (DCS) 
and  instrumentation.  Only  the  benefits  analysis  actually  deals  vrith  feedback  control  system 
design  aspects  and  specifications.  In  m>  experience  there  is  not  even  a  separate  heading  in  a 
project  for  tWs  activity,  the  management  does  not  know  about  it  and  cannot  care  less,  there  is 
nobody  to  talk  to  about  QFT  or  any  other  control  system  design  techniques.  Often  even  the 
Ziegler-Nichols  tuning  rules  are  not  handled  at  the  engineering  level,  the  technicians  use  them  for 
better  or  for  worse. 

Of  course,  there  are  engineers  who  know  better.  But  I  am  pretty  convinced  that  QFT  will  have  to 
be  sneaked  into  process  control  projects  -  and  keep  qtiiet,  don't  frighten  anybody. 

I  would  like  to  tell  you  a  little  personal  story.  During  a  10  month  sabbatical  leave  from  the 
academic  world,  I  acted  as  the  coordinator  between  electrical,  instrument,  computer  and  boiler 
building  companies  for  about  one  month  during  commissioning  of  a  chemical  recovery  boiler. 
That  meant  20  hour  work  -days  and  sometimes  sleeping  in  my  car  on  site. 

Once,  because  it  was  not  spelled  out  in  the  contract,  because  of  incompetence  of  the  computer 
control  contractor  and  because  the  paper  company  was  loosing  about  $100  000  of  production  per 
day,  I  volunteered  to  tune  the  control  systems.  There  was  no  possibility  of  system  identification 
or  literature  study  and  the  control  contractors  said  that  it  was  impossible  to  get  it  right  in  less 
than  a  week.  I  told  them,  "Watch  me!"  and  tuned  26  loops  in  about  half  a  day  and  a  night.  That 
included  running  between  the  control  room  and  the  various  actuators  at  the  top  of  the  boiler  or 
down  at  the  fuel  heaters  in  order  to  check  if  the  valves  were  limit  cycling  or  why  some  outputs 
reacted  wrongly  (mostly  because  of  faulty  equipment  or  manual  by-passes).  I  succeeded,  thanks 
to  QFT  helping  me  to  interpret  what  I  saw.  This  ail  happened  at  about  30%  load.  Some  time 
later,  at  full  load  almost  no  retuning  was  necessary. 

Some  people  hare  suggested  that  more  QFD— CAD  is  needed  for  its  success.  I  think  that  good 
CAD  is  needed  in  learning  stages  until  one  memorizes  the  individual  moves  of  loop  shaping  etc. 
graphically.  During  commissioning  there  is  no  time  for  elaborate  designs  and  after  commissioning, 
"outsiders"  are  most  unwelcome  in  the  vicinity  of  the  control  room.  If  one  could  design  a  plant 
like  a  product  then  the  whole  situation  would  be  easier  for  QFT,  but  this  is  improbable  because  of 
the  cost  and  because  most  process  plants  are  built  by  a  combination  of  (sometimes  rather 
uncooperative)  manufacturers. 
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How  can  QFT  be  sneaked  into  process  control?  Firstly  the  "sneakers"  must  be  educated  with 
realistic  laboratory  experiments  and  designs.  This  will  lead  to  the  recognition  that  in  order  to 
apply  QFT  one  does  not  have  to  design  to  uncertainty  specifications.  In  the  process  industry  one 
can  very  seldom  extend  the  loop  bandwidth  over  the  plant  bandwidth,  hence  loop  shaping 
proceeds  backwards  from  the  stability  margins  to  steady  state.  The  PI  control  structure  with 
measures  against  integrator  wind-up  is  eminently  suited  for  this  approach  —  mostly  fix  the  gam 
and  then  find  the  shortest  possible  integrator  time.  One  may  have  to  design  to  specified 
regulating  behaviour,  but  it  must  be  recognized  that  this  requires  process  redesign  or  finding  and 
eliminating  limit— cycling  loops  in  other  parts  of  the  plant  more  often  than  fancy  controller  design. 

In  relation  to  MIMO  control,  the  processes  are  mostly  designed  so  that  single  loops  and  their 
common  sense  combinations  are  justified  and  can  be  tuned  individually  or  in  a  common  sense 
sequence.  Remember,  "ordinary"  people  must  be  able  to  maintain  these  systems. 

In  both  cases,  SISO  and  MIMO,  the  most  crucially  neglected  part  of  the  control  system  is  the 
instrumentation.  Instrumentation  must  be  handled  in  QFT  and  alongside  it.  Instrumentation 
limits  the  achievable  performance  and  hence  should  be  specified  (at  least)  partly  by  the  control 
system  designer  in  a  quantitative  manner.  Furthermore,  instrumentation  fails  very  often  and 
(speaking  to  the  younger  generation)  a  successful  control  engineer  must  be  able  to  use  QFT  for 
extending  instrument  and  plant  life  and  reduce  maintenance  costs,  down  time  and  accidents. 
Failure  mode  and  process  interlocking  designs  have  yet  to  enter  (seriously)  the  QFT— club.  These 
are  presently  important  activities  under  the  instrumentation  and  DCS  heaings  of  a  project 

Therein  lies  hope.  Control  engineers  with  QFT  background  must  become  instrument  and  "DCS" 
experts  or  stick  to  these  experts  in  order  to  apply  QFT.  One  could  try  and  become  a  project 
manager  in  order  to  be  able  to  decide  what  is  done  during  a  project,  but  there  seems  to  be  a 
universal  incompatibiUty  between  simultaneous  managerial  and  design  engineering  mind  sets. 

Finally,  let  me  entertain  you  with  a  story  about  how  important  a  single  S2000  instrument  can  be. 
A  few  million  U.S.  dollar  boiler  rebuild  project  in  Africa  was  won  by  a  world-leading 
Scandinavian  company.  Their  base  price  was  close  to  cost,  but  a  substantial  premium  w^ 
payable  if  they  managed  to  increase  the  fuel  (black  liquor)  throughput  by  20%.  Their 
commissioning  engineers  could  not  achieve  this  goal  during  the  normal  commissioning.  During  an 
extended  stay  they  almost  achieved  this,  but  just  before  they  were  at  the  goal  they  set  the 
precipitators  on  fire  and  in  addition  melted  or  burnt  substantial  parts  of  the  ducting  and 
maclunery.  It  took  over  a  year  for  the  respective  lawyers  to  sort  this  mess  out.  The  "culprit"  was 
a  reputedly  0.5%  accurate  magflowmeter  measuring  the  fuel  flow  rate.  It  had  its  regular  so-called 
caHbration  certificates  (for  the  electronics,  mind  you)  but  its  primary  sensor  had  not  been  visually 
checked  for  at  least  two  years,  before  I  checked  it.  I  found  that  due  to  deformation  this 
flowmeter  measured  about  7%  less  and  hence  the  plant  had  already  had  7.5%  more  throughput 
before  upgrade  than  conveyed  to  the  unsuspecting  contractors,  who  in  effect  were  trying  to 
achieve  29%  performance  improvement.  This  was  constructively  impossible. 
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LIST  OF  OOANTITATIVB  FEEDBACK  THEORY  (OFT^  SYMBOLS 


Version  1.0 
Prepared  bv 
Professor  C.  H.  Houpis 
Air  Force  Institute  of  Technology 
and 

Flight  Dynamics  Directorate,  Wright  Laboratory 

Wright-Pat terson  AFB,  Ohio 

July  11,  1991 
Revised  March  12,  1992 


The  awareness  of  the  power  of  QFT  to  solve  real  world  problems 
has  evoked  the  interest  and  involvement  of  a  greater  number  of 
control  engineers  and  researchers.  At  the  recent  IFAC  ACE  and  the 
ACC  meetings  in  Boston,  MA,  the  QFT  participants  stated  that  this 
increased  involvement  necessitates  the  establishment  of  a  li&t  of 
standard  QFT  symbols.  They  suggested  the  publication  of  this  list 
in  order  to  avoid  confusion  to  those  trying  to  learn  and  understand 
QFT  and  to  enhance  its  acceptance  and  development  into  fertile 
research  areas  and  the  solving  of  real  world  control  problems. 

This  list  is  based  upon  the  following: 

1.  The  articles  written  by  Professor  I.  M.  Horowitz  that  are 
listed  in  the  References  listing  in  "Quantitative 
Feedback  Theory  (QFT),"  Dr.  C.  H.  Houpis,  AFWAL-TR-86- 
3107,  Flight  Dynamics  Laboratory,  AF  Wright  Aeronautical 
Laboratories,  AFSC,  Wright-Pitterson  AFB,  OH. 

2.  Chapter  21  of  "Linear  Controi  System  Analysis  &  Design" 
by  D'Azzo  &  Houpis,  McGraw-Hill  Book  Co.,  3rd  Edition, 
1988. 

3.  Chapter  16  of  "Digital  Control  Systems:  Theory,  Hardware, 
Software,"  by  Houpis  &  Lament,  McGraw-Hill  Book  Co., 

2nd  Edition,  1992. 

4.  Master  Theses  by  the  flight  control  students  of  the  Air 
Force  Institute  of  Technolgy,  Wright-Patterson  AFE  OH 

This  is  the  first  attempt  in  establishing  a  standard  list  of 
QFT  symbols.  Based  upon  the  use  and  the  reviews  and  comments  that 
are  obtained  of  this  list  a  new  version,  hopefully,  will  be 
published  periodically. 
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Defintion 


Symbol 


a.  1 . 


a.s. 


*1/ 


=  Lm  r. 


=  Lm  fj 


u 


I 


bn 


I 


Bo(jUi) 

Bg(ju,.) 

Bh 

Bh‘ 

By  =  Lm  Tgy 


Bs 

BW 


—  The  specified  peak  magnitude  of  the 
disturbance  response  for  the  MISO  system 

—  Arbitrarily  large 

—  Arbitrarily  small 

—  The  desired  lower  tracking  bounds  for  the 
MIMO  system 

—  The  desired  upper  tracking  bounds  for  the 
MIMO  system 

—  The  desired  modified  lower  tracking  bound  for 
the  MIMO  system:  a,,'  =  a,,  +  Ar^,, 

—  The  desired  modified  upper  tracking  bound  for 
the  MIMO  system:  b,j'  =  b,,  -  At^,, 

—  The  bounds  on  Lm  L(jUj)  for  disturbance,  Bp, 
and  tracking  bounds,  B„,  respectively,  and 
the  optimal  bounds,  B^,  for  the  MISO  system 

—  Ultra  high  frequency  boundary  (UHFB)  for 
analog  design 

—  Ultra  high  frequency  boundary  (UHFB)  for 
discrete  design 

—  The  Lm  of  the  desired  tracking  control  ratio 
for  the  upper  bound  of  the  MISO  system 

—  The  Lm  of  the  desired  tracking  control  ratio 
for  the  lower  bound  of  the  MISO  system 

—  Stability  bounds  for  the  discrete  design 

—  Bandwidth 

—  allotted  portion  of  the  ij  output  due  to  a 
disturbance  input 

—  The  (upper)  value  of  Lm  Tp(ju,) 

—  The  dB  difference  between  the  augmented 
bounds  of  By  and  B,^  in  the  high  frequency 
range 
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D 

D  =  {d,j) 

V  -  {D} 

F,  F  = 

FOM 

G,  G  =  {gij) 


—  The  dB  difference  between  By  and  Bj^  for  a 
given  U( 

—  The  interaction  or  cross-coupling  between  the 
of  a  HIHO  system 

—  NISO  system  disturbance  input 

—  The  Ixt  MIMO  disturbance  control  ratio  matrix 

—  Script  cap  dee  to  denote  the  set  of 
disturbance  inputs  for  a  MIHO  system  V  -  (O) 

—  The  prefilter  for  a  MISO  system  and  the  txt 
prefilter  matrix  for  a  MIMO  system 
respectively 

—  Figures  of  merit  (see  the  D'Azzo  &  Houpis 
text) 

—  The  compensator  or  controller  for  a  MISO 
system  and  the  txt  compensator  or  controller 
matrix  for  a  MIMO  system,  respectively.  For 
a  diagonal  matrix  G  =  (g,) 

—  The  phase  margin  angle  for  the  MISO  system 
and  for  the  i“  loop  of  the  MIMO  system, 
respectively 

—  A  function  only  of  the  elements  of  a  square 
plant  matrix  P  (or  P^) 

—  A  running  index  for  sampled-data  systems 
where  k  =  0 , 1 , 2  ... 

—  The  sampled  time 

—  The  excess  of  poles  over  zeros  of  a  transfer 
function 

—  The  optimal  loop  transmission  function  for 
the  MISO  system  and  the  ii  loop  of  the  MIMO 
system,  respectively 

—  Left  half-plane 


LTI 


—  Linear  time-invariant 
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MIMO 


MISO 


M,,  M,, 


mp 


—  Multiple-input  multiple-output;  more  than  one 
tracking  and  disturbance  inputs  and  more  than 
one  output 

—  Multiple-input  single-output;  a  system  having 
onetracking  input,  one  or  more  disturbance 
inputs,  and  a  single  output 

—  The  specified  closed-loop  frequency  domain 
overshootconstraint  for  the  MISO  system  and 
for  the  i***  loop  of  a  MIMO  system, 
respectively.  This  overshoot  constraint  may 
be  dictated  by  the  phase  margin  angle  for 
the  specified  loop  transmission  function 

—  Minimum  phase 


nmp 

NC 


“b 


P 

=  (P'ij) 


P 


—  Nonminimum  phase 

—  Nichols  chart 

—  The  number  of  plant  transfer  functions  for  a 
MISO  system  or  plant  matrix  for  a  MIMO  system 
that  describes  the  region  of  plant  parameter 
uncertainty  where  IJ  =  1,  2,  ...  ,  S  denotes 
the  particular  plant  case  in  the  region  of 
plane  parameter  uncertainty 

—  the  symbol  for  bandwidth  frequency  of  the 
models  for  T^y,  Tg^^  and  T  =  {t,j} 

—  phase  margin  frequency  for  a  MISO  system  and 
for  the  i”*"  loop  of  a  MIMO  system, 
respectively 

—  Sampling  frequency 

—  MISO  plant  with  uncertainty 

—  txm  MIMO  plant  matrix  where  p*jj  is  the 
transfer  function  relating  the  i*"  output  to 
the  input  for  plant  case  5 

—  Script  cap  pee  to  denote  a  set  that 
represents  the  plant  uncertainty  for  S  cases 
in  the  region  of  plant  uncertainty,  i.e., 

P  =  (P)  for  a  MISO  system  and  P  =  {P^)  for  a 
MIMO  system 
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=  P^W 


QFD 

Qi  =  (qSj) 


R,  R  =  {r,) 


RHP 

T 

TP(j«,) 


T 


RU 


"RL 


—  The  inverted  plant  matrix  for  plant  case  5 
where  f  »  m 

—  The  4x4  effective  plant  matrix  when  Pj  is  not 
a  square  plant  matrix  and  W  is  an  mx4 
weighting  or  a  squaring-down  matrix 

—  Quantitative  feedback  design  based  on 
quantitative  feedback  theory 

—  An  4x4  matrix  whose  elements  are  given  by 

qSj  =  1/pSj 

I 

—  Script  cap  que  to  denote  a  set  that 

represents  the  plant  uncertainty  for  a  MIMO 
system  ,  i.e.,  =  {Q^) 

—  The  tracking  input  for  a  MISO  system  and  the 
tracking  input  vector  for  a  MIMO  system, 
respectively 

—  Right  half-plane 

~  Sampling  time 

~  Script  cap  tee  inconjunction  with  P  or  (q,,) 
denotes  a  template,  i.e.,T  P(jU))  andTqj(ju,) 
represent  the  templates,  for  a  given 
frequency,  for  a  MISO  and  MIMO  plants 
respectively 

—  The  desired  MISO  tracking  control  ratio  that 
satisfies  the  specified  upper  bound  figures 
of  FOM 

—  The  desired  MISO  tracking  control  ratio  that 
satisfies  the  specified  lower  bound  FOM 

—  The  desired  MISO  disturbance  control  ratio 
whichsatisf ies  the  specified  FOM 

—  The  MISO  tracking  and  disturbance  control 
ratios  for  case  5 

—  The  4x4  MIMO  tracking  control  ratio  matrix 
for  plant  case  5 
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Tr 


u 

UHFB 

V,  V 

V 

V, 

W  =  (W,.) 
w'  =  u  +  jv 

Y,  Y  =  (y,.) 


Ydij 


—  The  script  cap  tee  denotes  the  set  that 

represents  the  tracking  control  ratios  for  H 
cases,  i.e..  MISO  system 

and  Tj  =T{Tg  }  for  the  MIMO  system 

—  The  script  cap  tee  denotes  the  set  that 
represents  the  disturbance  control  ratios  for 
E  cases,  i.  e.,  Tj,  =  {T,,*}  for  the  MISO 
system  and  Tp  =  {TpS  for  the  MIMO  system 

—  A  set  of  assigned  tolerances  on  t,j:  r^,j  and 
r^,j  =  2Afpjj  the  assigned  tolerances  for 
tracking  and  disturbance,  respectively 

—  The  Ixt  controller  input  vector 

—  The  ultra  high  frequency  boundary 

—  The  MISO  prefilter  output  and  the  MIMO 
prefilter  output  vector,  respectively 

—  lim^[Lm  -  Lm  P„(n]  is  the  dB  limiting 
value  for  a  MISO  plant 

—  lim^iLm  -  Lm  (q,,)«(r]  is  the  i*"  loop 

template  dB  limiting  value  for  a  MIMO  plant 

—  The  weighting  or  squaring-down  matrix 

—  w* -domain  variable;  the  use  of  u  and  v  must 
be  interpreted  in  context 

—  The  output  of  a  MISO  system  and  the  output 
matrix  of  a  MIMO  system,  respectively,  where 
y\l  =  Yri  +  Ydlj 

—  Is  that  portion  of  the  i***  output  due  to  the 
i***  input 

—  Is  that  portion  of  the  i**"  output  due  to  the 
disturbance  input  d,j  (cross-coupling  effect 
or  interaction  of  the  other  loops) 
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Air  Force  Sponsorship 
of 

Quantitative  Feedback  Theory 


P.  Chandler 
Flight  Control  Division 
Flight  Dynamics  Directorate 
Wright  Laboratory 
Wright- Patterson  AFB,  OH  45433 


Introduction 

This  paper  is  an  attempt  to  present,  in  approximate  chronological  order,  the  support  provided 
to  Dr.  Horowitz  by  the  Air  Force  for  his  research  into  control  theory.  It  is  not  intended  to  be 
complete,  but  to  document  the  major  milestones  in  the  development  of  QFT  achieved  under 
this  support.  The  Air  Force  has  provided  real  problems  and  this  has  resulted  in  significant 
enhancements  to  the  theory. 


Air  Force  Support  Prior  to  ’76 

Air  Force  sponsorship  of  Dr.  Horowitz’s  work  extends  back  almost  20  years.  The  earliest 
this  author  could  locate  was  from  1973.  He  was  funded  under  a  grant  from  Air  Force  Office 
of  Scientific  Research  (AFOSR)  through  their  arm  European  Office  Aerospace  Research  and 
Development  (BOARD)  under  grant  number  73-2£49.  Indeed,  much  of  the  early  Air  Force 
support  for  Dr.  Horowitz  came  through  BOARD. 

Under  this  grant  he  published  the  milestone  paper  entitled  “Synthesis  of  Feedback  Sys¬ 
tems  with  Nonlinear  Time- Varying  Uncertain  Plants  to  Satisfy  Quantitative  Performance 
Specifications”,  that  appeared  in  the  IBBE  Proceedings  in  1976.  This  paper  presents  an 
approach  to  solve  feedback  control  problems  with  uncertain  nonlinear  plants  by  means  of  an 
equivalent  linear  time  invarient  (LTI)  plant  set.  Schauder’s  fixed  point  theorem  is  applied 
to  prove  that  the  equivalent  LTI  plant  set  satisfies  the  original  nonlinear  problem.  This 
important  milestone  turns  an  uncertain  nonlinear  problem  into  an  uncertain  linear  problem, 
which  is  then  solved  in  a  conventional  manner.  Prior  to  this  there  was  no  rigorous  theory  for 
treating  uncertain  nonlinear  control  systems  with  quantitative  performance  specifications. 
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Air  Force  Support  From  ’76- ’77 

During  this  period,  sponsorship  of  Dr.  Horowitz  was  provided  by  a  grant,  number  AFOSR- 
76-2946  from  AFOSR  to  the  University  of  Colorado,  Boulder.  At  this  time  he  held  a  chair  at 
the  Weizmann  Institute  of  Science,  Israel  and  was  also  professor  at  University  of  Colorado. 
His  work  on  quantitative  synthesis  during  this  period  is  best  described  in  the  review  paper 
“Quantitative  Feedback  Theory”,  which  was  published  in  lEE  proceedings  in  ’82. 

He  also  worked  in  two  other  areas  that  are  significant  advances,  one  in  adaptive  control 
-  the  other  in  plant  modification. 

One  research  area  not  normally  associated  with  QFT  is  “adaptive  control”.  However,  of 
the  various  adaptive  design  techniques  which  have  been  proposed,  the  only  one  for  which 
there  exists  quantitative  systematic  design  to  specifications  was  done  by  Dr.  Horowitz  and 
his  students.  This  is  the  class  of  Oscillating  Adaptive  Systems  developed  in  a  series  of 
doctoral  theses.  Furthermore,  the  design  theory  tells  the  developer  if  and  to  what  extent 
the  adaptive  system  is  superior  to  a  LTI  design.  Part  of  the  work  in  adaptive  control  is 
documented  in  “A  Synthesis  Theory  for  Multiple-Loop  Oscillating  Adaptive  Systems”  and 
published  in  International  Control  in  ’79.  This  work  presents  the  first  quantitative  design 
effort  in  adaptive  control. 

Also  during  this  period.  Dr.  Horowitz  worked  on  plant  modification.  This  is  documented 
in  the  paper  “Synthesis  of  Multiple  Loop  Feedback  Systems  with  Plant  Modification”  in 
IJC  in  ’79.  This  approach  is  for  cascaded  plants;  for  example,  process  plants  and  robotic 
manipulators.  For  a  casceided  plant,  the  feedback  is  permitted  to  proceed  directly  to  internal 
plant  variables,  constituting  plant  modification.  This  permits  a  drastic  reduction  in  the  cost 
of  feedback,  in  terms  of  loop  bandwidth  and  effect  of  sensor  noise.  This  is  the  first  quantitative 
work  of  its  kind.  The  designer  can  achieve  the  desired  trade-off  between  increased  plant  signal 
level  and  cost  of  feedback. 

Dr.  Horowitz’s  coauthors  and  students  have  not  been  mentioned,  and  this,  by  no  means,  is 
intended  to  slight  their  efforts.  Dr.  Horowitz  significantly  contributed  to  controls  education. 
He  has  had  a  great  number  of  students,  and  it  is  not  possible  to  acknowledge  them  all  in  so 
short  a  document. 


Air  Force  Support  From  ’77-’78 

This  period  signifies  the  first  involvement  of  the  Flight  Control  Division  of  the  then  Air  Force 
Flight  Dynamics  Laboratory  (AFFDL)  and  now  the  Flight  Dynamics  Directorate.  This  work 
was  sponsored  under  grant  AFOSR- 77  .3355  to  Weizmann  Institute  of  Science,  Rehovot, 
Israel.  This  work  is  documented  in  the  report  AFf'DL-TR-79-3l20  entitled  “Research  in 
Advanced  Flight  Control  Design”.  The  monitors  for  this  effort  were  in  turn  Capt.  Terry 
Tarr,  Bob  Poyneer,  Bob  Lemble,  and  Phil  Chandler. 

The  objective  of  this  effort  was  to  investigate  feedback  design  techniques  which  can  work 
when  the  plant  has  significant  uncertainty  and  there  are  exacting  performance  requirements. 
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Design  techniques  were  to  be  developed  for  nonlinear  systems  and  applied  to  a  F-4B  3-axis 
nonlinear  control  problem. 

This  effort  is  a  Icindmark  in  the  development  of  QFT.  Before  this  time  there  was  no  syn¬ 
thesis  theory  for  control  design  that  could  incorporate  uncertainty  and  performance  bounds 
quantitatively.  Two  breakthroughs  were  achieved  yielding  precise  quantitative  synthesis  for 
both  linear  and  nonlinear  time- varying,  single  and  multiple  input-output  systems  containing 
plants  with  large  uncertainties. 

The  first  breakthrough  was  the  development  of  the  concept  of  LTI  plant  sets  that,  for 
given  inputs,  are  precisely  equivalent  to  the  nonlinear  plant.  This  converts  a  nonlinear 
problem  into  a  set  of  linear  ones. 

The  second  breakthrough  was  in  converting  a  complex  Multiple-Input  Multiple-Output 
(MIMO)  problem  into  a  number  of  Single-Input  Single-Output  (SISO)  control  problems. 
The  tolereuices  on  the  output  of  one  SISO  loop  appear  as  disturbances  in  another  loop.  A 
specified  degree  of  decoupling  ‘s  achieved  in  the  process.  This  effort  was  applied  to  a  F-4B 
nonlinear  3-axis  flight  control  problem.  All  of  the  performance  specifications  were  completely 
satisfied.  Any  other  approach,  at  this  time,  would  have  been  very  conservative  and  required 
numerous  iterations. 


Air  Force  Support  From  ’80- ’83 

During  this  period,  the  Air  Force,  through  AFOSR  (BOARD),  sponsored  an  effort  entitled 
“Flight  Control  Design  based  on  Multiple  Input-Output  Nonlinear  Model  with  Uncertain 
Parameters”  at  the  Weizmann  Institute  of  Science.  This  effort  was  initiated  under  grant 
AFOSR-80-0213  and  joint  funded  by  BOARD  (Maj  Powell)  and  under  the  2304N3  task 
managed  by  Bob  Schwanz,  then  later,  Frank  George.  This  effort  is  documented  in  AFWAL- 
TR-83-3036  entitled  “Multivariable  Flight  Control  Design  with  Uncertain  Parameters”. 

This  effort  was  to  develop  pitch  pointing,  yaw  pointing,  and  direct  side  force  control  laws 
for  a  YF-16  CCV  model.  The  objective  was  to  decouple  the  pitch,  roll,  and  yaw  axes  so  that, 
for  example,  a  yaw  pointing  command  will  have  a  small  specified  effect  on  roll  and  lateral 
acceleration.  In  addition,  the  pitch  pointing  mode  would  decouple  pitch  angle  from  normal 
acceleration. 

This  is  a  major  milestone  in  the  development  of  QFT,  for,  in  it’s  application  to  the  YF-16 
CCV,  it  is  the  first  practical  application  of  the  design  technique  of  decomposing  the  MIMO 
problem  into  a  number  of  SISO  feedback  loops.  This  demonstrated  the  great  flexibility  of 
QFT  in  controlling  three  outputs  that  are  highly  coupled.  A  significant  step  forward  was 
made  when  it  was  discovered  that  the  YF-16  CCV  did  not  satisfy  the  theoretical  high  fre¬ 
quency  condition.  This  event  forced  a  significant  advance  in  the  theory,  which  demonstrates 
the  importance  of  applying  theory  to  real  problems  by  the  academic  researcher.  The  YF-16 
CCV  effort  was  first  presented  at  NAECON,  ’81  in  the  paper  entitled  “A  Synthesis  Technique 
for  Highly  Uncertain  and  Interacting  Multivariable  Flight  Control  Systems”. 

This  period  of  time  saw  major  advances  in  the  theory.  These  advances  were  first  presented 
in  the  paper  “Improved  Design  Techniques  for  Uncertain  Multiple  Input-Output  Feedback 
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Systems”  in  International  Journal  of  Control,  ’82.  It  was  shown  that  fixed  point  theory  was 
not  needed  to  justify  the  theory.  Simpler  matrix  algebra  would  suffice.  Significant  overdesign 
was  wrung  out  of  the  theory.  The  original  theory  is  used  for  the  first  loop,  then  the  exact 
system  equations  are  used  for  the  other  loops.  This  was  motivated  by  the  YF-16  CCV  high 
frequency  bound  problem.  Also,  arbitrarily  small  sensitivity  constraints  v.-ere  taken  out  of 
the  design  theory  for  those  problems  that  did  not  require  it  in  the  specifications. 

Also  in  this  time  frame,  the  Laboratory  sponsored,  and  Dr.  Horowitz  conducted,  a 
short  course  in  QFT.  This  course  was  entitled  “Practical  Design  Techniques  for  Nonlinear 
and  Multiple  Input-Output  Feedback  Systems  with  Large  Uncertainty”.  The  course  was 
14  hours  long  over  two  days  with  45  attendees  from  throughout  Wright  Patterson  AFB.  It 
was  conducted  and  video  taped  in  the  candid  classroom  at  A  FIT  in  Mar  ’82.  The  agenda 
included:  l)quantitative  LTI  SISO  problem,  2)example  nonlinear  problem  y  -f  ay~sign{y)  = 
kx,  3)nonlinear  F-4B  short  period  response,  and  4)YF-16  CCV  direct  side  force  mode. 


Air  Force  Support  From  ’83-’87 

Robust  Multivariable  Control 

This  was  a  very  productive  period  in  the  development  of  QFT.  A  number  of  papers  were 
written,  of  which  only  three  are  discussed.  This  period  was  typified  by  the  variety  of  issues 
delved  into.  The  work  came  under  the  heading  Robust  Multivariable  Control  in  the  Flight 
Control  Division  and  was  supported  under  contract  F33615-83-C-3000. 

Saturation:  Control  surface  actuator  rate  and  amplitude  limiting  is  a  real  and  critical 
problem  in  flight  control  and  for  an  unstable  aircraft  cam  result  in  departure.  In  the  paper 
“Quantitative  Non-linear  Design  for  Saturating  Unstable  Uncertain  Plants”,  International 
Journal  Control,  ’86,  a  nonlinear  saturating  element  is  introduced  in  the  feedback  loop.  This 
loop  prevents  saturation  of  the  actuator.  Unlike  most  techniques  used  today,  the  design 
accepts  large  signals  and  can  work  close  to  maximum  capacity.  The  system  responds  to  the 
large  input  signals  with  virtually  no  delay.  There  are  many  tricks  developed  over  the  years 
for  this  problem,  but  this  approach  is  one  of  the  few  with  a  good  engineering-theoretical 
foundation. 

Non-Minimum  Phase:  It  is  well  known  that  non-minimum-phase  (NMP)  plants  restrict 
the  potential  benefits  of  feedback.  In  the  SISO  case,  a  plant  righ..  half  plane  (RHP)  zero 
constrains  the  system  transfer  function  to  have  a  RHP  zero  at  the  same  location.  Modern 
fighter  aircraft  are  typically  NMP  in  the  longitudinal  axis.  The  system  can  be  stabilized, 
but  the  stability  margins  may  be  quite  small.  In  the  paper  “An  Important  Property  of  Non- 
Minimum-Phase  Multiple-Input  Multiple-Output  Feedback  Systems”,  IJC,  ’86,  this  led  to 
the  apparently  hitherto  unknown,  but  important  fact  that  not  all  the  nxii  transfer  functions 
need  suffer  from  the  NMP  liability.  The  MIMO  capability  allows  the  NMP  liability  to  b«' 
placed  on  a  less  important  output,  and  the  critical  outputs  can  be  minimum  phase. 

Discrete:  All  flight  control  syst(  ms  today  are  implemented  digitally,  i.e.  are  sampled-data 
systems.  Heretofore  nearly  all  of  the  theoretical  work  in  QF'T  has  been  continuous.  In  the 
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paper  “Quantitative  Feedback  Design  for  Sampled-Data  Systems”,  IJC,  ’86,  the  theory  is 
developed  for  design  in  the  w'  domain.  The  detailed  design  procedure  parallels  very  closely 
that  for  continuous  systems.  Because  of  sampling,  all  digital  control  systems  are  NMP.  'I’he 
design  shows  how  this  effect  can  be  minimized  with  the  sampling  frequency  for  minimum 
phase  plants.  For  NMP  plants  the  constraints  are  the  same  as  in  continuous  time,  which  is 
demonstrated  quantitatively. 

X-29  Study 

The  X-29  has  very  strong  non-minimum-phase  properties  at  some  points  in  the  envelope. 
This  results  in  a  reduced  benefit  of  feedback,  and  robustness  (or  stability  margins)  to  pa¬ 
rameter  vajriations  can  be  very  small.  Dr.  Horowitz  performed  a  brief  study  under  contract 
F33615-81-3201,  problem  number  426,  to  examine  the  robustness  properties  of  the  X-29.  As 
a  result  of  these  investigations,  he  rediscovered  the  singulaur  loop  transmission  approach  for 
control  design  for  NMP  plants.  The  technique  (which  he  calls  singular  G)  has  been  used  in 
the  past  in  an  ad  hoc  manner,  but  he  was  the  first  to  put  it  on  a  theoretical  footing  and 
thoroughly  explore  it’s  properties.  The  singular  G  name  is  derived  from  a  G  compensation 
matrix  that  is  not  full  rank.  This  means  that  at  least  one  of  the  outputs  is  not  independent, 
i.e.  two  outputs  have  a  fixed  ratio.  Ordinarily,  this  means  giving  up  some  design  freedom, 
but  the  NMP  problem  is  eliminated  and  robustness  to  parameter  variations  is  much  greater 
and  the  need  for  scheduling  reduced. 

Inherent  Reconfiguration 

The  Self-Repairing  Flight  Control  System  (SRFCS)  Program  Office  retained  Dr.  Horowitz 
as  a  consultant  to  investigate  inherent  reconfiguration.  The  SRFCS  program  objective  was  to 
develop  and  flight  demonstrate  a  flight  control  system  that  would  identify  auid  isolate  control 
surface  failures  and  damage,  then  reconfigure  the  control  laws  to  maintain  performance  and 
stability.  Dr.  Horowitz’s  task  was  to  explore  control  design  techniques  so  that,  even  under 
severe  control  surface  failures,  the  tolerances  can  be  satisfied  automatically,  with  no  need 
of  explicit  identification  and  switching  in  of  new  (a  priori  designed)  compensators.  This  is 
denoted  as  inherent  reconfiguration. 

The  primary  motivation  for  this  effort  is  that  the  control  laws  need  to  be  sufficiently 
robust  for  the  period  during  which  the  identification  is  isolating  the  failure.  The  approach 
taken  by  Dr.  Horowitz  is  a  natural  extension  of  QFT,  and  clearly  reveals  the  cost  of  feedback 
needed.  This  enables  the  designer  to  make  intelligent  trade-offs  between  fixed  compensation, 
scheduling,  and  adaptation-identification.  Identification,  when  it  is  necessary,  can  be  done 
more  slowly  and  accurately  when  the  design  is  stable  over  as  many  failures  as  possible.  The 
designs  performed  by  Dr.  Horowitz  proved  to  be  remarkably  robust. 

A  SRFCS  contractor,  Lear  Astronics,  applied  QFT  to  their  design  to  maximize  robustness 
to  failures.  Elements  of  this  design  were  flown  in  the  real-time  simulator. 
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Air  Force  Institute  of  Technology  Involvement  -  ’82  to 
Present 

During  this  time,  Dr.  Horowitz  began  his  association  with  the  Air  Force  Institute  of  Tech¬ 
nology'  (AFIT).  Based  upon  the  success  of  his  earlier  work,  the  laboratory  requested  that 
AFIT,  through  Professor  C.  H.  Houpis,  become  involved  with  Professor  Horowitz  in  a  joint 
QFT  research  and  development  effort.  Since  the  early  eighties.  Professor  Horowitz  has  been 
an  AFIT  Distinguished  Visiting  Professor  under  the  financial  sponsorship  of  the  laboratory 
(now  directorate).  A  number  of  AFIT  Masters  of  Science  thesis  students  have  been  in¬ 
volved  in  this  research  and  development  effort,  and  has  resulted  in  a  number  of  journal  and 
conference  publications. 
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OVERVIEW  OF 


MISO  QUAHTITATIVE  FEEDBACK  THEORY  (QFT)  TECHNIQUE 

Constantine  H.  Houpis 
Air  Force  Institute  Of  Technology 
Wright-Patterson  AFB,  Ohio,  45433,  USA 


INTRODUCTION*-* 

Quantitative  feedback  theory  (QFT)  has  achieved  the  status  as  a 
very  powerful  design  technique  for  the  achievement  of  assigned 
performance  tolerances  over  specified  ranges  of  plant  uncertainties 
without  and  with  control  effector  failures.  This  paper  presents  an 
overview  of  the  MISO  QFT  analog  design  technique*.  The  MISO  QFT  PC 
CAD  package  demonstration  on  Tuesday  afternoon  will  reinforce  this 
overview. 

1.  The  MISO  Control  System 

The  overview  of  the  QFT  design  technique  is  presented  in  terms  of 
the  minimum-phase  (m.p.)  LTI  MISO  system  of  Fig.  1.  The  control 
ratios  for  tracking  (D  =  0)  and  for  disturbance  rejection  (R  =  0) 
are,  respectively, 

r  (<!\  *  F(s)G(s)P(s)  ,  FL 
'  l*G(s)P(s)  1  +  L 

T„  =  _ EM _ L_ 

**  1  +  G{s)P{s)  1+L 


(1) 

(2) 


or 


Tjj  =  a  constant  - 


(3) 


The  tracking  thianbprint  specifications,  based  upon  satisfying  some 
or  all  of  the  step  forcing  function  figures  of  merit  for  under¬ 
damped  (Mp,  tp,  t,,  t,,  K„)  and  overdamped  (t,,  t,,  K„)  responses, 
respectively,  for  a  simple-second  system,  are  depicted  in  Fig  2(a) . 
The  Bode  plots  corresponding  to  the  time  responses  y(t)u  and  y(t)L 
in  Fig.  2(b)  represent  the  upper  bound  By  and  lower  bound  Bl, 
respectively,  of  the  thumbprint  specifications;  i.e.,  an  acceptable 
response  y(t)  must  lie  between  these  bounds.  Note  that  for  the  m.p. 
plants,  only  the  tolerance  on  iTR(jWi)  |  need  be  satisfied  for  a 
satisfactory  design.  For  nonminimum-phase  (n.m.p.)  plants,  toler¬ 
ances  on  Z®R(j“i)  roust  also  be  specified  and  satisfied  in  the  design 
process.’-*  It  is  desirable  to  synthesize  the  tracking  control  ratios 
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corresponding  to  the  upper  and  lower  bounds  T^o  and  respective- 
ly,  so  that  £|i(jui)  increases  as  Ui  increases  above  the  0  dB  crossing 
frequency  of  This  characteristic  of  simplifies  the  process 
of  synthesizing  a  loop  transmission  L,(s)  =  G(s)P„(s),  where  P,  is 
the  nominal  plant  transfer  function,  that  requires  the  determina¬ 
tion  of  the  tracking  bounds  which  are  obtained  based  upon 
^K(j<^i)*  simplest  disturbance  control  ratio  model  is  To(s)  = 
Y(s)/D(s)  =  Op  a  constant  (the  maximum  magnitude  of  the  output  based 
upon  a  unit  step  disturbance  input) . 


2.  Plant  Templates  of  Pj(a),  QfP(j<d|) 
With  L  =  GP,  Eq.  (13)  yields 


Lm  Tjf  ^  Lm  F  +  Lm 


L 

1  +  L 


(4) 


The  change  in  T*  due  to  the  uncertainty  in  P  is 


A  (Lm  Tjj) 


Lai  Tg  -  Lm  F  =  Lm 


1  +  L 


(5) 


By  the  proper  design  of  L  =■  Lo  and  F,  this  change  in  Tr  is  restrict¬ 
ed  so  that  the  actual  value  of  Lm  Tr  always  lies  between  Bu  and  B^, 
of  Fig.  2.  The  first  step  in  synthesizing  an  Lq  is  to  make  templates 
which  characterize  the  variation  of  the  plant  uncertainty,  as  de¬ 
scribed  by  j  =  1,2,  ...,  J  plant  transfer  functions,  for  various 
values  of  oij  over  a  sped-  fled  frequency  range.  For  the  simple 
plant 


Pis) 


Ka 

s(s  +  a) 


(6) 


Where  K  e  {1,10}  and  a  e  {1,10},  is  used  to  illustrate  how  the 
emplates  are  obtained  for  a  plant  with  variable  parameters.  The 
region  of  plant  uncertainty  is  depicted  in  Fig.  3.  The  boundary  of 
the  plant  template  can  be  obtained  by  mapping  the  boundary  of  the 
plant  parameter  uncertainty  region  as  shown  on  the  Nichols  chart 
(NC)  in  Fig.  4.  A  curve  is  drawn  through  the  points  A,  B,  C,  and  D 
and  the  shaded  area  is  labeled  9fP(jl),  which  can  be  represented  by 
plastic  a  template.  Templates  for  other  values  of  are  obtained 
in  a  similar  manner. 


3 .  U-Contour 


The  specifications  on  system  performance  in  the  frequency  domain 
[see  Fig.  2(b)]  identify  a  minimum  damping  ratio  f  for  the  dominant 
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roots  of  the  closed-loop  system  which  becomes  a  bound  on  the  value 
of  Mp  =s  H,.  On  the  NC  this  bound  on  M,  =  Ml  [see  Fig.  2(b)  ]  estab¬ 
lishes  a  region  which  must  not  be  penetrated  by  the  template  of 
L(j«)  for  all  0).  The  boundary  of  this  region  is  referred  to  as  the 
universal  high-frequency  boundary  (UHFB) ,  the  U-contour,  because 
this  becomes  the  dominating  constraint  on  I>(ja)) .  Therefore,  the  top 
portion,  efa,  of  the  Ml  contour  becomes  part  of  the  U-contour.  For 
a  large  problem  class,  as  w  the  limiting  value  of  the  plant 
transfer  function  approaches 


(7) 

where  X  represents  the  excess  of  poles  over  zeros  of  P(s).  The 
plant  template,  for  this  problem  class,  approaches  a  vertical  line 
of  length  equal  to 

A  A  -  Lm  P„L„]  =  LmIC^-LmK^^-VdB  (8) 

If  the  nominal  plant  is  chosen  at  K  *  K^,  then  the  constraint  Ml 
gives  a  boundary  which  approaches  the  U-contour  abcdefa  of  Fig.  5. 

4.  Bounds  on  L,(jw) 

The  determination  of  the  tracking  B^Cju;)  and  the  disturbance  BpCjuj) 
bounds  are  required  in  order  to  yield  the  optimal  bounds  B^CjUj)  on 
I'o(j“i)*  The  solution  for  BgCjuj)  requires  that  the  actual 
dTR(ja)i)  <  ^sCjUi)  dB  in  Fig.  2(b).  Thus  it  is  necessary  to  determine 
the  resulting  constraint,  or  bound  BR(j(i>i) ,  on  L(j«i)  .  The  procedure 
is  to  pick  a  nominal  plant  Po(s)  and  to  derive  the  bounds,  by  use 
of  templates  or  a  CAD  package,  on  the  resulting  nominal  transfer 
function  Lio(s)  =  G(s)P„(s)  .  The  disturbance  bounds  can  be  determined 
by  the  method  described  in  Reference  2.  For  the  case  shown  in  Fig. 
6  B,(ja)j)  is  composed  of  those  portions  of  each  respective  bound 
BR(j<*>i)  and  B0(jciJi)  that  have  the  largest  dB  values.  The  synthesized 
Lo(jui)  must  lie  on  or  just  above  the  bound  B,j&>j)  of  Fig.  6. 

5.  Synthesizing  (or  Loop  Shaping)  L.(s)  and  F(s) 

The  shaping  of  Lo(jcij)  is  shown  by  the  dashed  curve  in  Fig.  6.  A 
point  such  as  Lm  Lo{j2)  must  be  on  or  above  B„(j2)  .  Further,  in 
order  to  satisfy  the  specifications,  Lo(jw)  cannot  violate  the  U- 
contour.  In  this  example  a  reasonable  Lo(ju)  closely  follows  the  U- 
contour  up  to  oj  =  40  rad/ sec  and  must  stay  below  it  above  w  =  40  as 
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shown  in  Fig  6.  It  also  must  be  a  Type  1  function  (one  pole  at  the 
origin).  Synthesizing  a  rational  function  Lo(s)  which  satisfies  the 
above  specification  involves  building  up  the  function 


where  for  k  =  0,  6,  =  1^0°,  and  K  =  ir^_(,K,(.  Lo(jo))  is  built  up  term- 
by-term  or  by  a  CAD  loop  shaping  routine,’  in  order  to  stay  just 
outside  the  U-contour  in  the  NC  of  Fig.  6.  The  design  of  a  proper 
Lo(s)  guarantees  only  that  the  variation  in  iTgCjUj)  [  is  less  than 
or  equal  to  that  allowed,  i.e.,  5ii(jwi) .  The  purpose  of  the  pre¬ 
filter  F(s)  is  to  position  Lm  [T(j(<))]  within  the  frequency  domain 
specifications,  i.e.,  that  it  always  lies  between  Bu  and  [see 
Fig.  2(b)]  for  all  J  plants.  The  method  for  determining  F(s)  is 
discussed  in  the  next  section. 

6.  Prefilter  Design'-'^’' 

Design  of  a  proper  Lo(s)  guarantees  only  that  the  variation  in 
|TR(ja))  I  is  less  than  or  equal  to  that  allowed,  i.e., 

^R(jw)  <  A[Lm  TR(j(<j)].  The  purpose  of  the  prefilter  F(s)  is  to 
position 


Lm  r(j<i»)  =  Lm 


l+L(jo) 


(10) 


within  the  frequency  domain  specifications.  A  method  for 
determining  the  bounds  on  F(s)  is  as  follows:  Place  the  nominal 
point  of  the  uj  plant  template  on  the  Lo(jWi)  point  of  the  Lo(ju) 
curve  on  the  NC  (see  Fig.  7) .  Traversing  the  template,  determine 
the  maximum  Lm  and  the  minimum  Lm  values  of  Eq.  (10) 
obtained  from  the  M-contours.  Based  upon  obtaining  sufficient  data 
points,  for  various  values  of  w;,  and  in  conjunction  with  the  data 
used  to  obtain  Fig.  2(b)  the  plots  of  Fig.  8  are  obtained. 
Utilizing  Fig.  8,  the  straight-line  Bode  plot  technique,  and  the 
condition 


Lim 

s-0 


F{3) 


1 


(11) 


for  a  step  forcing  function,  an  F(s)  is  synthesized  that  lies 
within  the  upper  and  lower  plots  in  Fig.  8. 
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7 .  Simulation 

The  "goodness"  of  the  synthesized  lig(s)  and  F(s)  is  determined  by 
simulating  the  QFT  designed  control  system  for  all  J  plants.  MISO 
QFT  CAO  packages  are  available  that  expedite  this  simulation  phase 
of  the  complete  design  process  (see  Appendix) . 

8.  KI80  QFT  Discrete  Design  Technique^’* 

The  bilnear  transformation,  z-domain  to  the  w' -domain  and  vice- 
versa,  is  utilized  in  order  to  accomplish  the  QFT  design  for  both 
MISO  and  MIMO  sampled-data  control  systems  in  the  w' -domain.  This 
transformation  enables  the  use  of  the  MISO  QFT  analog  design 
technique  to  be  readily  used,  with  minor  exceptions,  to  perform  the 
QFT  design  for  the  controller  G(w').  If  the  w'-domain  simulations 
satisfy  the  desired  performance  specification  then  by  use  of  the 
bilinear  transformation  the  z-domain  controller  G(z)  is  obtained. 
With  this  z-domain  controller  a  discrete-time  domain  simulation  is 
obtained  to  verify  the  goodness  of  the  design. 

Appendix  —  QFT  CAD  PACKAGES 


A.  ZMTRODOCTIOH 

The  first  useable  MISO  QFT  CAO  package  was  developed,  in  1986  for 
the  analog  design  and  in  1991,  for  the  discrete  design  at  the  Air 
Force  Institute  of  Technology  (AFIT) .  This  CAD  package  has  been  a 
catalyst  in  assisting  the  newcomer  to  QFT  to  understand  the 
fundamentals  of  this  powerful  design  technique. 

A.l  MISO  QFT  CAD  —  The  AFIT  package  is  called  "ICECAP/QFT"  which 
is  designed  for  the  VAX.  Those  desiring  a  copy  of  this  package  can 
contact;  Professor  Gary  B.  Lamont,  AFIT/ENG,  Wright-Patterson  AFB, 
OH  45433.  Currently  Professor  Lamont  is  developing  a  PC  version  of 
this  package.  These  packages  have  been  designed  as  an  "educational 
tool." 

A. 2  MISO  QFT  PC  CAD  —  Dr.  Oded  Yaniv,  Tel-Aviv  University,  Israel, 
has  a  MISO  QFT  PC  CAD  package  for  both  analog  and  discrete  system 
design. 

A.  3  OTHERS  —  Professor  F.  Bailey,  University  of  Minnesota, 
Minneapolis,  Minnesota,  has  also  developed  QFT  CAD  packages.  The 
QFT  CAD  packages  mentioned  in  this  Appendix  will  be  demonstrated 
Tuesday  afternoon  during  <-he  symposium. 


\ 

\ . 
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B.  MIMO  QFT  C1U> 


A  MIMO  PC  QFT  CAD  package  was  developed  by  Mr.  Richard  R.  Sating  as 
a  Master  thesis,  under  the  direction  of  Professor  C.  H.  Houpis,  for 
his  AFIT  MS  degree.  This  package  was  designed  to  handle  MIMO 
control  problems  of  arbitrary  dimensions  for  both  the  analog  and 
the  digital  case  with  the  option  to  use  the  Improved  method  during 
the  design.  This  package  will  also  be  demonstraed  on  Tuesday 
afternoon. 
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Fig.  8  Frequency  bounds  on 
prefilter  F(s) 


Fig.  6  Bounds  and  loop 

shaping 


SYNTHESIS  OF  UNCERTAIN  MIMO  FEEDBACK 
SYSTEMS  BY  QFT  -  A  TUTORIAL 

ODED  YANIV 


Abstract 


In  the  QFT  design  technique  for  MIMO  uncertain  feedback  systems,  the  objective  is  to  de> 
sign  the  controller  and  prefUter  such  that  given  closed  loop  specifications  are  achieved  over  a 
given  range  of  plant  uncertainty.  This  tutorial  uses  a  two  input  two  output  plant  to  explain 
the  properties  of  the  QFT  technique  for  linear  time  invariant  systems,  which  are:  (1)  Design  to 
plant  uncertainties  both  in  model  and  disturbances,  (2)  Design  to  performance  specifications, 
(3)  Emphasise  ‘cost  of  feedback’,  (4)  Elimination  of  underdamped  closed  loop  behavior  if  pos¬ 
sible,  and  (5)  the  design  procedure  is  always  reduced  to  a  sequential  SISO  and/or  MISO  design 
process  whose  bounds  can  be  calculated  in  a  closed  form. 


'Faculty  of  Engineering,  E-E.-Syatems,  Tel-Aviv  University,  Tel-Aviv  69  978,  Israel. 
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Introduction 


The  synthesis  of  MIMO  feedback  systems  with  uncertain  plants  (Wendeil,  1988  )  is  a  problem 
which  has  aroused  a  great  deal  of  interest.  Some  of  lae  meet  important  synthesis  methods 
are  Hoo  (Francis,  1987),  Adaptive  Control  (Astrom,  1985),  the  British  school  (Mayne  1979, 
Rosenbrodc  1974)  and  the  QFT  method  (Yaniv  and  Horowits,  1980).  In  addition  to  robust 
stability  and  performance,  a  good  synthesis  technique  should  meet  the  demands  of  low  cost  of 
feedback  solution,  no  internal  conditionally  stable  loops  if  poesible,  and  gain  and  phase  margin 
specifications.  The  last  property  has  been  discussed  u  several  papers  using  various  definitions 
of  gain  and  phase  margin,  for  example  (Davison  1986,  Sobel  1983  and  Tannenbaum  1986). 
The  definition  adopted  by  QFT  emphasizes  the  distance  from  the  critical  point  -1  of  the  loop 
transfer  function  at  different  channel  breaking  points.  In  general  terms,  this  implies  a  smooth, 
not  underdamped,  time  response  for  tracking  commands  as  well  as  disturbances  at  the  plant 
output. 

The  tutorial  is  set  out  as  follows:  The  problems  QFT  solves  are  defined  in  Section  2,  while 
Section  3  develops  the  design  process  for  the  basic  tracking  problem,  and  Section  4  is  devoted 
to  a  design  example. 

2  Definition  of  the  Problem 

In  Fig.  IPs  [pt;(s)]‘  is  a  linear  time  invariant  plant  model.  Due  to  plant  uncertainty  P  can 
be  any  member  of  a  given  set  denoted  by  V.  For  all  t,y  =  1, . . . ,  n,  let  the  following  definitions 
hold: 

•  a,-j(w)  •  a  non-negative  function  of  w. 

•  &(/(w)  -  a  positive  function  of  w,  hij  >  Oij. 

•  m,(u)  •  a  positive  function  of  u,  exists  W]  and  such  that  mi{u)  <  <  1  for  w  >  wi. 

•  vtM  *  *  positive  functions  of  w. 

•  F  =  Ifij]  •  a  prefilter. 

•  G  =  diag{gi)  •  a  strictly  proper  controller. 

s  Tn  =  (<y]  =  [/+  PG]~‘PGF  -  the  transfer  fiuction  from  r;  to  yt  in  Fig.  1. 

•  Tj}  =  [diy]  =  [/  +  PG]~'P  -  the  transfer  function  from  plant  input  j  to  ft  in  Fig.  1. 

•  V  {D},  a  set  of  disturbances  at  the  plant  input. 

•  £"  -  the  true  loop  transmission  from  the  input  at  e{  (of  Fig.  2),  where  only  the  channel 
at  e{  is  disconnected,  derived  as  follows:  feed  an  impulse  into  e(  and  measure  the  signal 
returned  to  e,-,  the  transfer  function  of  the  latter  is 

s  Wo  -  this  frequency  is  defined  as  the  frequency  above  which  the  disturbances  are  of  low 
magnitude  and  sensitivity  to  plant  variations  is  not  important  (since  at  bich  frequencies 
the  benefits  of  feedback  are  negligible). 

The  problem  QFT  solves;  find  F  and  G  to  satisfy  (1-4)  below  for  all  P  €  P: 
s  Stability:  the  closed  loop  system 

Tii=:(/-bPG]-‘PGF  (1) 

is  internally  stable. 


'Throngliont  this  paper,  all  matrices  ate  n  6]i  n  whose  elements  are  proper  rational  transfer  functions. 


•  CloMd  loop  performance:  For  a  given  wo,  atf  and  btj 

^  l<y(")l  ^  *«(");  /«»•  hi  -  andu  <  «o,  (2) 

•  Margin  performance;  For  t  =  1, . . . ,  n,  the  i-th  loop  stability  margin  satisfies: 

U  +  i"l>™i(“); ‘  =  (3) 

•  Disturbance  rejection  performance:  For  each  member  D  of  D 

(TdD)<<V<',  i=l,...,n.  (4) 

Remark  3.1  InequaUif  (S)  used  iy  Horowitx  (lilt)  i*  ao(  identical  to  the  gain  and  phase 
margin  found  m  elaseie  control  texts  (See  D'Axio  and  Houpis,  1988),  i«<  rather  the  ‘closest 
distance  to  the  critical  point  •!'  of  the  transfer  function  L”,  which  is  given  bg  the  value  Di{u)). 
For  example  if  Di{ui)  =  0.5,  the  gain  and  phase  margin  are  6dB  and  30*  respeetivelg. 

Remark  3.2  For  F  =  I  and  for  a  diagonal  controller  G,  in  =  L”/(l  +  L'i),  is  the  transfer 
function  from  input  r;  to  output  (O’Reillg,  1991).  A  proper  choice  o/m,(u))  will  eliminate 
say  underdamped  behavior  of  tu,  so  that  the  uncertain  MIMO  system  will  then  exhibit  a  better 
time  response  simUar  to  that  seen  in  SISO  systems.  The  same  is  valid  for  output  yt  due  to 
disturianee  at  the  plant  o«<p«<  i,  since  its  transfer  function  is  (1  + 


3  The  Design  Procedure 

The  Horowits  MIMO  design  method  (Yaniv  and  Horowits,  1986)  which  is  concerned  with  sat¬ 
isfying  (1-2),  tunu  the  design  process  into  a  sequence  of  MISO  probkms.  The  solution  of 
each  MISO  problem  is  the  controller  gi  and  the  prefilters  /</,  j  ss  l,...,n  (each  fij  being  due 
to  the  closed  loop  specifications  from  input  at  /  to  output  at  i),  giving  a  combined  solution 
G  =  diag[gi]  and  F  =  \ftj\  for  the  MIMO  system.  The  main  task  during  the  design  of  each 
MISO  problem  is  to  find  bounds  on  an  open  loop  transfer  function.  Each  bound  is  a  closed  curve 
on  the  complex  plane  dividing  the  latter  into  two  repons,  one  of  which  is  called  o'((.i),  so  that  if 
the  <^n  loop  transfer  function  at  frequency  w  belongs  to  0(w)  and  satisfies  the  Nyquist  stability 
criterion,  the  synthesis  procedure  most  work.  In  order  to  satisfy  each  of  the  performances  (1-4), 
more  constraints  are  placed  on  each  of  the  MISO  problems.  T.'"3  the  permissible  region  c{u)  is 
reduced,  which  in  turn  implies  a  solution  for  the  MIMO  system,  if  a  solution  is  found.  This  is  a 
kind  of  simultaneous  stabilisation  problem  with  constraints,  i.e.,  at  each  step,  y,-  is  designed  so 
that  the  bounds  are  satisfied  and  the  sauM  controller  gi  stabilises  a  given  set  6[  plants. 


3.1  Stability  acd  Closed  Loop  Performance 

Consider  the  feedback  system  shown  in  Fig.  1.  Let  (ii, . . . ,  in)  be  a  given  order  of  the  integers 
(1, . . . ,  n),  and  P*  =  \j^j]  be  defined  recursively  as  follows: 


&»?,]  =  P-‘: 


_t-i  _ 


;  h  =  i»_i,  i  =  it. 


(5) 


Based  on  the  sequential  loop  closure  technique  of  Mayne  (1879)  and  Rosenbrock  (1974),  it  is 
shown  that  (for  the  sake  of  clarity  is  =  i  and  the  superscript  i  denotes  the  recursive  step 
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number): 

. . “  <»> 

where 

4  =  =  Vp.*  •  (7) 

u=i,...,i-i  u=t-fi,...,t 

Qearly,  does  not  depend  on  k  or  on  the  chosen  recursive  order  (ii,...,tn)  and  qf  does. 
Hence  (6)  gives  (n  —  h  +  1)  equations  for  as  a  function  of  q}.  Equations  (6-7)  reduce  the 
MIMO  problem  into  MISO  problems  in  the  following  way.  At  step  m,  (m  =  1,...,r),  the 
designer  obtains  the  scalar  transfer  function  gm  and  fmj  (j  =:  1, . . . ,  n)  so  that  for  all  P  €  7* 


1  +  JmflS 


IS  internally  /table. 


where  is  assumed  (in  the  Horowita  MIMO  technique)  bounded  by 

I  E  E 

Remark  3.1  The  gm  and  fmj  designed  for  j  —  1, . . . ,  n,  are  need  to  define  the  parameters  of 
the  next  step  (step  m  4- 1,  Equations  (6-7)  for  i  s  m  +  1/  After  n  steps,  all  gt  and  fij  are 
knovm  and  the  design  process  comes  to  an  end. 

Remark  3.2  Step  m  is  equivalent  to  solving  n  uncertain  MISO  problems  with  the  same  con- 
trailer  g„  and  n  prefiHers  fmj,  which  can  be  solved  within  the  framework  of  the  QFT  technique. 
Moreover,  a  parameter  /  can  be  chosen,  generally  between  0.5  and  0.8,  so  that  1(14 Pm9m)|  > 

3.2  Margin  Performance 

In  order  to  satisfy  the  margin  conditions  3,  i.e,. 

|l4iri>nn(«);i  =  l . n.  (9) 

the  bounds  for  gu  should  also  guarantee  [15] 

|l4l,|>m.(w);  i  (10) 

The  solution  of  these  inequalities,  to  find  bounds  on  gs  such  that  (101  true,  is  a  closed  curve  in 
the  complex  plane  which  can  be  calculated  for  each  case  and  phase  of  gn  by  solving  a  quadratic 
equation.  The  bound  on  gs  will  be  the  union  of  bounds  due  to  ail  the  constraints.  In  the  trivial 
2x2  case  this  may  decrease  the  allowed  region  for  the  second  step  (say  design  gj)  such  that 


PlI  -  P13PJi/(P3J  4  gj) 


>  di(w):  |i  + 


Paj  -  PuPai/(Pn  4  gi) 


>  di{u) 


The  solution  cd  these  inequalities,  to  find  bounds  on  g^  such  that  (11)  is  true,  is  a  closed  curve  in 
the  complex  plane  which  can  be  calculated  for  each  case  and  phase  of  yj  by  solving  a  quadratic 
equation.  The  bound  on  g^  will  be  the  union  of  bounds  due  to  all  the  constraints. 
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4  A  2x2  Example 

4.1  Plant  and  Performance  definition 

•  Plaat  Model: 


•  Plant  Uncertainty:  tn  and  tn  in  [2  —  6],  its  and  kji  in  [0.5  —  1.5] 

•  Cloaed  Loop  Performance:  Are  given  on  off  diagonal  tracking  elements  less  than 
— 20dJ9  and  the  diagonal  satisfy  the  constraints  given  in  the  following  table: 


w 

*11.433 

an.ajj 

1 

1.1 

0.9 

2 

1.1 

0.8 

3 

1.0 

0.6 

5 

0.7 

0.2 

10 

0.1 

0 

(12) 


4.2  Design  Execution 
4.2.1  Design  step  #1 

Find  a  solution  to  the  two  MISO  feedback  systems  described  schematically  m  Fig.  3,  i.e.,  find 
9ii  fn  snd  fu  such  that  for  all  plant  cases  and  |tij|  <  bij 

«ii  <  |fti|  <  «is  <  l^ial  <  (13) 


Since  the  olT-diagonal  should  be  as  small  as  possible,  the  choice  /13  ss  0  and  /31  =  0  is  reasonable. 
Thus  the  solution  of  the  MISO  problems 


all  <  I 


i  +  ynii  ^  i  +  juii 


1  +  yiffii 


(14) 


is  a  solution  to  step  #1.  The  bounds  and  nominal  loop  transmission  are  given  in  Fig.  4.  The 
controller  and  prefilters  are: 


9i  = 


5(1+ s/45) 


(l  +  s/5)(l  + s/140 +  SV140!') 


:  fii  - 


1 


l  +  1.4s/2.5  +  sV2.5*’ 


fi2  =  0.  (15) 


4.2.2  Design  step  #2 

Find  a  solution  to  the  two  MISO  feedback  systems  described  schematically  in  Fig.  5,  i.e.,  find 
92,  /21  and  /sj  such  that  for  all  plant  cases  and  It,-/!  <  bij 


where 


and 


“II  <  lljil  <  ^31 1  “"4  ajj  <  |fjj|  < 


Pl<  +  9t  P72 


?33  —  I/l^t 


(16) 

(17) 

(18) 
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The  boundf  and  nominal  loop  transmiaaion  are  given  in  Fig.  6.  The  controller  and  prefiltera 
are: 

25(l  +  a/25)  ,  _  1  /  . 

l  +  a/90  +  fV90»' 1 +  1.4a/3  + a V3»’ 

4.2.3  Frequency  Domain  Simulations 

The  next  table  gives  upper  and  lower  values  for  the  closed  loop  transfer  function  diagonal  ele¬ 
ments  and  upper  values  for  the  off-diagonal  values. 


w 

1 

2 

3 

5  10 

<11 

0.99-0.99 

0.86-0.85 

0.59-0.58 

0.26-0.25 

<13 

1.00-1.00 

0.94-0.92 

0.75-0.52 

0.39-0.35 

<31 

0.02 

0.04 

0.05 

0.05 

<33 

0.04 

0.07 

0.08 

0.07 
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A  Delta  Transform  Approach  to  Loop  Gain-Phase  Shaping  Design  of 
Robust  Digital  Control  Systems* 

A.J.  Punyko"^ 

F.N.  Bailey* 


Abstract:  This  paper  addresses  the  existence  of  loop  gain-phase  shaping  (LGPS)  solutions  for  the  design  of  robust  digital 
control  systeOiS  for  SISO,  minimum-phase,  continuous  time  processes  with  parametric  uncertainty.  We  develop  the 
frequency  response  prop.'irties  of  LGPS  for  discrete  time  systems  using  the  A-transform,  a  transform  method  that  applies 
to  both  continuous  and  discrete  time  systems.  A  theorem  is  presented  which  demonstrates  that  for  reasonable 
spedflcaiions  there  always  exists  a  sampling  period  such  that  the  robust  digital  control  problem  has  a  solution.  Finally, 
we  offer  a  procedure  for  estimating  the  maximum  feasible  sampling  period  for  LGPS  solutions  to  robust  digital  control 
problems. 


1.  INTRODUCi  ION 

The  Loop  Gain-Phase  Shaping  (LGPS)  approach  to  robust  control  system  design  uses 
closed  loop  performance  and  relative  stability  specifications,  combined  with  a  model  of  process 
uncertainty,  to  define  complex  plane  gain-phase  constraints  on  the  nominal  open  loop  gain 
function.  The  designer  then  "fits"  a  realizable  nominal  loop  gain  function  L,(s)  to  these 
constraints  and  uses  Lo(s)  to  obtain  descriptions  of  the  necessary  compensation  networks.  The 
LGPS  concept  for  single-loop,  analog,  robust  control  system  design  was  originally  proposed  by 
Horowitz  in  (Horowitz  1963)  and  later  combined  in  the  general  framework  of  quantitative 
feedback  theory,  or  QFT  (Horowitz  1982).  In  (Bailey  and  Hui  1991)  it  was  shown  that  for  SISO 
robust  control  system  design,  LGPS  has  performance  advantages  over  traditional  loop  gain 
shaping  and  its  derivatives  (LQG/LTR,  H_-Optimization,  etc.).  Moreover,  LGPS  allows  the 
control  system  designer  to  directly  attack  the  robust  performance  problem,  unlike  other  methods 
which  indirectly  address  robust  performance  by  solving  a  stabilization  problem. 

The  fitting  of  a  realizable  nominal  loop  gain  function  to  specification/uncertainty 
generated  gain-phase  constraints  is  the  difficult  part  of  the  LGPS  design  procedure.  Although 
several  iterative  search  approaches  have  been  demonstrated,  no  closed  form  solution  exists  (Gera 
and  Horowitz  1980;  Thompson  1990).  An  important  unresolved  question  involves  the  existence 
of  solutions  to  the  fitting  problem.  If  one  plans  to  use  an  iterative  search  approach  to  the 
solution  of  this  problem,  it  is  important  to  know  whether  a  solution  exists.  In  (Bailey  and 
Cockbum,  1991),  a  mathematical  formalization  of  LGPS  was  used  to  study  the  existence  of 
solutions  to  the  fitting  problem  in  ihe  continuous  time  case.  There  it  was  shown  that  in  the  case 
of  minimum  phase  (but  possibly  unstable)  processes  with  only  parametric  uncertainty,  a  fitting 
solution  (and  thus  a  solution  to  the  LGPS  design  problem)  always  exists  if  there  are  no 
constraints  on  the  open  and/or  closed  loop  bandwidth.  However,  fitting  solutions  in  the  case  of 
non-minimum  phase  processes  is  problematical  (Horowitz  and  Sidi  1978). 

The  increasing  popularity  and  flexibility  of  digital  controllers  has  lead  to  the  adaptation 
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of  LXjPS  concepts  to  the  design  of  digital  control  systems.  This  problem  was  considered  in 
(Horowitz  and  Liao  1986).  However,  these  authors  merely  present  a  design  example  in  order  to 
show  the  effects  of  sampling  on  the  continuous  time  LGPS  problem.  Additional  papers  on  QFT 
design  of  digital  controllers  (Yaniv  and  Chait  1991;  Lament,  Houpis,  and  Ewing  1991)  have 
primarily  focused  on  design  techniques.  Unfonunatcly,  none  of  these  papers  discuss  the 
existence  of  discrete  time  LGPS  solutions.  In  fact,  because  discrete  time  plant  models  are 
generally  non-minimum  phase,  for  a  fixed  sampling  period  there  may  be  no  solution  to  discrete 
time  LGPS  problems. 

In  this  paper  we  adapt  the  mathematical  formalization  of  the  LGPS  problem  as  described 
in  (Bailey  and  Cockbum  1991)  to  address  questions  about  the  "Existence  of  solutions  to  discrete 
rime  LGPS  problems  in  the  case  of  parametric  uncertainty.  We  will  assume  that  the  discrete  time 
robust  control  problem  arises  in  the  context  of  digital  control  of  a  continuous  time  process.  Thus, 
we  will  assume  that  the  discrete  time  process  is  the  step-invariant  equivalent  (or  zero-order  hold 
equivalent)  of  a  continuous  time  process  which  is  finite-dimensional,  linear,  time-invariant, 
minimum  phase,  but  possibly  unstable.  A  glossary  of  notation  and  definitions  is  provided  in  the 
Appendix. 

2.  THE  CONTINUOUS  TIME  ROBUST  CONTROL  PROBLEM 

Given  a  process  model  with  uncertainty,  a  model  of  external  disturbances,  and  desired 
stability  and  performance  specifications,  the  goal  of  the  general  robust  feedback  control  problem 
is  to  design  a  controller  such  that  the  closed  loop  system  meets  the  desired  stability  and 
performance  specifications. 

Because  the  LGPS  approach  assumes  that  only  the  process  inputs  and  outputs  are 
available,  the  most  general  controller  configuration  is  the  two-degree-of-freedom  structure  (TDF) 
(Horov/itz  1963).  Given  the  particular  TDF  structure  shown  in  Fig.  1,  the  LGPS  approach  to  the 
robust  control  problem  is  to  choose  a  loop  compensator  G(s)  and  pre-compensator  F(s)  such  that 
the  closed-loop  transfer  function  T(s)  meets  the  desired  stability  and  performance  specifications. 

In  the  ner.t  sections,  we  outline  the  continuous  time  LGPS  robust  control  problem  and 
then  summarize  the  continuous  time  LGPS  existence  conditions  detailed  in  (Bailey  and  Cockbum 
1991). 

2.1  Problem  Description 
The  Process  Model 

Throughout  this  paper,  we  model  the  continuous  time  process  as  an  arbitrary  SISO 
dynamic  system  with  parametric  uncertainty.  Formally,  we  have  this  set  of  assumptions  about 
tlie  process  model,  P(s). 

Assumption  1C:  We  assume  that  the  continuous  time  process  model  P(s;a)  is  finite-dimensional, 
linear,  time-invariant  (FDLTI)  and  has  only  parametric  uncertainty.  We  assume  a  transfer 
function  model  of  the  process  in  the  form 


P(S) 


]C  ‘ 

*  P(s;a)  :=  -  with  a  e  A  c  E'*,  n>m 

n  r 

j-O 

where  the  coefficients  bj(a)  and  3,(0)  are  uncertain  due  to  underlying  uncertainty  in  some  model 
parameters  a  (e.g.,  masses,  gains,  inertias,  etc.)  and  Ap  is  a  compact  set  of  parameter  variations. 
We  also  assume  that  there  is  a  nominal  parameter  vector  ct^eAp  which  defines  the  nominal 
process  model:  P,(s):=P(s;ao).  Also,  we  consider  only  those  processes  that  are  minimum-phase 
(i.e.,  no  closed  RHP  zeros),  have  no  uncertain  poles  on  the  jto-axis  for  all  ae  Ap,  and  assume  that 
aa(a)b„(a)>0  for  all  ae  Ap.  We  define  the  pole-excess  of  the  process  as  r=n-m>0. 

d 


F(s)  =  Pre-compensator 
G(s)  =  Loop  Compensator 
P(s)  =  Process  Model 
L(s)  =  P(s)G(s)  =  Loop  Gain 

T(s)  =  F(s)L(s)/ll+L(s)]  =  Closed  Loop  Transfer  Function 
Fig.  1.  A  TDF  Feedback  Control  Structure. 


Performance  Specifications 

We  assume  that  the  closed  loop  performance  specifications’  are  given  in  terms  of  bounds 
on  allowable  variation  of  lT(ja))  I:  0  <  a((i))c((o)  <  iT(ja))  I  <  b(a))c(co)  ^  »»,  where  a(»),  b(»), 
and  c(»)  are  real-valued  functions  of  to.  Thus,  for  each  to  we  define  5T(0)):=ln[b((o)/a(to)]  as  the 
allowable  logarithmic  gain  variation  in  lT(j(o)  I. 

Assumption  2C:  We  assume  that  the  performance  specifications  5T((o)  satisfy  the  fact  that 
5T(to)>T(a)),  where  x(co)  is  real-valued,  non-negative,  non-decreasing,  and  x((0)-»<»  as  to— »o«». 


'For  simpliciiy  we  will  consider  performance  boundaries  related  to  robustness  in  the  presence  of  process  uncertainty. 
Similar  performance  boundaries  can  be  developed  for  robustness  in  tiie  presence  of  external  disturbances.  The  results  of 
this  paper  easily  generalize  in  the  case  where  both  types  of  performance  boundaries  are  considered. 
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The  above  assumption  means  that  closed  loop  performance  is  required  only  for  "low"  frequencies. 


Stability  Specifications 

Throughout  this  paper,  we  assume  that  the  stability  (and/or  relative  stability)  specifications 
are  given  in  terms  of  a  desired  Nichols  plane  gain-phase  region  surrounding  the  (-180°,  0  dB) 
point.  For  simplicity,  this  specification  will  be  described  by  a  rectangular  region, 
S,:=(G„*,G„,<I>„*,<I>„ ),  as  shown  in  Fig.  2. 


a. 

! 

OdB 

1 

•18CiV4>, 

1 

•i8d4<i>; 

G, 

•180‘ 


Fig,  2.  Stability  Specification  Region  S.=(G„*,G„',<I>„*,<I>„  ). 


Assumption  3C:  We  assume  that  the  stability  specifications  S,  satisfy  the  restrictions  that  C„' 
and  G„*  are  bounded,  while  0„*s  (0°,180°]  and  <I>„‘6[-180°,0°]. 

2.2  The  Continuous  Time  LGPS  Solution 

Given  a  process  model  P(s)  and  specifications  on  desired  perform^ce  and  relative 
stability,  the  loop  compensator  G(s)  and  the  pre-compensator  F(s)  of  Fig.  1  are  chosen  through 
a  procedure  based  on  the  following  six  steps: 

1)  Development  of  process  uncertainty  templates  describing  process  gain  and  phase 
variations  due  to  (parametric)  uncertainty. 

2)  Use  of  these  templates,  closed-loop  performance  specifications,  and  a  model  of  the 
external  disturbances  to  develop  "performance  boundaries"  describing  gain-phase 
constraints  on  acceptable  nominal  loop  gain  functions,  Le(s). 

3)  Use  of  the  templates,  along  with  system  stability  and/or  relative  stability 
specifications  to  develop  "stability  boundaries"  describing  additional  gain-phase 
constraints  on  acceptable  Lo(s). 

4)  Fitting  a  realizable,  nominal  loop  gain  function  Lo(s)  to  the  gain-phase  constraints 
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represented  by  the  performance  and  stability  boundaries. 


5)  Manipulation  of  the  resulting  L^fs)  to  extract  a  description  of  the  loop  compensator 
G(s). 

6)  Selection  of  the  pre-compensator  F(s)  to  shape  the  closed-loop  transfer  function, 
T(s)=F(s)L(s)/ll+L(s)]. 

The  mathematical  objects  and  procedures  described  above  (e.g.,  templates,  boundaries, 
fitting,  etc.)  are  all  based  on  modificadons  of  classical  frequency  domain  design  procedures 
which  reflect  the  LGPS  assertion  that  both  gain  and  phase  informadon  should  be  used  where 
available.  Moreover,  these  objects  can  be  represented  in  either  the  C-plane  (the  complex  plane) 
or  the  N-plane  (the  Nichols  or  gain-phase  plane).  Both  of  these  representations  have  their 
advantages  at  certain  steps  in  the  development  of  LGPS  theory.  A  complete  discussion  of  these 
issues  can  be  found  in  (Bailey  Cockbum  1991).  A  brief  summary  of  that  discussion  follows. 

Uncertainty  Templates 

For  each  frequency  coe  [0,«»),  the  process  uncertainty  region  or  template'  (2(0))  is  a  set 
of  points  in  the  N-plane  representing  all  possible  uncertainty  induced  values  of  the  normalized 
process  transfer  funcdon  P(jo))/Po(jo)).  A  useful  viewpoint  is  that,  for  each  O),  the  set  Q(a)) 
represents  a  region  of  gain-phase  uncertainty  about  the  nominal  process  PoCjo)).  Thus,  for  each 
0)^,  we  define  Q(0))  as 

Q(co)  :*  {(<|i,g)eN;  <l)=arglP(jO);a)/P,(jo))],  g=lnlP(jo);a)/P,(j(0)|  for  all  as  A) 

Use  of  the  normalized  process  causes  all  of  the  templates  to  have  their  nominal  points  located 
at  the  point  (0°,  0  dB)  in  the  N-plane.  Since  G(jo))  is  assumed  to  have  no  uncertainty,  the 
template  Q(q))  also  represents  the  gain-phase  uncertainty  of  L(j©)=P(j(o)G(jti)). 

In  the  limit  case  as  (O— )«>,  the  parametric  uncertainty  templates  approach  a  vertical  line 
in  the  N  plane.  This  template  is  called  the  "high  frequency  uncertainty  template"  and  is  denoted 
by  Q(oo).  In  the  N-plane,  Q(«»)  is  a  bounded  vertical  line  with  nominal  point  located  at  (0°,0 
dB).  The  high  frequency  template  plays  a  major  role  in  the  demonstration  of  the  existence  of 
both  continuous  and  discrete  time  LGPS  solutions. 

Performance  Sets  and  Boundaries 

Given  a  template  Q(o))  and  performance  specifications  5T(to),  for  each  to,  the  performance 
set  Bp((0)  describes  an  N-plane  region  that  acceptable  nominal  loop  gain  functions, 
Lo(j(o)=G(jto)P„(j(0),  must  avoid  in  order  to  satisfy  the  robust  performance  specifications.  The 
boundary  of  Bp((o)  is  called  the  performance  boundary  and  is  denoted  9Bp(to). 

It  is  also  known  that,  for  all  o^O,  the  performance  sets  Bp((o)  are  lx>unded  in  magnitude 


The  uncertainty  templates  QCm)  generated  by  the  normalized  process  P(jto)/P„0w)  are  LGPS  versions  of  the  multiplicative 
uncertainty  terms  l+D„(ju)  tn  P(jci))=P,(j(o)|l+D„(j®)I. 


and  enclose  the  N-plane  point  (-180°,  0  dB).  In  the  limit  case  as  to— »«>«>,  the  performance  sets 
Bp((i))  converge  to  a  high  frequency  performance  set  Bp(oo),  which  is  itself  a  vertical  line  located 
at  the  point  (-180°,0  dB).  This  property  arises  from  the  facts  that  5T((d)-»«»  and  Q(to)-»Q(oo), 
as  0)—^. 

Stability  Sets  and  Boundaries 

Given  a  template  Q(q))  and  the  stability  specifications  S„  the  stability  set  B,((o)  describes, 
for  each  co,  another  N-plane  gain-phase  region  that  any  acceptable  L»,(jci))  must  avoid  in  order 
to  satisfy  the  robust  stability  specifications.  The  boundary  of  the  stability  set  is  called  the 
stability  boundary  and  is  denoted  9B,(03). 

The  subility  sets  B,((o)  are  also  bounded  in  magnitude  and  enclose  the  N-plane  point 
(-180°,  0  dB).  In  the  limit  case  as  o)-^,  the  stability  sets  B,(tD)  approach  a  single  high-frequency 
stability  set,  denoted  B,(oo).  This  high  frequency  stability  set  will  also  have  a  rectangular  shape 
in  the  N-plane.  In  addition,  there  is  a  frequency  (B^>0  such  that  Bp(Q))cB,((o)  for  all  (oxt),.  Thus, 
at  frequencies  greater  than  any  Le(jo))  satisfying  B,(o))  automatically  satisfies  Bp(o)). 

Existence  Results 

While  the  performance  and  stability  sets  Bp(<B)  and  B,(to)  are  more  conveniently  defined 
in  the  N-plane,  equivalent  CpIane  sets  are  needed  for  later  use  in  the  proof  of  existence 
theorems.  In  Fig.  3  below,  we  show  the  shape  of  the  high  frequency  Gplane  performance  and 
stability  constraints,  denoted  Cp(<»)  and  C,(«»)  respectively.  Note  that  CpfoolcCjfoo). 

Given  the  above  results  it  is  possible  to  prove  the  following  theorem  on  the  existence  of 
contit’uous  time  LGPS  solutions.  A  formal  proof  is  given  in  (Bailey  Cockbum  1991). 

Theorem  1:  If  the  process  model  P(s;a)  satisfies  Assumption  1C,  the  performance  specifications 
5T(o))  satisfy  Assumption  2C,  and  the  stability  specifications  S,  satisfy  Assumption  3C  with 
<!>„*<  180°,  then  one  can  always  find  a  realizable,  rational  loop-gain  function  Lo(s)  such  that 
Ls(j(i))  meets  these  closed  loop  specifications. 

♦  ?r^f  Sketch:  By  choosing  Lo(j{fl)  to  have  large  gain  and  bandwidth,  it  can  avoid  the 
performance  and  stability  constraints,  Cp((o)  and  C,(©).  At  some  large  frequency  ©,xo„  Cp(to) 
and  C,(©)  will  closely  approximate  Cp(«)  and  C,(«>)  and  Cp(co)cC,(o)).  Since  O„'"<180°,  there 
is  a  negative  "gap"  angle  P <0  between  C,(<»)  and  the  positive  real  axis  (see  Fig.  3).  For  coxDi, 
L^,(j(0)  is  chosen  to  fit  through  this  gap  area 

until  it  is  inside  the  stability  constraint  C,(«>).  At  this  point,  L„(j(o)-^0  as  required  by  its  pole 
excess.  □ 

In  summary,  the  above  theorem  shows  that  in  the  minimum-phase  case,  the  continuous 
rime  LGPS  robust  control  problem  described  above  is  underspecified.  Thus,  before  beginning 
an  iterative  search  technique  to  find  an  LGPS  solution,  one  knows  that  a  solution  exists.  In 
addition,  since  the  problem  is  underspecified,  additional  design  criteria  such  as  bandwidth 
minimization  can  be  considered. 
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3.  BACKGROUND  ON  A-TRANSFORMS 

In  the  past,  control  system  designers  have  used  several  different  transform  techniques  in 
the  design  process  (e.g.,  the  Laplace-transform,  Z-transform,  and  W-transform).  In  recent  work, 
Middleton  and  Goodwin  have  proposed  an  alternative  transform,  the  A-transform,  that  unifies 
the  treatment  of  continuous  and  discrete  time  systems.  The  A-transform  has  several  advantages 
including  the  facts  that  (1)  it  provides  a  single  unified  framework  for  describing  all  known 
control  system  design  techniques  (2)  it  has  better  numerical  properties  than  the  Z-transform  and 
(3)  it  converges  to  the  Laplace  transform  as  the  sampling  period  goes  to  zero.  As  will  be  shown, 
the  A-transform  is  a  "corrected"  Laplace  transform,  with  the  corrections  on  the  raxier  of  the 
sampling  period  (A).  Moreover,  in  the  case  when  fast  sampling  is  employed,  these  corrections 
become  "insignificant"  (Middleton  and  Goodwin  1990). 

3.1  Discrete  Time  Models 

Although  we  sissume  the  reader  is  familiar  with  the  linear  difference  equations  and  Z- 
transforms,  in  this  section  we  present  a  brief  review  of  these  topics  in  order  to  facilitate  a  clearer 
presentation  of  the  discrete  time  5-model  and  the  A-transform. 
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Shift  Operators  and  Z-Transforms 

TTic  standard  description  of  discrete  models  uses  the  forward  shift  operator  q  defined  by 
the  relation 

qx,  := 

These  models  are  useful  because  they  exactly  describe  a  linear  difference  equation  and  arc  easily 
implemented  in  digital  control  or  signal  processing  algorithms. 

The  Z-transform  is  the  traditional  transform  technique  used  to  analyze  a  time  series  {x^} 
which  is  described  by  a  shift-operator  model.  Given  a  time  series  {x^},  the  one-sided  Z- 
transform  of  (Xi)  is  given  by 

=  X(z)  ;= 

where  Z  denotes  the  Z-transform  operator.  In  elementary  texts  (Franklin  and  Powell  1980),  it 
is  shown  that  if  there  exist  constants  M,o  €  R  such  that  !x(k)  I  <  Me*  for  all  k,  then  the  one¬ 
sided  Z-transform  exists  for  all  Iz  I  >  e“. 

Delta  Operators  and  A-Transforms 

TTie  discrete  time  delta  operator  8  performs  a  forward  difference  operation  and  is  defined 
by 


where  A  is  the  sampling  period.  It  is  directly  related  to  the  forward  shift-operator  q  by  the 
relation 


A 


As  the  complex  variable  z  is  a  frequency  domain  representation  of  the  shift  operator  q, 
the  transform  variable  associated  with  5-operators  is  the  complex  variable  y.  Given  a  time  series 
{x^},  the  A-transform  of  (x^)  is  obtained  as 

Tlx,)  =  X^(Y)  :=  A  j^x,  (1  +  Ay)''* 

k«0 

where  T  denotes  the  A-transform  operation. 

From  this  definition  it  is  clear  that  y=(z-l)/A.  Thus,  one  can  obtain  a  table  of 
A-transforms  from  a  table  of  Z-transforms  by  noting  that 


x.(1»  .AX(z)l.^., 

X(z)  -i.X.(l()|  « 

a  '  T 

Finally,  it  can  be  shown  that  as  A-»0,  r{x(«))  converges  to  the  l^place  transform  (herein 
denot^  by  SE).  For  a  complete  discussion  of  Unified  Transform  Theory,  which  includes  delta 
transforms,  see  (Middleton  and  Goodwin  1990). 

Discrete  Time  5  Models 

In  view  of  the  relation  between  the  shift  operator  q  and  the  delta  operator  5,  one  can 
directly  compute  a  5-model  from  a  shift  operator  model,  Z-transfer  function,  or  difference 
equation.  However,  if  this  discrete  time  model  was  obtained  from  an  underlying  continuous  time 
process,  there  are  significant  num..rical  advantages  in  determining  the  5-model  directly  from  the 
continuous  time  state  equations  (Middleton  and  Goodwin  1990). 

To  derive  a  discrete  time  step-invariant  equivalent  model,  we  assume  a  zero-order  hold 
at  the  input  of  the  continuous  time  process  and  an  ideal  sampler  at  the  ouqjut.  Then,  if  the 
continuous  dme  model  is 

p  X  =  Ax  +Bu 
^  ’  y  =  Cx 


the  corresponding  step-invariant  discrete  time  5  operator  model  is  given  by 

p  .  5\  *  Fx,  +  Gu, 

Yk  *  Cx, 


where. 


a 

F  =  (1  f  c-'"  dT)A  =  — 

A  J 


0 

A 


G  =  (1  fe-'"  dx)B  . 

A  / 


The  corresponding  A-transform  of  this  step-invariant  discrete  time  model  is 


P.(Y)  := 


Y 


1+Ay 


T  {a!-’lP(s)/s])  =  C(Yl  -  F)-'G  . 
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Stability  Analysis  and  Frequency  Response  Using  A-Transforms 

In  the  complex  y-plane,  sinusoids  of  frequency  ©  correspond  to  points  Y=(e*^-1)/A.  For 
(D€  [-n/A,]i/A],  these  points  describe  a  circle  with  its  center  at  -1/A  and  radius  1/A  as  shown  in 
Fig.  4.  This  circle  (herein  called  the  p-circle)  represents  the  stability  boundaiy  in  the  y-plane  and 
stable  poles  of  P^Cy)  will  lie  inside  this  circle  with  ll+Ayi  <  1.  For  convenience  we  define 
p:=(e'“*-l)/A  as  the  complex  parameter  along  the  stability  boundary,  which  is  analogous  to  the 
continuous  time  complex  variable  j©.  Thus,  one  can  express  the  frequency  response  of  PJy)  by 
PifP).  where  P=(e’“'-1)/A.  An  important  point  on  the  P-circle  is  the  fold-over  frequency  Pf, 
where  pp-2/A  corresponding  to  ©=©pn/A. 


Fig.  4.  Stability  region  for  the  y-plane. 


3.2  Results  From  A-Transform  Theory 

Given  a  discrete  time  signal  (Xk)  which  is  a  sampled  version  of  a  continuous  time  signal 
x(t),  one  can  obtain  the  Laplace  transform  of  the  underlying  continuous  time  signal  x(t)  by  taking 
the  limit  A-^0  of  jhe  A-transform  of  (x^).  The  following  lemma  shows  that  this  property  of  A- 
transforms  hold  for  all  signals  x(t)  that  have  a  Laplace  transform. 

Lemma  1:  (Middleton  and  Goodwin  1990) 

Suppose  x(«)  (R-»R)  satisfies 

(i)  There  exist  M,  X  €  R  such  that  |x(t)  I S  Me^  for  all  t;  and 

(ii)  For  any  Re{y)  >  X,  x(t)e'^  is  Riemann  integrable. 

If  X4(y)  is  the  A-transform  of  {x(kA)},  then  for  any  Re{y)  >  X, 


lim 

a-io 


X^(y)  =  f  x(t)e-^'dt  =  X(s)|.^ 
0 


where  the  above  integral  is  a  Riemann  integral. 


/ 
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Another  important  feature  of  the  A-transfonn  is  its  ability  to  reveal  connections  between 
continuous  and  discrete  time  equivalent  process  models  as  the  sampling  period  is  varied.  The 
following  lemma  illustrates  this  property. 

Lemma  2:  If  P(s):=C(sI-A)  'B  is  a  linear,  time-invariant,  continuous  time  process,  the  step- 
invariant  equivalent  discrete  time  model  P4(y)=C(‘^-F)  'G  satisfies 

lim  P^(Y)  .  P(s)| 

A-iO 

*  Proof:  If  F  and  G  are  given  as  above,  it  is  easy  to  show  that 
lim  P^(Y)  =  CC^-Al-'B  . 

A-rfI 


Note  that  Lemma  2  has  the  following  obvious  Corollary. 

Corollary  1:  If  is  the  step-invariant  equivalent,  discrete  time  model  of  P(s),  then 
Urn  P  (P)  »  P(jo))  . 

A-iO 

where  P=(e*^-1)/A  and  (oe  [0,7t/A). 

In  addition  to  the  above  results,  there  arc  other  advantages  in  the  use  of  A-transforms  in 
the  study  of  discrete  time  control  systems.  Some  of  these  are: 

(1)  For  fast  sampling,  the  poles  and  zeros  of  the  5-model  are  approximately  invariant 
with  respect  to  the  sampling  period.  However,  the  extra  zeros  arising  from  sampling 
(Astrom,  Hagander,  Stemby  1984)  vary  with  A  and  converge  to  -<»  as  A-M).  This  means 
that  for  fast  sampling  the  system  dynamics  stay  approximately  constant,  while  the 
sampling  zeros  move  towards  -«». 

(2)  The  delta  operator  has  superior  numerical  properties  compared  to  the  equivalent  shift 
form.  The  main  reason  for  this  is  that  the  delta  operator  moves  the  z-plane  point  (1-t-jO) 
to  the  origin  in  the  y-plane  and  thus  eliminates  the  offset  associated  with  the  shift  operator 
pole-zero  locations. 

For  those  interested  in  using  the  A-transform  for  system  design  or  analysis,  there  is  a  set  of 
numerical  tools  in  MATLAB  called  the  Delta  Toolbox  (Middleton  Goodwin  1990). 

4.  THE  DISCRETE  TIME  ROBUST  CONTROL  PROBLEM 

In  this  section,  we  describe  a  discrete  time  robust  control  problem  that  arises  in  the  design 
of  a  robust  digital  controller  to  satisfy  the  continuous  time  LGPS  problem  oudined  in  Section  2. 
We  then  prove  the  existence  of  a  discrete  time  TDF  controller  which  meets  the  related  y-plane 
frequency  response  specifications  and  the  corresponding  continuous  time  specifications. 


4.1  Problem  Description 

As  in  the  continuous  time  case,  the  discrete  time  LGPS  approach  assumes  the  TDF 
structure,  shown  in  Fig.  S.  The  problem  we  address  is  the  LGPS  design  of  a  robust  digital 
controller  for  the  uncertain  discrete  time  process  P^fY^oc)  described  below. 

Process  Model 

The  first  step  in  the  discrete  time  LGPS  solution  is  to  identify  the  equivalent  discrete  time 
process  model  and  the  discrete  time  closed  loop  performance  and  stability  specifications. 


d 


F^(Y)  =  Digital  Pre-compensator 
Ga(Y)  =  Digital  Controller 

Pa(7)  ®  Step-Invariant  Discrete  Time  Process  Model 
4(7)  =  Pa(7)Ga(7)  =  Loop  Gain 
Ta(7)  =  F^(Y)L,(y)/[1+L4(7)1 

Fig.  5  An  SISO  Discrete  Time  System  with  TDF  Structiare. 

Assumption  ID:  The  discrete  time  process  P4(Y“,a):=Y/(l+A7)7'(Sf '[F(siOC)/s] )  is  the  step-invariant 
discrete  time  equivalent  of  a  continuous  time  process  P(s;a)  that  satisfies  Assumption  1C.  (Note: 
T  in  this  definition  is  the  delta  transform  operator  defined  in  Section  3.)  We  also  assume  a 
sampling  period  A  such  that  ail  poles  of  P(s;a)  arc  inside  the  primary  stri;i  [-(ar,(U^],  where 
a),=7t/A,  all  the  sampling  zeros  of  P4(Y;a)  are  real,  and  all  other  non-sampling  zeros  of  P4(7,a) 
are  stable'. 

Performance  Specifications 

We  assume  that  the  discrete  time  closed  loop  performance  specifications  arc  given  in 
terms  of  bounds  on  the  allowable  variation  of  the  closed  loop  ffansfer  function,  T^fP)  (see  Fig. 
5).  These  performance  specifications  au-  given  in  the  form  0  <  a(P)c(P)  S  fr^fp)  I  ^  b(P)c(P)  <«> 
for  P<P,.  Thus  for  each  P<Pf,  we  define  the  allowable  logarithmic  gain  variation  as 


Further  research  into  the  behavior  of  non-sampling  zeros  is  needed.  However,  for  fast  sampling,  we  know  that  the 
non-sampling  zeros  of  PifTto)  will  approach  the  z.cros  of  P(s;o). 
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6T4(p):=ln(b(P)/a(p)]. 

In  addition,  wc  assume  that  these  discrete  time  performance  specifications  8T^(P) 
converge  to  the  continuous  time  specifications  5T(a))  as  A-»0.  Moreover,  we  require  the  that 
discrete  time  performance  specifications  relax  completely  as  P—>Pf.  These  assumptions  arc  given 
below'. 

Assumption  2D:  We  assume  that  8T4(P)-^6T(a))  as  A->0  and  that  ST^CP)-*®®  as  p-»Pf. 

This  assumption  merely  states  that  the  performance  specifications  are  reasonable:  one  should  not 
expect  to  achieve  performance  near  or  at  the  foldovcr  frequency. 

Stability  SpeciHcations 

As  in  the  continuous  time  case,  the  stability  and/or  relative  stability  specifications  are 
given  in  terms  of  a  rectangular  N-plane  gain-phase  margin  region:  S,  :=  (G„*,G„' ,<!>„* ,d>„  ).  This 
region  was  shown  previously  in  Fig.  2. 

Assumption  3D:  We  assume  that  the  stability  specifications  S,  satisfy  the  restriction  that  G„‘  and 
G„*  arc  bounded,  while  <!>„*€  (0°,180“1  and  <1>„6(-180°,0°]. 

4.2  The  Discrete  Time  LGPS  Solution 

As  will  be  shown,  the  basic  elements  of  discrete  time  loop  gain-phase  shaping  are  very 
similar  to  the  continuous  time  case  and  the  procedure  for  demonstrating  the  existence  of  LGPS 
solutions  in  the  discrete  time  case  is  similar  to  the  one  described  in  Section  2. 

4.2.1  Discrete  Time  LGPS  Definitions 

Discrete  Time  Uncertainty  Templates 

Let  P^fY-Ct)  be  a  step-invariant,  discrete  time  plant  model  that  satisfies  Assumption  ID. 
For  each  0<P<Pf,  we  define  the  discrete  time  gain-phase  uncertainty  template  Qa(P)  as 

QA(P):={('{',g)6  N:  (()=arglP„(P;a)/P,(P;aJ|,  g=ln  lP,(p;a)/P^(P;a„)  I,  for  all  ae  A^). 

As  before,  these  arc  normalized  templates  and  thus  will  have  their  nominal  points  at  (0°,  0  dB). 
Given  the  above  definition  of  Q^lP),  we  can  prove  the  following  properties  of  the  uncertainty 
templates. 

Property  1:  If  P^(Y.a)  satisfies  Assumption  ID,  then  for  each  PelO.p,)  the  uncertainty  templates 
Q^(P)  are  gain  bounded  above  and  below  in  the  N-plane. 

*  Proof:  Let  P(s;a)=C(a)|sl-A(a)]  'B<a)  for  some  state  variable  representation  of  P(s;a).  Then, 
Assumption  ID  implies  that  the  matrices  A(a),  B(a),  and  C(a)  have  elements  that  are  bounded. 


'if  the  performance  spccifica'.ions  arc  given  in  terms  of  a  coniinuous  function  5T(ti)),  the  use  of  the  Bilinear 
Transformation  to  map  5T(o))  into  discrete  time  specifications  will  satisfy  Assum.piion  2D. 
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continuous  functions  of  ae  ApCR’’.  Thus,  the  matrix 


A 


also  has  elements  that  are  bounded,  continuous  functions  of  cteAy.  This  implies  that  the 
coefficients  of  the  transfer  function  P^(7,a)=C(a)[Yl-F(a)]  'G(a),  where  F=flA  and  G=QB,  arc 
bounded,  continuous  functions  of  aeAp.  From  Assumption  ID,  can  have  no  uncertain 

poles  or  zeros  on  the  y-plane  stability  boundary  for  all  a€  A^  and  the  sampling  zeros  arc  on  the 
real  axis.  Thus  P^fTa)  is  a  condnous  function  of  a  and  maps  the  compact  set  Ap  into  a  compact 
set  in  C  which  does  not  contain  the  origin.  Thus,  0<  tP4(P;a)  l<oo  for  all  ae  Ap,  where  Pe  [0,Pf). 

Property  2r  Let  Q(cc)  be  the  continuous  time  uncertainty  template  for  P(s;a).  Then,  the  discrete 
time  template  Q4(P)=Qi((e’“‘-l)/A)  will  converge  to  the  continuous  time  template  Q(a))  as  A->0, 
for  toe  [G,7t/A). 

*  Proof:  This  result  follows  from  Corollary  1. 

In  the  continuous  time  case,  the  high-frequency  uncertainty  template  Q(<»)  plays  a 
fundamental  role  in  the  proof  of  the  existence  of  LGPS  solutions.  In  the  discrete  time  case,  there 
is  a  similar  high-frequency  template  OiCPf),  where  P,  is  the  discrete  time  fold-over  frequency 
defined  in  Section  3.1. 

Property  3:  At  the  frequency  p=p(,  the  uncertainty  template  Qa(Pf)  is  a  vertical  line  in  the  N- 
plane  located  at  (0°,0  dB). 

*  Proof:  Since  p|€R,  it  follows  that  p4(ppa)eR. 

Property  4:  Qa(Pr)-»Q(»)  as  A^. 

*  Proof:  This  also  follows  from  Corollary  1. 

Performance  Sets  and  Boundaries 

Given  an  template  Q^tP)  and  performance  specifications  6T4(p),  the  performance  set 
BpaCp)  describes  an  N-plane  region  that  any  acceptable  L4„{P)=G4(P)P4(p;ao)  must  avoid  in  order 
to  satisfy  the  perfoitnance  specifications.  Since  the  gain-phase  uncertainty  of  L^lP)  is  the  same 
as  the  gain-phase  uncertainty  of  P^lT.a),  a  performance  set  is  obtained  by  shifting  the  uncertainty 
template  over  the  M-contours’  in  the  N-plane  simulating  alternative  choices  of  IG^IP)  i  and 
argfG^lP)}. 

Given  a  template  Q^CP)  with  its  .lominal  point  shifted  to  the  location  qnom6  N,  there  is  an 
associated  total  closed  loop  gain  variation  over  the  entire  template  denoted  5M(P;q^)  given  by 


'vf-contoun  are  C  plane  loci  of  constant  M=  t/(l+7.)  I.  See  (do89)  for  details. 
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5M(p;q|i^)  :*  max  M  -  minM 
0.(9)  0.(9) 

B>  Prop  Ty  1,  as  the  template  nominal  point  is  shifted  towand  larger  gain  (in  the  N-plane), 
the  Vttiijc  of  5M  decreases  to  zero.  And,  as  qaan  is  shifted  toward  the  point  (-180°,  0  dB)  the 
value  of  8M  increases  toward  «>.  Thus,  given  a  performance  specificadon  requirement  5T^(P), 
it  is  possible  to  find  a  set  of  nominal  point  locations  q[a„„,6  N  such  that  SM(B:qn-,.)^5T^(pi.  For 
each  p,  we  define  the  performance  set  Bp4(P)  as 

Bpa(P)  =  {q«»eN:  5M(p;qaa,„)5ST^(p)). 

The  boundary  of  the  performance  set  Bp^(P)  is  denoted  9Bpa(P). 

Property  5:  As  A-»0,  the  discrete  time  performance  sets  Bpa(P)  converge  to  the  continuous  time 
performance  sets  Bp((o),  where  P=(e'‘^-1)/A. 

*  Proof:  This  follows  from  Assumption  2D  and  Property  2. 

Property  6:  The  discrete  time  performance  sets  Bpa(P)  will  converge  to  the  continuous  time  high 
frequency  performance  set  Bp(oo),  as  P-^P,  and  A-ki. 

*  fttx)f:  Follows  from  Assumption  2D  and  Property  4. 

Stability  Sets  and  Boundaries 

Given  specifications  on  relative  stability,  S.  :=  (G„*,G„',<1)„*,<I>„ ),  the  stability  set  B^(p) 
describes  for  each  p,  a  gain-phase  (N-plane)  region  that  all  nominal  loop  functions 
Lo(P)=G4(P)P4(P)  must  avoid  in  order  to  satisfy  the  stability  specifications.  We  define  the 
stability  set  B.^(P)  as  the  set  of  all  template  nominal  point  locations  q„o„,e  N  such  that  the  gain- 
phase  template  intersects  the  stability  specification  region.  That  is, 

=  {qoomeN:  S,  n  Qi(p)  ^  0). 

The  boundary  of  this  set  is  denoted  9B.^(p). 

Property  7:  As  A-»0,  the  discrete  time  stability  sets  B^(p)  will  converge  to  the  continuous  time 
performance  sets  B,(cd),  where  P=(e'"'-1)/A. 

*  Proof:  Follows  from  Propeny  2  and  Assumption  3D. 

Property  8:  The  discrete  time  stability  sets  B.^(P)  will  converge  to  the  continuous  time  high 
frequency  stability  set  B,(co),  as  P-^P,  and  A-^. 

*  Proof:  Follows  from  Propeny  4  and  Assumption  3D. 

Proper  9:  The  sets  Bp.^(Pf)  and  B,^(Pf)  have  the  property  that  Bp^fPflcB^^fPf). 

*  Proof:  This  follows  from  the  fact  that  Bp4(P,)={((t>,g)eN;  Q^(pf)n(- 1 80°,0  dB);^0).  Since  the 
point  (-180°,0  dB)  is  contained  in  S„  we  see  that  Bp4(p,)cB„4(Pf). 
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Propeny  9  indicates  that  the  discrete  time  stability  sets  will  enclose  the  performance  sets, 
as  This  is  a  crucial  argument  in  the  continuous  time  LGPS  existence  theorem  given  in 
[bc91]  and  we  see  that  it  is  also  valid  for  the  discrete-time  case.  This  result  simplifies  the  loop 
fitting  procedure  because  it  shows  that  for  P  sufficiently  large  one  needs  only  satisfy  the 
high-frequency  stability  set. 

As  in  the  continuous  time  case,  a  complex  plane  description  of  the  oiscrete  time  loop  gain 
constraint  sets  B^^CP)  and  Bj^fP)  facilitates  the  proof  of  the  UjPS  existence  theorem.  The 
equivalent  Cplane  discrete  time  performance  sets  and  stability  sets  are  denoted  by  Cp^CP)  and 
QifP),  respectively.  These  discrete  time  C-plane  constraints  have  the  same  convergence 
properties  as  the  N-plane  constraints,  i.e.,  C,^(P)->C^(Pf)  and  Cp4(P,)cC^(Pf),  etc. 

4.2J  An  LGPS  Existence  Theorem  for  Discrete  Time  Systems 

From  Section  2,  we  know  that  if  the  continuous  time  process  is  minimum-phase  and  has 
only  parametric  uncertainty,  the  LGPS  problem  normally  has  a  solution.  As  long  as  <l>p,*<180°, 
there  exists  an  Lp(s)  that  meets  arbitrary  performance  and  stability  specifications  .  Theoretically, 
there  is  no  limit  on  the  "bandwidth"  of  the  solution  in  this  case  and  the  use  of  large  gain  and 
bandwidth  allows  us  to  meet  arbitrary  specifications  for  processes  with  parametric  uncertainty. 
However,  when  the  process  is  non-minimum  phase,  the  existence  of  a  feasible  LGPS  solution  is 
problematical.  In  this  case,  the  non-minimum  phase  zeros  place  an  upper  limit  on  the  allowable 
bandwidth  of  the  solution  (Freudenberg  and  Lrozc  1988).  Thus,  in  some  cases  it  is  impossible 
to  find  a  real,  rational  loop  function  that  will  meet  the  given  specifications. 

In  the  discrete  time  robust  control  problem,  the  step  invariant  discrete  time  process  model 
typically  has  non-minimum  phase  zeros.  Thus,  in  general  the  existence  question  of  discrete  time 
LGPS  solutions  also  appears  problematical. 

However,  for  the  discrete  process  P^fy),  we  also  know  that  as  A->0,  the  zeros  due  to 
sampling  will  separate  from  the  "non-sampling"  zeros  (Middelton  and  Goodwin  1990). 
Moreover,  the  A-transform  description  of  the  sampled  process  reveals  the  fact  that  the  sampling 
zeros  move  towards  -«>,  as  A-^0.  Thus,  for  arbitrarily  fast  sampling,  we  can  move  the 
"bandwidth  limi,utions"  due  to  the  non-minimum  phase  zeros  to  arbiffarily  high  frequencies.  This 
suggests  that  as  A-^0,  there  exists  a  real,  rational  discrete  time  nominal  loop  function  L^„(y)  such 
that  the  closed  loop  system  satisfies  arbitrary  performance  and  stability  specifications.  This 
reasoning  is  justified  in  Theorem  2  below. 

Theorem  2:  Let  P^fy)  be  a  discrete  time  process  model  that  satisfies  Assumption  ID.  Then,  if 
the  performance  specifications  5T^(P)  satisfy  Assumption  2D  and  the  stability  specifications  S, 
satisfy  Assumption  3D  with  <I>„*<180°,  there  exists  a  sampling  period  A>0  and  a  realizable, 
rational  nominal  loop  function  L^^fy)  such  that  L^^fP)  that  will  satisfy  these  specifications. 

*  Proof:  Let  L4„(y)=y/(l-(-Ay)r{Sf '(L„(s)/s)},  where  L^fs)  is  a  solution  to  the  continuous  time 
LGPS  robust  control  problem.  From  Section  4.2.1,  we  know  that  C^(P)-»C,(ci))  and 
Cpa(P)-»Cp(0))  as  A-)0.  We  al.so  know  that  the  high  frequency  constraint  sets  (^(Pf)  and  Cp^Cpf) 
converge  to  C,(»)  and  CpM,  respectively,  as  A->0.  Since  <I>„*<180°,  there  exists  a  negative 
"gap"  angle  F <0  between  C,(°°)  and  the  real  axis  such  that  Lo(jQ))  can  fit  through  the  gap  and 
roll-off  as  necessary.  Now,  if  L^„(P)  is  the  frequency  response  of  L^ofy),  Corollary  1  says  that 


the  function  L^(P)  aiso  satisfies  these  constraints  as  A-*0.  □ 

Theorem  2  tells  us  that  by  choosing  A  arbitrarily  small,  we  can  approximate  the 
gain-phase  constraints  of  the  continuous  time  LXJPS  problem,  C,(a))  and  Cp(a)),  arbitrarily  close 
with  eouivalent  discrete  time  gain-phase  constraints,  C^(P)  and  Cp4(P).  Moreover,  we  can 
approximate  L,(jw)  with  a  discrete  time  L^oCP)  as  close  as  necessary.  Thus,  we  can  always  find 
a  solution  to  the  discrete  time  LGPS  robust  control  problem  described  above. 

5.  ESTIMATING  THE  MAXIMUM  FEASIBLE  SAMPLING  PERIOD 

The  above  .esults  show  that  given  reasonable  specificatic.is  there  exists  a  sampling  period 
A  for  which  one  can  solve  the  discrete  time  robust  control  problem  using  LGPS.  While  these 
results  represent  a  contribution  to  the  theory  of  QFT  they  are  not  very  satisfying  as  they  give  no 
hint  to  the  range  of  acceptable  A.  A  control  systems  designer  would  like  to  know  that  the 
specifications  can  be  met  for  all  A  less  than  some  maximum  value  A^.  Unfortunately,  this 
problem  and  others  related  to  existence  of  LGPS  solution  of  non-minimum  phase  processes  is 
quite  difficult.  In  this  section  we  outline  this  problem  and  offer  a  technique  which  is  u%ful  in 
estimating  A^. 

To  begin,  we  note  that  the  estimation  of  A^  involves  all  of  the  elements  of  the  LGPS 
design  problem.  That  is,  the  feasibility  of  the  LGPS  fitting  problem  for  non-minimum  phase 
processes  depends  on  the  specifications,  the  process  uncertainty,  and  details  of  the  minimum 
phase  behavior  of  the  process.  To  date  only  rough  rules-of-thumb  exist  in  the  problem  of 
estimating  feasibility  in  these  cases.  However,  in  the  discrete  time  case,  we  have  two  advantages; 
1)  the  non-minimum  phase  nature  of  the  problem  is  somewhat  limited  by  the  structure  of  the 
discrete  time  process  model  and  2)  we  can  influence  the  "non-minimum  phase  effects"  by  the 
choice  of  A. 

5.1  Fast  Sampling 

In  most  digital  control  problems,  the  step-invariant  discrete  time  process  model  P^fy)  has 
added  zeros.  That  is,  if  P(s)  has  n  poles  and  m  zeros  then  P4(y)=(Y/(l+Ay)]r{S£''P(s)/s)  typically 
has  n  poles  and  n-l  zeros.  The  additional  n,=n-m-l  zeros  of  P^Cy)  are  commonly  termed 
sampling  zeros  (Astrom,  et.  al.  1984).  As  A— »0  in  the  y-plane,  the  poles  and  "non-sampling" 
zeros  of  P^Cy)  cluster  around  the  origin  y=0,  imitating  the  pattern  of  P(s),  while  the  sampling 
zeros  of  P^Cy)  are  real  (assuming  no  aliasing)  and  cluster  around  the  point  y=-2/A  (Middleton  and 
Goodwin  1990). 

In  the  case  of  parametric  uncertainty  where  P(s)=P(s;a)  for  aeAp,  the  resulting  step 
invariant  equivalent  P4(y;a)  will  have  poles  and  zeros  dependent  on  a.  In  addition,  as  A-»0  the 
poles  and  "non-sampling"  zeros  of  P^Iy.a)  converge  to  the  a-dependent  poles  and  zeros  of  P(s;a). 
However,  as  A-»0  the  sampling  zeros  of  P^Iy.a)  converge  to  a-independent  locations.  Thus,  we 
will  use  the  term  fast  sampling  to  denote  situations  where  P^Iya)  can  be  approximated  as 

“  P4(r.a)N^(Y) 

where  PA(P;a)=P(jco;a)  and  N,.^(y)  contains  all  of  the  sampling  zeros  of  P^Iy)  (See  Fig.  6).  Also 
note  that  when  toA  is  small,  B=(e’“'- 1  )/A=ja)  and  thus  there  is  a  significant  frequency  range  where 


65 


p^(B).pao)). 

In  our  estimation  of  A^,,  we  will  assume  that  these  fast  sampling  properties  hold:  1)  the 
separation  of  the  sampling  zeros  from  the  remaining  pole-zero  cluster,  2)  the  a-independence  of 
the  sampling  zero  locations  and  3)  the  assumption  that  P^(6)=P(ja))  for  a  significant  frequency 
range. 

5.2  Phase  Deviation  of  L^„(B) 

The  LGPS  fitting  procedure  outlined  in  Section  4  assumed  that  the  .  /as  a  phase  margin 
gap  r  and  that  a  minimum  phase,  rational  L^fs)  could  be  found  such  that  L„(ja))  fit  through  this 
gap.  The  difficulty  of  the  discrete  time  LGPS  fitting  problem  is  the  fact  that  the  sampling  zeros 
contribute  additional  phase  shift  to  P^dJ)  and  thus  to  L^„(6).  For  any  fixed  A,  this  additional 
phase  shift  may  prevent  from  confoiming  to  the  P  gap  and  the  high  frequency  stability 
constraints.  In  this  section  we  estimate  the  additional  phase  angle  (}),(B)  contributed  by  the 
sampling  zeros.  We  assume  that  this  phase  shift  <1>,(6)  will  represent  the  deviation  in  L^(B)  from 
4(jco)  for  B=(d*^-1)/A. 


Fig.  6.  Fast  Sampling  Conditions  in  the  y-plane. 


As  shown  in  Fig.  6,  when  the  B-circle  is  close  to  the  imaginary  axis,  the  additional  phase 
contribution  of  n,  sampling  zeros  at  frequency  B=j(o  can  be  estimated  as 

0,(3)  =  tan''(a)An,/2) 

Note  that  we  have  assumed  that  the  sampling  zeros  are  all  located  at  the  point  7^-2/A.  They  are 
in  fact  distributed  on  both  sides  of  this  point. 

S3  The  Allowable  Phase  Deviation  in  L^nfB) 

By  choosing  A  small,  the  above  relation  shows  that  we  can  make  0,(B)  small  and  thus 
make  L^efB)  close  to  L„(j(u).  The  next  question  is  the  allowable  range  of  0,(B)  when  solving  the 
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LGPS  fitting  problem. 

As  implied  in  Sections  2  and  5.2,  there  are  two  critical  elements  in  the  LGPS  fitting 
problem:  one  is  the  existence  of  a  negative  gap  angle  P  and  the  other  is  the  existence  of  a  (o^ 
such  that  Cp(0)cQ(to)  for  all  0x0,.  Since  some  of  this  gap  is  used  by  the  phase  angle  of  L^,(j0) 
as  it  is  rolled-off  to  enter  the  region  where  0>0,>0„  the  designer  must  decide  how  much  of  the 
gap  is  available  for  <t),(P).  We  will  denote  this  "available"  gap  (t),  and  note  that  (t)g<P,  as  shown 
in  Fig.  7.  Thus,  we  will  require  that 

I*/?.)  ^  <i>,  <  r-  =  180° -<!>;. 


The  above  result  indicates  that  part  of  the  gap  P  will  be  used  for  the  roll-off  of  Lo(j0) 
and  the  other  part  for  the  phase  lag  due  to  sampling  zeros.  This  suggests  a  trade-off  between  the 
bandwidth  of  L^(B)  and  the  designer  has  a  choice  of  using  the  available  gap  to  provide 
phase  shift  for  rapid  roll-off  of  near  P„  or  sampling  zero  phase  shift  in  (j),. 

5.4  Estimation  of  the  Frequency  (o. 

To  minimize  loop  gain-bandwidth,  the  loop  gain  function  L^(B)  must  fit  through  the  P 
gap  at  frequencies  p  near  B,=0,.  Implementation  of  the  estimate  implied  in  Section  5.3 
requires  an  estimate  of  the  frequency  B,=0,.  This  is  complicated  by  the  fact  that  0,  depends  on 
the  details  of  both  the  specifications  ST(0)  and  the  size  of  the  template  Q(0). 


Fig.  7.  N-P!ane  Depiction  of  the  Allowable  Phase  Tolerance  (jig  in  LoCjtu)- 

One  estimate  of  0,  may  be  obtained  by  noting  that  Bp(0)cBj(0)  only  when  Bp(0)  is 
closed  in  the  N-plane.  Moreover,  Bp(0)  is  closed  only  at  frequencies  where  |Q(0)  l<5T(0). 
Since  we  require  that  6T(0)->«>  as  0-^<»,  and  we  know  that  Q(0)-»Q(oo)  which  is  finite,  we  are 
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usured  that  such  frequencies  always  exists.  Thus,  we  can  estimate  (O^  as  the  smallest  frequency 
oi\  such  that  IQ(cij)  l<5T(a))  for  all  ©>o\. 

5.5  Estimation  of 

Given  the  above  development  we  now  conclude  that  should  be  sufficiently  small  such 
that  the  fast  sampling  conditions  hold  and 

A„  <  2/((l),n,)tan((t)p 

where  0^  is  an  estimate  for  the  frequency  to,.  This  result  is  intuitively  attractive  btreause  it 
includes  all  of  the  features  one  w-'uld  expect  in  such  an  estimate:  the  template  size,  the 
performance  specifications,  and  the  .^ability  specifications.  However,  note  that  some  amount  of 
continuous  time  LGPS  design  is  needed  to  determine  and  to  select  ([),. 

6.  AN  EXAMPLE:  A  DC  Motor  with  Uncertain  Load 

This  example  illustrates  the  utility  of  the  above  estimate  for  the  maximum  feasible 
sampling  period  A„  for  a  specific  discrete  time  LGPS  robust  control  system  design  problem. 
In  this  example,  we  find  a  discrete  time  LGPS  solution  to  the  continuous  time  robust  control 
problem  discussed  in  (Bailey  and  Hui  1991). 

Process  Model 

A  DC  motor  with  an  uncertain  inertial  load  can  be  modeled  by  the  following  transfer 
function 

K 

P(S'J  )  5S  _ I!I^ _ 

’  ■'  L(V4)s^-R(VJ,)s 


where  JL€(7xl0^1.4xl0^1  and  JLo=1.4xl(y’.  The  remaining  constants  (in  SI  units)  have  the 
values 


L  =  2.2x10-’  K,„  =  0.2 
R  =  0.4  =  1.4x10’ 


Specifications 

(i)  The  continuous  time  performance  specifications  for  the  closed  loop  system  are  given 
as  follows: 
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(D  (rad/sec) 

fr(jco)i(dB) 

Sll[(0)(dB) 

(0^10 

0  ±  0.05 

0.1 

0)e  [10,100] 

0  ±  0.20 

0.4 

(0=300 

-20  ±  2.00 

4.0 

(D=3000 

-40  ±  20.0 

40.0 

(ii)  The  closed-loop  stability  specifications  S,  are  given  as  the  gain-phase  region  enclosed 
by  the  5  dB  A/-contour  in  the  Nichols  plane.  This  corresponds  to  a  gain  margin  of  about 
4  dB  and  a  phase  margin  of  about  35°. 

(iii)  As  additional  specifications,  L,(s)  is  required  to  be  Type  1  (i.e.,  one  pole  at  s=0)  and 
the  loop  compensator  must  have  a  pole  excess  of  one. 

Solution  1 

The  flrst  step  in  the  design  of  a  digital  controller  is  the  selection  of  the  sampling  period 
A.  From  the  continuous  time  uncertainty  templates  in  (Bailey  and  Hui  1991),  we  see  that 
|Q(0})I«20  dB  for  all  (O^IOOO  (rad/sec).  Given  this  information  and  the  shape  of  the 
specifications  5T(Q)),  one  can  estimate  that  lQ(a))  i<5T(tD)  for  all  (0^2000  (rad/sec)  and  thus  the 
estimate'  for  (o,  is  chosen  to  be  o\=2000  (rad/sec).  From  the  continuous  time  solution  Ly,(j(D) 
given  in  Fig.  9,  notice  that  <j),=10°.  Thus,  from  Section  5  the  estimate  for  the  maximum  feasible 
sampling  period  is  Am=1.76x10^  (sec).  Initially,  we  will  use  A^AMsl.TtixlO"*  sec. 

Given  A,  the  next  step  is  to  develop  discrete  time  process  uncertainty  templates 
Q4(P)=Q4((e'^-l)/A)),  several  of  which  are  shown  in  Fig.  8.  Note  that  these  discrete  time 
templates  are  almost  identical  in  size  to  the  continuous  time  templates  shown  in  (Bailey  and  Hui 
1991).  In  fact  for  this  choice  of  A,  the  discrete  time  templates  were  identical  to  the  continous 
time  templates  for  frequencies  up  to  the  foldover  frequency,  topl.785xlO*  (rad/sec). 

Given  the  templates,  the  performance  specifications,  and  stability  specifications,  the  next 
step  is  to  find  the  discrete  time  performance  and  stability  boundaries.  Because  A  is  small,  the 
discrete  time  performance  spccifcations  5T^(P)  and  the  continuous  time  specifications  8T(©)  are 
nearly  identical.  Thus,  we  will  use  the  continuous  time  specifications  given  above.  For  these 
reasons  the  discrete  time  performance  and  stability  constraints  are  also  identical  to  the  continuous 
time  constraints,  i.e.,  B,a(P)=B,(co)  and  Bp^(P)=Bp((o).  Fig.  9  shows  the  performance  boundaries 
for  0)=3,  10,  30,  1(X),  3()0,  and  3(XX)  (rad/sec),  and  the  high  frequency  stability  boundary  B,(<»). 

Fig.  9  shows  a  typical  minimum  phase  continuous  time  LGPS  solution  L,(j{«))  and  a 
discrete  time  solution  L^o(Y).  Note  that  both  loop  functions  satisfy  the  performance  and  stability 
constraints. 


'  For  this  panicular  example,  it  careful  analysis  shows  that  0^=2600  (rad/sec). 


PHASE  (degraei) 


Solution  2 

In  Fig.  10,  another  continuous  time  LGPS  solution  is  shown  with  Thus,  given 

^s2000  as  found  above,  the  estimate  is  sec.  However,  for  this  example,  if  A=Am, 

no  realizable,  minimum  phase,  discrete  time  loop  function  Lj^(7)  was  found  that  fits  the 
constraints.  Experimentation  suggests  that  the  absolute  maximum  sampling  period  for  this 
particular  example  is  A«0.33  (msec).  With  A=0.32  (mr^c)  one  can  satisfy  the  loop  constraints 
with  the  minimum  phase  loop  function  L^(y)  shown  in  Fig.  10.  The  process  uncertainty 
templates  for  A=0.32  (msec)  are  identical  to  those  shown  in  Fig.  8.  Note  that  in  this  case,  the 
estimated  A^  is  high  but  reasonably  close  to  what  appears  to  be  the  true  A^. 


Fig.  10.  Gintinuous  Time  and  Discrete  Time  (A=0.32  msec)  LGPS  Solutions. 

7.  CONCLUSIONS 

In  this  paper  we  have  developed  the  frequency  domain  propenies  of  loop  gain-phase 
shaping  for  discrete  time  processes.  With  these  properties,  we  have  denrjonstrated  the  existence 
of  discrete  time  LGPS  solutions  to  robust  digital  control  of  SISO,  minimum-phase,  continuous 
time  processes.  The  properties  of  discrete  time  LGPS  were  developed  using  the  A-transform 
discussed  in  (Middleton  and  Goodwin  1990).  The  A-transform  allowed  us  to  explicitly  relate  the 
continuous  time  LGPS  results  given  in  (Bailey  and  Cockbum  1991)  to  the  more  difficult  (and 
usually  non-minimum  phase)  discrete  time  LGPS  robust  control  problem  presented  in  this  paper. 
The  results  show  that  for  reasonable  specifications  there  always  exists  a  sampling  period  A>0 
such  that  the  robust  digital  control  problem  has  a  solution. 

In  addition  we  presented  an  estimate  for  the  maximum  feasible  sampling  period  for  robust 
digital  control  problems.  It  was  shown  that  the  question  of  ma>;imum  feasible  sampling  period 
is  related  to  the  LGPS  fitting  problem  for  non-minimum  phase  processes.  For  step-invariant 
equivalents  of  minimum  phase  continuous  time  proct..ses,  the  non-minimum  phase  behavior 
(caused  by  sampling  zeros)  is  determined  by  the  relative  degree  of  the  continuous  time  process 
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P(s)  and  the  sampling  period  A.  By  assuming  fast  sampling  and  by  esumadng  the  locations  of 
the  sampling  zeros,  we  estimate  the  additional  phase  lag  introduced  by  the  sampling  zeros.  We 
then  use  this  estimate  of  additional  phase  shift,  along  with  partial  information  about  the 
continuous  time  LGPS  solution,  to  estimate  the  maximum  feasible  sampling  period  Am- 

In  general,  the  existence  of  discrete  time  LXjPS  solution  for  problems  where  the  sampling 
period  is  fixed  a  priori  is  problematical.  Additional  results  in  the  area  of  LX3PS  feasibility  for 
non-minimum  phase  processes  are  needed  in  this  area. 
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APPENDIX 

The  follow: 

P 

Pr 

P. 

B,(C0),  Bp,(p) 
B.((o).  B^(p) 

B, (oo),  C,(oo) 
Bpfoo),  Cp(o«») 
Cp(0)),  Cp,(p) 

C, <a)).  C^(p) 
r 

A 

5T((o),  5T,(p) 
G..G,- 

Q«o),  Q^CP) 

Q(-),  Q^CPf) 

S. 

<I>« .  <!>«.* 

Wf 

CO. 


ng  is  a  glossary  of  the  notation  and  definitions  used  above. 

Discrete  time  frequency  response  variable  (analog  of  jo)  in  continuous  time) 
Discrete  time  fold-over  frequency 

Discrete  time  frequency  such  that  Cp4(P)cC^(P)  for  all  ^P, 

Continuous  and  discrete  time  N-plane  performance  constraint  sets 
Continuous  and  discrete  time  N-plane  relative  stability  constraint  sets 
Continuous  time  high-frequency  stability  sets  (N-plane  and  Cplane) 
Continuous  time  high-frequency  performance  sets  (N-plane  and  C-plane) 
Continuous  and  discrete  time  Cplane  performance  constraint  sets 
Continuous  and  discrete  time  Cplane  relative  stability  constraint  sets 
Negative  gap  angle  between  teal  axis  and  the  edge  of  C,(<x>) 

Sampling  period  in  seconds 

Performance  specifications  of  allowable  variation  in  tT(to) !  or  tr^(P)  I. 
Lower  and  upper  gain  margins 

Continuous  and  discrete  time  nominal  loop  gain  function 

Continuous  time  and  discrete  time  process  uncertainty  templates 

Continuous  time  and  discrete  time  high-ffeqiiency  uncertainty  templates 

Relative  stability  specifications 

Lower  and  upper  phase  margins 

Continous  time  fold-over  frequency  (oj^ti/A) 

Frequenry  such  that  Cp(0))c:C,(ci))  for  all  (0>a), 
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Abstract 

Recent  developments  in  the  use  of  computers  for  QFT  design  have  concentrated 
in  automating  the  various  aspects  of  the  standard  QFT  design  procedure.  This 
paper  examines  one  aspect  of  the  standard  design  technique  which  could,  and 
perhaps  should,  be  altered  by  the  use  of  computing  power.  This  is  the  use  of 
the  UHB  and  the  choice  of  nominal  point.  It  is  argued  that  more  exact  criteria 
are  now  usable  given  the  increase  in  computation  power  available,  and  that  the 
simplification  of  using  the  UHB  is  no  longer  necessary. 

Additionally  a  view  on  the  need  for  additional  restraints  within  the  QFT  pro¬ 
cedure  is  shown;  namely  some  constraints  on  the  loop  gain  to  ensure  that  the 
perceived  good  performance  in  theory  is  not  the  result  of  eliminating  the  “nasty” 
dynamics  by  using  a  pre-filter. 


1  Introduction 

Since  the  introduction  of  the  Nichols  chart  for  the  implementation  of  the  graphical 
approach  to  QFT  little  has  changed  in  the  b.sic  approach  to  design  of  controllers 
for  single-input  single-output  (SISO)  linear  time-invariant  systems.  This  paper 
looks  at  some  of  the  assumptions  and  simplifications  used  and  considers  whether 
they  are  stUl  useful  given  the  vas;  increase  in  computing  power  now  available. 

The  four  main  areas  that  are  considered  are  the  assumption  that  there  are  no 
unmodelled  high  frequency  dynamics,  the  purpose  of  the  Universal  High-frequency 
Bound  (UHB),  the  choice  of  the  nominal  point  for  the  templates,  and  the  require¬ 
ment  .  >r  additional  constraints  on  the  loop  transfer  function,  other  than  t.he  re- 
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quirement  that  the  variation  of  the  closed  loop  transfer  function  is  smaller  than  a 
given  bound. 

This  paper  is  designed  to  promote  discussion  of  the  frndamental  design  process 
of  QFT,  and  to  determine  whether  changes  should  be  p.  oposed  in  the  techniques 
used. 


2  High  frequency  shape  of  templates 

It  is  generally  assumed  within  the  standard  QFT  design  theory  (Horwitz  and  Sidi, 
1972,  Horowitz,  1982)  that  at  high  frequency  as  w  -♦  oo  that  the  templates  of 
plant  uncertainty  tend  to  a  vertical  lines  with  length  given  by  the  magnitude  of 
the  uncertainty  in  the  gain  of  the  system.  This  assumption  leads  to  the  statement 
(Horwitz  and  Sidi,  1972)  that  the  ideal  loop  transfer  function  should  follow  the 
UHB  exactly  for  all  frequencies  greater  than  w*,  the  frequency  at  which  optimum 
loop  transfer  function  L(ju)  first  touches  the  UHB.  This  statement  is  based  upon 
the  assumption  that  at  high  frequency  there  is  only  uncertainty  in  magninude, 
and  no  uncertainty  in  phase.  This  is  clearly  not  true  for  the  case  of  unmodelled 
high-frequency  dynamics.  This  criticism  was  raised  by  Doyle  (1986),  and  a  reply 
was  given  by  Yaniv  and  Horwitz  (1987),  however  the  fundamental  problem  of  the 
assumption  that  the  templates  tend  to  a  vertical  line  as  w  -►  oo  remains.  This 
causes  problem  because  the  current  usage  of  teh  UHB  is  based  upon  this  principle. 
Other  problems  with  the  current  usage  of  the  UHB  are  tackled  in  the  next  two 
sections. 


3  The  purpose  and  accuracy  of  the  UHB 

There  are  a  number  of  related  interpretations  of  the  purpose  of  the  Universal  High- 
frequency  Bound  (UHB)  but  its  main  use  is  to  ensure  that  at  high  frequencies  the 
controlled  system  cannot  go  unstable  and  has  sufficient  noise-rejection  properties. 
More  specifically,  it  attempts  to  ensure  that  the  system  obeys  the  Nyquist  stability 
criterion,  and  that  all  of  the  templates  remain  outside  a  given  M-circle;  typically 
the  M  =  \/2  Af-circle  is  chosen  to  ensure  a  minimum  amount  of  damping. 

In  the  standard  QFT  design  technique  the  nominal  point  of  the  templates  to 
be  manipulated  on  the  Nichols  chart  is  a  point  with  the  highest  phase  and  lowest 
gain.  It  is  then  fairly  simple  to  determine  the  UHB  by  ensuring  that,  even  at  the 
highest  frequencies  when  the  uncertainty,  as  mentioned  above,  is  assum  ed  to  be  in 
magnitude  only,  the  template  does  not  intersect  with  the  required  Af-circle.  Thus 
the  UHB  of  normal  QFT  design  is  typically  a  vertical  line  in  the  Nichols  chart 
extending  from  the  M  =  \/2  A/-circle  down  a  distance  given  by  the  uncertainty  of 
the  magnitude  at  high  frequency.  The  main  historical  reason  for  the  development  of 
this  UHB  seems  to  be  the  saving  in  the  time  required  to  compute  and  manipulate  a 
large  number  of  high-frequency  templates  on  the  Nichols  chart,  Given  the  increase 
in  computational  power  available  it  is  now  possible  to  calculate  the  templates  at 
many  more  frequencies  than  before  and  thereby  eliminate  the  need  for  the  UHB. 

What  is  required  is  a  condition  at  each  frequency  that  ensures  the  template 
does  not  intersect  the  specified  Af-circle.  Example  1  takes  a  .simple  system  and 
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shows  how,  for  a  particular  frequency,  the  UHB  and  the  true  bound  on  the  nominal 
loop  transfer  function  L{jui)  differ. 

Example  1:  Consider  the  plant 

0.5  <  A'  <  4 
0.5  <  a  <  2 


P(s)  = 


A" 


(1  +  03) 


where 


at  a  frequency  of  w  =  1.  Figure  1  shows  the  true  template  (solid  line)  with  its 
nominal,  with  A'  =  0.5,  and  a  =  2  marked  by  *.  It  also  shows  the  M  =  y/2 
A/-circle  (dashed  line)  and  the  region  into  which  the  nominal  must  not  pass  at 
this  frequency  to  avoid  the  template  intersecting  the  M  =  \/2  A/-circle  (dotted 
li:.e).  The  figure  also  shows  the  UHB  for  this  plant  marked  by  the  dot-dashed 
line,  which  has  a  vertical  section  of  30.1  dB  (The  magnitude  of  the  high-frequency 
uncertainty). 


Figure  1:  The  M  =  \/2  M-circIe,  the  corresponding  UHB,  the  true  boundary  and  the 
uncertainty  template. 

It  should  be  noted  that  not  only  does  the  bound  on  the  template  have  a  higher 
gain  for  the  nominal  point,  but  it  would,  if  continued,  also  extend  considerably 
further  to  the  left,  i.e.,  a  greater  phase  lag,  than  does  the  standard  UHB.  This  is 
related  to  the  choice  of  the  nominal  point  of  the  templates,  a  point  discussed  in 
the  next  section. 


4  Choice  of  the  nominal  point 

It  is  generally  assumed  that  the  choice  of  the  nominal  point  is  not  fixed  in  the  QFT 
design  technique.  However  because  of  the  current  usage  of  the  UHB  it  is  essential 
that  the  nominal  point  of  the  templates  is  chosen  for  minimum  gain,  maximum 
phcise-lag,  thus  ensuring  that  all  of  the  template,  howe\'er  large,  is  to  the  right  of 
the  nominal  in  the  Nichols  chart,  and  hence  all  of  the  template  avoids  the  specified 
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Af -circle.  If  this  condition  in  not  met  then  the  UHB  becomes  useless,  because  the 
template  speciiied  can  intersect  the  Af-circle  while  the  nominal  remains  outside 
the  UHB. 

This  can  be  illustrated  by  using  Example  1  again  but  chosing  the  nominal  to 
be  the  point  where  K  -  0.5,  and  a  =  i;.5.  Figure  2  shows  the  template  with 
the  nominal  marked  by  *.  It  can  clearly  oe  seen  that  while  the  nominal  remains 
outside  the  UHB,  for  some  choices  of  parameters  (e.g.,  K  —  A,  a  =  0.5)  the  plant 
is  inside  the  M  =  \/2  Af-circle.  This  aspect  of  the  choice  is  not  clearly  specified  in 
the  standard  QFT  design  procedure.  Additionally  this  problem  arises  when  other 
template  shapes  are  considered.  This  problem  also  appears  in  the  work  of  East 
(1981, 1982),  where  the  use  of  circular  templates  is  considered  (Ballance,  1992). 


Figure  2:  The  M  =  a/2  M-circle,  the  corresponding  UHB,  and  a  template  with  nominal 
outside  the  UHB  while  intersecting  the  M  =  \/2  M-circle. 


5  Specification  of  QFT  problem 

The  final  point  to  be  raised  in  this  paper  is  the  specification  of  the  QFT  prob¬ 
lem.  The  emphasis  in  the  QFT  design  procedure  is  in  meeting  the  tolerances  of 
the  closed-loop  specification.  This  is  generally  achieved  by  the  use  of  the  two- 
degree-of  freedom  controller  structure,  ensuring  that  the  loop  controller  reduces 
the  spread  or  variation  of  the  closed  loop  transfer-function  envelope,  and  using 
by  the  pre-filter  to  ensure  that  the  closed  loop  response  falls  within  the  specified 
tolerances.  Except  for  the  simple  use  of  the  UHB,  or  more  preferably  ensuring  that 
the  templates  cannot  intersect  with  the  M  =  a/2  Af-circle,  there  is  generally  little 
specification  or  constraint  on  the  form  of  the  resultant  loop  transfer-function.  Any 
undesirable  responses  may  be  eliminated  by  the  choice  of  the  pre- filter  to  ensure  the 
tolerances  are  achieved.  However,  the  result  of  this  is  that,  while  the  tolerances  on 
the  closed  loop  transfer  function  may  be  aw:hieved,  large  gains  may  exist  at  sensitive 
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frequencies  within  the  loop  that  are  not  considered  in  the  input/output  analysis, 
because  they  are  cancelled  by  the  pre-filter.  This  can  cause  problems  in  systems 
where  measurement  noise  is  a  particular  problem  at  a  frequency  close  to  that  at 
which  it  is  desired  to  control  the  system.  In  order  to  achieve  the  required  perfor¬ 
mance  of  the  system  in  terms  of  noise  suppression  and  disturbance  rejection,  it  is 
normally  necessary  to  undertake  some  post-design  evaluation  of  the  noise  problem 
and  re-design  if  required.  An  alternative  to  this  procedure  is  to  directly  include 
requirements  or  specifications  on  the  sensitivity  function  S(ju)  =  [1  -f  L(ju)  ~^. 
The  treatment  of  such  specifications  can  be  incorporated  in  the  standard  QFT 
design  technique  quite  easily,  however  their  use  is  not  yet  widespread. 

6  Conclusions 

This  paper  should  serve  as  a  basis  for  consideration  of  the  fundamental  principles 
underlying  the  QFT  design  procedure.  Its  aim  is  to  question  whether  the  advances 
in  computational  power  available  to  the  control  system  designer  should  alter  the 
assumptions  and  simplifications  that  are  inherent  in  the  QFT  design  procedure.  It 
ha»‘  outlined  four  areas  in  which  consideration  should  perhaps  be  given  to  altering 
the  basis  upon  which  QFT  computer  aided  design  packages  are  based.  These  are 
tfie  effect  of  high  frequency  unmodelled  dynamics  on  the  template  shape,  the  use 
of  the  UHB,  the  choice  of  the  nominal  point  of  the  templates,  and  the  need  for 
additional  specifications  on  the  sensitivity  of  the  loop  frequency  response. 
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Abstract 

Ic  this  paper,  a  rigorous  formulation  is  presented  for  stability  analysis  of  closed-loop 
linear,  time-invariant,  single  input/output  systems  using  Nichols  charts.  This  formulation  is 
based  on  the  celebrated  Nyquist  stability  criterion,  the  simplified  criterion  that  employs  the 
notion  of  crossings,  and  the  properties  of  the  mapping  from  the  complex  plane  to  the  Nichols 
chart.  An  extension  of  this  criterion  for  a  class  of  uncertun  systems  is  also  presented. 
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1  Introduction 


In  this  paper  we  develop  a  graphical  stability  criterion  using  a  Nichols  chart  rather  than  the 
standard  complex  plane.  The  motivation  for  this  development  is  that  use  of  Nichols  charts 
can  often  simplify  control  design.  Chief  among  the  techniques  that  employ  Nichols  charts  is 
the  Quantitative  Feedback  Theory  (QFT)  [1].  Numerous  examples  demonstrated  that  the 
design  procedure  used  in  single-input/single-output  QFT  does  indeed  lead  to  a  stable  design 
and  even  to  robust  stability  in  case  of  uncertain  plants.  However,  a  rigorous  proof  for  the 
stability  of  this,  and  for  that  matter  of  any  other  Nichols  chart  based  techniques,  has  never 
been  formulated.  Indeed,  in  [2]  it  was  remarked  that  in  some  cases  it  may  be  difficult  to 
define  the  closed-loop  stability  using  Nichols  plots.  In  this  note  we  present  a  simple  and 
natural  proof  that  is  based  on  the  celebrated  Nyquist  criterion. 

2  Preliminaries 

Before  describing  our  main  results  (Theorems  3,4),  we  need  to  take  a  closer  look  at  some  of 
the  technicalities  involved  with  the  Nyquist  criterion. 

The  classical  Nyquist  stability  criterion  for  rational  functions  ([3])  has  bern  extended 
to  include  certzdn  classes  of  distributed  parameter,  nonlinear  and  time-varying  systems.  In 
this  paper  we  shall  consider  the  class  C  of  distributed  parameter,  linear  time- invariant 
plants  whose  impulse  response  p(t)  has  the  form  [4] 

p(<)  =  Pa(t)  +  p,(t)  (1) 

where  Po(f)  is  ‘he  inverse  Laplace  transform  of  a  proper  rational  function  Pa{s)  that 
has  no  poles  on  the  extended  ju  -axis,  and  p,(t)  is  ein  absolutely  integrable  function  on 
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t  e  [0,oo)  (i.e.,  p,  e  Z,i[0,oo)  ).  The  Laplace  transform  of  p{t)  will  be  denoted  by  P{s). 

Define  the  loop  transmission  as  L{s)  =  P(s)G(s)/f(s),  where  both  the  forward  G(s) 
<uid  the  feedback  ^(s)  functions  are  rational  and  Axed.  Assume  that  there  are  no  unstable 
cancellations  between  poles  and  zeros  when  forming  I'(s).  Define  the  standard  Nyquist 
contour,  F,  as  in  Fig.  1,  where  ju  -axis  indentations  are  added  as  necessary  to  account  for 
imaginary  poles  of  L{s).  We  assume  that  F  is  chosen  big  enough  to  include  all  unstable 
poles  of  Zi(s).  Let  n  denote  the  total  multiplicity  of  these  poles.  The  Nyquist  plot  is  the 
image  of  L(s)  under  F.  The  Nyquist  stability  criterion  for  the  feedback  system  shown  in 
Fig.  2  with  P  &  C  is  the  following  [4]. 

Theorem  1:  The  feedback  system  in  Fig.  2  is  stable  if  and  only  if  the  Nyquist 
plot  of  L{s)  does  not  intersect  the  point  (—1,0),  and  encircles  it  n  times  in 
the  counterclockwise  direction. 

Such  encirclements  are  related  to  the  net  change  of  the  argument  of  L(s)  as  s  com¬ 
pletes  a  full  counterclockwise  (or  clockwise)  revolution  around  F.  Hence,  Nyquist  criterion 
is  an  immediate  consequence  of  the  argument  principle  of  complex  analysis  [5]. 

A  recent  article  [6]  presented  the  following  simplification  of  the  Nyquist  criterion. 
Let  be  the  ray  (— oo,  — 1).  A  crossing  occurs  when  the  plot  cf  L(s)  int«sects  i2^.  The 
crossing  is  said  to  be  positive  if  the  direction  of  the  plot  is  upward,  and  negative  otherwise, 
as  shown  in  Fig.  3. 

Theorem  2:  The  feedback  system  in  Fig.  2  is  stable  if  and  only  if  the  Nyquist  plot 
of  L(s)  does  not  intersect  the  point  (—1,0),  and  Uie  net  sum  of  its  crossings 
is  equal  to  n. 
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It  is  this  simplihcation  of  the  Nyquist  stability  criterion  which  we  use  in  our  Nichols 
chart  stability  result. 

Note  in  passing  that  in  Theorem  2  the  ray  may  be  repl2u:ecl  by  any  complex 
ray  emanating  from  the  point  (—1,0).  More  generedly,  it  may  be  replaced  by  an  arbitrary 
curve  connecting  this  point  and  the  point  at  infinity,  under  a  suitable  definition  of  crossing 
orientation. 

3  The  Nichols  Chart  and  Main  Result 

The  Nichols  chart  NC  represents  complex  numbers  in  terms  of  their  magnitudes  and  phases. 
Eiach  complex  number,  s,  has  a  cartesian  representation  (x,y)  and  a  polcu  representa¬ 
tion  (r,  ^).  For  historical  reasons,  we  shall  assume  a  non-principal  choice  for  the  phase: 
—360  <  ^  <  0.  The  coordinates  of  the  Nichols  chart  are  (^,  log  r),  in  this  order.  The  hor¬ 
izontal  coordinate  ^  ranges  between  —360*  and  0*,  while  the  vertical  coordinate  log  r 
ranges  theoretically  from  — oo  to  -i-oo.  In  practice,  the  actual  Nichols  chart  is  naturally 
limited  to  a  finite  range  of  log  amplitudes.  For  simplicity,  we  use  here  log  r  instead  of  the 
20  log  r  used  in  control  studies. 


The  map 


T  ;  (i,y) — ^(^ylogr)  (2) 

transforms  the  Nyquist  plot  into  the  Nichols  chart,  and  will  be  used  to  derive  the  Nichols 
result.  To  have  a  better  understanding  of  this  map,  we  consider  it  as  the  composition  of  two 
maps  fog,  where 
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1.  g  ;  (i,y)  — ►  (logr,<^) 

2.  /  :  (r,^)  — V  {<l>,r) 

The  map  g  amounts  to  taking  the  logarithm  of  a  complex  number.  It  is  a  bijection 
from  the  punctured  complex  plane  Gx  onto  the  bi-iniinite  strip 

S  :=  {(r',  4)  :  — <»  <  r'  <  oo,  —360®  <  ^  <  0}. 

(A  bijection  is  a  one-to-one  and  onto  map).  It  is  orientation  preserving:  a  clockwise  plot  in 
Gx  (say,  not  crossing  the  positive  real  axis)  is  transformed  by  g  to  a  clockwise  plot  in  S. 
As  defined,  it  is  an  analytic  map  at  any  point  (x,  y)  not  on  the  positive  real  axis.  On  this 
ray,  it  is  not  even  continuous. 

The  map  /  is  evidently  a  continuous  bijection  from  the  bi-iniinite  strip  S  into  the 
Nichols  chart.  It  is  orientation  reversing:  a  clockwise  contour  in  S  will  be  transformed  into 
a  coimterclockwise  contour  in  NC  .  In  particular,  it  is  not  an  analytic  mapping  (to  see  this 
apply  the  Oauchy-Riemann  conditions). 

The  map  T  is  thus  seen  to  be  an  orientation  reversing,  one-to-one  map  from  Gx 
onto  the  Nichols  chart  NC,  which  is  continuous  except  for  a  jump  across  the  positive  ray. 

Mathematically  speaking,  the  Nichols  chart  should  have  been  drawn  with  the  phase  as 
its  vertical  abscissa  and  the  log  magnitude  as  its  horizontal  absciss2u  For  unknown  reasons, 
Nichols  [7]  who  introduced  this  201ogr/pfia3e  ch^t,  added  the  map  /,  and  chose  a  non- 
principal  branch  for  the  angle  <f>  in  NC]  and  this  format  has  since  been  adopted  as  a 
standard. 

Let  us  now  consider  the  action  of  T  on  a  closed  curve  ^  in  Gx  •  Of  course,  the 
case  we  have  in  mind  is  when  is  the  Nyquist  plot  of  //(s). 
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The  image  curve  T($)  in  the  Nichols  chart  may  fail  to  be  closed,  due  to  the 
Ji3continuity  of  /  on  the  positive  real  axis.  Each  time  $  hits  the  positive  real  axis, 
T($)  disappears  at  the  right  or  left  margin  of  the  vertical  strip  NC  and  reappears  on  the 
opposite  margin.  In  particular,  due  to  orientation  reversal,  each  clockwise  winding  of  ^ 
around  the  origin  will  result  in  T($)  traversing  NC  from  right  to  left,  i.e.  from  ^  —  0" 
to  ^  =  —360®  . 

Each  of  the  continuous  pieces  of  T($)  formed  this  way  will  be  called  a  Nichols 
branch.  The  single-sheeted  Nichols  plot  is  merely  the  union  of  these  branches,  drawn  on  a 
single  copy  of  the  Nichols  chart. 

If  one  wishes  to  retain  continuity  of  the  Nichols  plot,  one  has  to  extend  S  and  NC 
periodically  in  the  angular  coordinate.  A  Nyquist  curve  winding  k  times  around  the  origin 
would  be  transformed  this  way  into  a  continuous  (but  not  closed!)  curve  drawn  along  a  scroll 
of  at  least  k  Nichols  sheets.  This  curve  will  be  called  the  multiple-sheeted  Nichols  plot 

Using  the  established  properties  of  the  map  T,  we  can  now  proceed  to  describe  the 
Nichols  stability  criterion.  We  emphasize  that  this  criterion  can  be  equally  performed  on 
a  single-sheet  plot  or  a  multiple-sheet  plot.  The  decision  to  use  the  one  or  the  other  is  a 
matter  of  convenience  only. 

Theorem  3:  The  following  are  equivalent: 

1.  The  feedback  system  in  Fig.  8  is  stable. 

2.  The  one-sheeted  Nichols  plot  of  L^s)  does  not  intersect  the  point  q  := 
(—180®,  OdB),  and  the  net  sum  of  its  crossings  of  the  ray  ilo  :=  {('^,  r')  :  <f>  = 
—180®,  ri  >  OdB}  M  equal  to  n. 

3.  The  multiple-sheeted  Nichols  plot  of  L{s)  does  not  intersect  any  of  the 
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points  {2k  +  l)q,  A:  =  0,  ±1,  ±2, . . . ,  and  the  net  sum  of  its  crossings  of 
the  rays  Ro  +  2kq  is  equal  to  n. 

Proof.  This  is  a  straightforward  adaptation  of  Theorem  2  to  the  Nichols  chart.  The 
bijection  T  takes  the  ray  ii(,  :=  (— cxj,  —1)  cCx  onto  the  ray  Rq  C  NC,  and  the  point 
(—1,0)  into  the  point  q.  Orientation  reversal  means  that  each  counterclockwise  crossing 
of  Hi  is  mapped  into  a  a  crossing  from  left  to  right  of  Ro.  We  can  now  qoute  Theorem  2. 
QED 

Some  remarks  on  Theorem  3  are  in  order: 

1.  The  choice  of  —180°  in  Theorem  3  is  canonical,  and  cannot  be  2Jtered;  on  the 
other  hand,  the  ray  Ro  may  be  replaced  by  an  arbitrary  curve  that  connects  the  point 
q  with  the  upper  boundary  of  the  Nichols  chart  and  maintadns  positive  distance  from  its 
left  and  right  margins.  This  follows  from  the  remark  following  Theorem  2. 

2.  It  has  become  customary  in  control  design  to  use  only  half  of  the  Nyquist  plot  (i.& 
the  Bode  plot).  Because  of  conjugate  symmetry,  if  there  is  a  crossing  at  some  Sq  €  F  then 
there  will  be  another  crossing  at  so,  and  of  the  same  sign.  That  is,  each  crossing  of  the  half 
plot  is  tantamount  to  two  crossings  of  the  complete  plot. 

3.1  Examples 

To  illustrate  the  Nichols  chart  stability  criterion,  let  us  consider  several  examples  that  cover 
various  cases,  stable  and  unstable,  minimum  phase  and  non  minimum  phase,  cind  of  vuying 
types.  In  all  the  examples  below,  for  simplicity,  the  feedback  system  is  the  one  shown  in 
Fig.  2  with  unity  feedback,  H(s)=l.  The  Nyquist  contour  is  the  one  shown  in  Fig.  1. 
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Example  1.  This  example  is  stable  and  minimum  phase 


Lis)  = 

The  full  and  half  Nyquist  plots  on  a  NC  are  shown  on  Figs.  4-5  with  k  =  2.  Because  there 
are  no  crossings  of  the  rays  Ro  +  2ibq  for  any  positive  gain  k  and  the  open-loop  system 
is  stable,  the  closed-loop  system  is  stable.  Note  that  the  same  conclusion  can  be  arrived  at 
using  other  half  or  full  plot. 

Example  2.  This  example  has  the  same  £(s)  of  Example  1,  however,  the  range  of 
the  gain  is  ib  <  0.  The  sign  of  the  feedback  loop  remains  unchanged,  negative,  and  we  use 
jb  s  — 2  for  plotting.  Let  us  first  consider  the  full  plot  shown  in  Pig.  6.  One  can  observe  a 
positive  crossing  (i.e.,  from  left  to  right)  of  the  ray  /Zo  at  (u  =  0.  This  crossing  occurs  below 
or  above  0  dfl  if  Jb  >  — 1  or  ib  <  —1,  respectively.  U  k  —  —1,  the  plot  crosses  the  point  q 
and  hence  we  cannot  deduce  stability  from  the  criterion.  Therefore,  the  closed-loop  system 
is  unstable  for  any  k  <  —1.  Similar  conclusion  cjui  be  arrived  at  using  the  half  plot  (Fig.  7). 
Note  that  if  the  half  plot  touches  but  not  actually  crosses  the  ray  Bo,  the  full  plot  will  show 
a  single  crossing  there.  However,  if  the  half  plot  is  tangential  to  this  ray,  there  is  no  crossing 
there. 

Example  3.  This  example  has  three  stable  poles  and  no  zeros. 

"  (7+Tk7+5)(7+T^ 

The  gain  used  for  plotting  is  Jb  =  3000.  When  drawing  the  NC  plot,  one  can  use  a  single 
chart  or  several  as  needed.  As  described  earlier,  any  port  ion  of  the  NC  plot  can  be  shifted 
left  or  right  by  (b360“.  Based  on  a  shifted  (i.e.,  using  a  single  NC  sheet)  full  plot  (Fig.  8), 
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two  positive  crossings  are  identified.  Hence,  the  ciosed-loop  system  is  stable  if  and  only  if 
0  <  k  <  1000.  The  non-shifted  full  plot  (Fig.  9)  indicates  the  same  conclusion.  Based  on 
the  half  plot  (Fig.  10),  a  single  positive  crossing  is  identified  at  u;  =  8.11  and  |£(j8.11)|  =  3 
(or  9.5  dB).  This  implies  two  positive  crossings  of  the  full  plot. 

Example  4-  This  example  is  taken  from  [6].  The  system  is  opeu-loop  stable 

r(  ifc(s  4- 50)^(3  +  1000) 

(s  +  1)(3  +  2)(3  +  5)(3  +  200)(s  +  500) ' 

The  full  and  half  NC  plots  are  shown  in  Figs.  11-12.  The  gain  used  for  plotting  is  1;  =  1. 
In  the  half  plot  there  are  several  crossings  are  at  —18  dB  (negative),  —6  7  dB  (positive)  and 
—98  dB  (negative).  Note,  however,  that  these  are  not  counted  for  stability  analysis  since 
|J[«(s)|  <  0  dB.  Because  the  system  is  open-loop  stable,  we  have  closed-loop  stability  if  and 
only  if  the  sum  of  all  crossings  is  zero.  Therefore,  the  closed-loop  system  is  stable  if  and  only 
if  0  <  ifc  <  8  or  2240  <  k  <  80000.  More  specificaUy, 

•  if  ifc  <  8  there  are  no  crossing  above  0  dB]  stable 

•  if  8  <  ifc  <  2240  there  are  2  positive  crossings;  unstable 

•  if  2240  <  k  <  80000  there  are  2  positive  and  2  negative;  stable 

•  if  80000  <  k  there  are  4  positive  and  2  negative  crossings;  unstable 

Example  5.  Consider  a  stable  type  1  system 

Jt 

"  s(sf  l)(s  -H0)  - 

The  full  and  half  NC  plots  are  shown  in  Figs.  13-14  for  1:  =  1.  Based  on  the  full  plot  there 
are  two  positive  crossings  at  —40  dB.  Therefore,  closed-loop  system  is  stable  if  and  only  if 
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0  <  ib  <  100.  The  same  conclusion  can  be  reached  using  the  half  plot.  Note,  however,  that  if 
the  system  type  is  greater  than  zero,  the  half  plot  must  include  the  segment  corresponding 
to  the  indentation  about  the  origin.  In  the  complex  plane,  each  integrator  contributes  to 
the  Nyquist  plot  a  semi-circle  of  infinite  radius.  On  a  NC,  each  integrator  contributes  a 
180"  wide  horizontal  segment  at  magnitude  of  oo  dB.  This  segment  will  cJways  end  at  the 
start  of  the  half  plot,  i.&  at  the'point  corresponding  to  a;  =  e.  Clearly,  in  this  example 
the  segment  does  not  cross  the  ray  Rq.  Hence,  we  conclude  that  the  half  plot  has  a  single 
positive  crossing  at  —40  dB.  This  implies  two  positive  crossings  of  the  full  plot  at  —40  dB. 

Example  6.  Consider  a  type  1  unstable  system 


I(s)  = 


ib 

s(s-l)‘ 


The  shifted  full,  non-shifted  full,  and  half  NC  plots  are  shown  in  Figs.  15-17,  respectively. 
The  gain  used  for  plotting  is  i  =  1.  Based  on  either  the  shifted  or  non-shifted  full  plots  there 
is  a  single  positive  crossing  of  the  ray  /Zq  at  oo  dB  due  to  the  ja;-indentation  in  F.  The  plot 
is  not  closed  on  the  NC,  but  as  mentioned  earlier  this  does  not  influence  the  analysis.  At  any 
rate,  there  is  one  open- loop  unstable  pole  and  together  with  the  single  positive  crossing  we 
conclude  that  the  closed-loop  system  will  have  two  closed-loop  unstable  poles  for  any  ib  >  0. 
The  half  plot  shows  single  positive  crossing  due  to  the  integrator.  Such  a  crossing  will  not 
be  counted  as  any  other  crossing  two  in  the  full  plot  because  it  already  reflects  the  map  of 
the  complete  jw-indentation  by  /i(a). 

Example  7.  Consider  a  non  minimum  phase  type  1  system 


i(s)  = 


ib(l  -  s) 
3(3  -f  1)' 
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The  full  aud  half  NC  plots  are  shown  in  Figs.  18-19  for  1;  =  1.  Based  on  the  either  plot  one 
concludes  that  there  are  two  negative  crossings  at  0  dB.  Hence,  the  closed-loop  system  is 
stable  if  0  <  1:  <  1. 

the  oo  dB  segment.  Again,  the  fact  that  the  plot  is  not  closed  on  the  NC  is  not 
important  for  stability  analysis. 

4  Robust  Stability 

Having  derived  the  Nichols  chart  stability  criterion  for  a  fixed  plant,  let  us  turn  our  attention 
to  uncertain  plants.  In  many  physical  situations,  the  actual  plant  response  is  not  known 
precisely.  Rather,  it  is  known  to  belong  to  a  connected  set  V  of  plants.  The  idea  of 
robust  stability  amounts  to  checking  stability  using  one  mndomly  chosen  nominal  loop  Lo  = 
G(s)H(s)Po  ,  where  Pq^'P  \a  termed  the  nominal  pUmt,  and  then  demonstrating  stability 
of  the  whole  set  V  by  some  argument  involving  the  connected  nature  of  V.  This  in 
particular  implies  the  stability  of  the  actual  plant  P.  Note  that  the  attributes  of  the  set  V 
are  passed  to'£(s)  because  both  C(s)  and  /f(s)  are  fixed. 

In  the  Nyquist  level,  this  is  done  as  follows:  at  each  frequency  on  the  Nyquist  contour, 
F,  the  responses  of  the  L{s)  fill  in  a  neighborhood  of  the  nominal  response  £o(s).  This 
neighborhood,  which  is  typically  an  open  connected  region,  is  called  the  template  at  s. 
As  s  travels  along  the  Nyquist  contour,  the  union  of  these  templates  becomes  a  connected 
region,  which  we  shall  call  the  Nyquist  envelope.  The  following  robust  stability  result  is  a 
minor  modification  of  a  well  known  result  [8]  (Theorem  1),  where  we  do  not  explicitly  assume 
connectedness  of  V,  but  add  a  crucial  assumption  on  the  number  of  unstable  poles: 

Theorem  4:  Let  V  he  a  set  of  admissible  plants  that  share  the  same  number  of 


unstable  poles.  Assume  that  each  template  is  connected.  Let  Po(s)  €  V.  Then 
the  feedback  system  in  Fig.  2  is  robustly  stable  iff  the  fixed  system  corresponding 
'  to  Lo(s)  is  stable  and  the  Nyguiit  envelope  does  not  intersect  the  point  (—1,0). 

A  similar  picture  is  seen  on  the  Nichols  chart.  Connectedness  raises  a  small  techni¬ 
cality:  if  a  connected  Nyquist  template  intersects  the  ray  its  singly-sheeted  image  in 

•• 

the  Nichols  chart  may  fail  to  be  connected.  In  this  case,  we  shall  hnd  it  necessary  to  assume 
horizontal  connectivity  across  the  margins. 

Similarly,  the  singly-sheeted  Nichols  envelope  is  not  necessarily  connected  even  if  the 
Nyquist  envelope  is.  However,  one  can  reconstruct  a  connected  multiple-sheeted  Nichols 
envelope,  with  connected  templates. 

Under  the  map  T,  and  taking  connectedness  into  consideration,  the  following  Nichols 
stability  criterion  is  obtained: 

Theorem  5:  Let  V  be  a  set  of  admissible  plants  that  share  the  same  number  of 
unstable  poles.  Assume  that  each  template  in  the  mutliple  sheeted  Nichols  chart 
is  connected.  Namely,  each  template  in  the  single  sheeted  chart  is  connected  or 
connected  across  the  margins.  Let  Po{s)  €  P.  Then  the  following  are  equivalent: 

1.  The  feedback  system  in  Fig.  2  is  robustly  stable. 

2.  The  fixed  system  corresponding  to  Lo(s)  is  stable  and  the  single-sheeted 
Nichols  envelope  does  not  intersect  the  point  q. 

3.  The  fixed  system  corresponding  to  Lo(s)  is  stable  and  the  multiple- sheeted 
Nichols  envelope  does  not  intersect  any  of  the  points  (2it  +  l)q,  k  = 
0,±1,±2,.... 
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The  proof  is  again  routine,  using  the  map  T  and  Theorem  4.  The  condition  that  the 
plot  does  not  intersect  any  of  the  points  (2ib+  l)q  is  in  fact  the  one  used  in  the  Quantitative 
Fe^back  Th^ry. 
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Figure  19:  Half  Nichob  plot  of  Example  7 
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Figure  6:  Full  Nichols  plot  of  Example  2 
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Figure  7:  Half  plot  of  Example  2 
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Figure  8:  Full  Nichols  plot  (shifted)  of  Example  3 


Figure  9:  Full  Nichols  plot  (non-shifted)  of  Example  3 
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ABSTRACT 


Recent  interest  in  robust  control  has  been  focused  upon  the  issue  of  performance  robust¬ 
ness,  particularly  in  the  frequency  domain.  Of  the  various  techniques,  Quantitative  Feedback 
Theory  (QFT)  has  often  been  recognized  as  more  transparent,  with  a  formulation  of  the 
greatest  engineering  significance  in  many  applications.  In  the  QFT  problem,  it  is  sought  to 
obtain  an  admissible  set  of  complex  functions  which,  evaluated  along  the  ja>  axis,  meet  open 
loop  magnitude  and  phase  constraints.  (These  constraints  are  the  image  of  closed  loop 
transfer  function  bounds  which  are  to  be  met  in  the  face  of  parametric,  and  possibly  non- 
parametric  plant  uncertainty.)  From  this  set  of  admissible  controllers,  an  appropriate  optimum 
is  to  be  chosen.  Although  boundaries  of  the  admissible  set  are  readily  available  (as  gain- 
phase  contours),  the  optimization  is  not  straightforward.  Furthermore,  a  more  fundamental 
issue  is  raised  as  to  which  of  two  figures  of  merit,  sensitivity  or  controller  bandwidth, 
represents  with  the  most  fidelity  the  "true"  QFT  design  objective:  minimization  of  the  cost  of 
feedback.  In  this  expository  paper,  we  begin  to  examine  these  questions.  In  addition,  candi¬ 
date  formulations  for  the  synthesis  problem  are  proposed  including  nonlinear  programming,  a 
real-function  optimal  control  formulation,  as  well  as  complex  extremal  methods.  As  a  benefit 
of  these  formulations,  a  definitive  link  is  established  between  the  traditional  QFT  problem  for¬ 
mulation,  sensitivity  functions,  and  H2-L2  optimization  theory. 


This  research  was  sponsored  in  part  by  a  grant  from  the  Air  Force  Office  of  Scientific 
Research/Universal  Energy  Systems  under  contract  No.  F49620-88-C-0033,  and  by  the  School 
of  Mechanical  Engineering,  Purdue  University,  West  Lafayette,  IN. 


L  Introduction 

Much  of  the  cunent  interest  in  frequency  domain  robust  stability  and  robust  performance 
dates  from  the  work  of  Bode  (194S).  and  Horowitz  (1963).  Techniques  developed  by 
Horowitz,  which  characterize  closed  loop  performance  specifications  against  parametric  plant 
uncertainty,  mapped  into  open  loop  design  constraints,  have  come  to  be  known  as  Quantita¬ 
tive  Feedback  Theory  (QFT).  In  tliis  pt^,  it  is  sought  to  present  the  QFT  problem  in  its 
very  simplest  form  in  order  to  illustrate  the  key  points  of  the  controller  synthesis  problem. 
Most  all  simpUf^/ing  assumptions,  such  as  those  of  minimum-phase  and/or  single-input, 
single-ouqjut  (SISO)  plants,  impact  only  the  structure  of  the  admissible  set  However,  the 
nature  of  the  optimization  problem  is  more  broadly  replicable.  Although  the  structure  of  this 
admissible  set  is  the  subject  of  recent  study  (Bailey  and  Hui,  1991),  it  is  the  formulation  and 
solution  of  the  optimization  problem  which  remain  as  key  unresolved  issues. 

In  fact  die  underlying  issues  are  much  greater  than  that  of  simply  identifying  computa¬ 
tional  techniques.  One  principal  goal  of  recent  work  in  robust  design,  and  in  QFT  in  particu¬ 
lar,  has  been  to  make  precise  and  mathematically  rigorous  many  of  the  applicable  design 
goals  and  "rules  of  thumb"  that  have  often  been  known  to  classical  designers.  Of  these,  we 
shall  attempt  to  define  and  make  precise  the  idea  of  cost  of  feedback  in  the  context  of  the 
QFT  problem,  and  to  examine  two  candidate  measures  of  this  cost:  controller  bandwidth,  and 
sensitivity  integrals. 

1.1.  Structure  of  the  SISO  Problem 

For  illustration,  consider  a  two  degree-of-freedom  SISO  system  (Figure  1)  with  plant  P, 
forward  loop  controller  G,  and  prefilter  F.  The  problem  is  posed  in  continuous  time  and  in 
the  s-domain.  Let  the  plant  P(a,s)  of  known  structure  be  described  by  parametric  uncertainty, 
where  the  parameter  vector  a  €  IR""  is  contained  in  a  compact  set  Furthermore,  let  the  plant 
P  be  stable  and  minimum  phase  over  this  set  (More  general  assumptions  would  have  the 
plant  set  be  path  connected  and  stabilizable  by  a  single  controller  G  over  all  a.  Combined 
parametric/non-parametric  representation  of  uncertainty  is  also  appropriate.) 

For  the  open  loop  system,  let 

L(o,j©)  i  P(a,j©)G(j©)  (1.1) 

p 


and  define  a  "nominal"  system 
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4(jm)  =  Po(jm)G(j£i>) 


(1.2) 


where 


PoO®)  =  P(cto,j®) 


for  a  nominal  parameter  value  Og.  Then, 


T(a,j<o)  i 


UccjCD) 

1  +  UctJ®) 


(U) 


(1.4) 


represents  closed  loop.  Later  we  consider  the  effect  of  a  noise  signal  N(jcD)  entering  the  feed¬ 
back  path  (Rgure  1). 

1.2.  Statement  of  Closed  Loop  Transfer  Function  Bounds 

The  QFT  robust  performance  problem  is  then,  for  some  appropriate  bounding  functions 
ITu(jco)l,  ITL(jco)l,  find  (if  possible)  a  set  of  admissible  controllers  {  G  },  and  then  for  some 
G  €  {  G  }  a  suitable  prefilter  F,  such  that 

ITlO®)!  ^  IFCjco)  T(a,j©)l  ^  ITu(jo))l  for  all  ©  €  [0,*)  (1.5) 

and  for  all  a.  Then  find  (if  possible)  some  G*  C  {  G  }  which  is  optimal  by  some  measure. 

Note  here  that  (1.5)  is,  precisely  stated,  a  system  of  constraints  dictating  a  given  level  of  per¬ 

formance  robustness  in  the  face  of  parametric  plant  uncertainty.  This  stands  in  contrast  to 
methodologies  in  which  performance,  performance  robustness,  and/or  stability  robustness 
measures  are  themselves  optimized,  without  auxiliary  conditions. 

Equation  (1.5)  is  furthermore  a  pointwise,  hard  constraint,  specifying  that  closed  loop 
responses  are  bounded  in  an  "acceptable  envelope"  at  all  frequencies.  For  real-rational, 
strictly  proper  controllers,  feedback  proves  ineffective  at  high  frequencies  (where 
IL(,(j©)l  <  1).  Therefore,  a  more  realistic  re-statement  of  the  specification  (1.5)  would  be  in 
a  split-frequency  form 

ITlU©)!  S  IF(jM)  T(a,j©)l  ^  ITu(j©)l  for  all  ©  €  [0.©c)  (1.6) 


IT(ajti))l  ^  ITu(jo>)l  for  all  to  €  [tOc,“>) 


(1.7) 


where  co^  is  part  of  the  designer’s  specification  (subject  to  iterative  refinement)  identifying  the 
bandwidth  over  which  feedback  is  likely  to  be  effective.  Alternatively,  the  frequency  coc  may 
indicate  a  crossover  point  at  wiiich  robust  stability  requirements  (not  stated  explicitly  here) 
dominate  the  robust  performance  constraints. 

tn  a  split  parametric/non-panunetiic  plant  model  tiiere  is,  in  general,  a^'other  transition 
frequ''  ;icy  coo  above  which  the  parametric  model  is  irrelevant.  This  co^  is  sc  .'’times  referred 
to  as  the  Horowitz  high  frequency.  A  related,  more  general  notion  is  that  of  the  normal 
bandwidth  of  a  plant,  presumably  intended  to  indicate  the  frequency  range  over  which  plant 
transfer  function  magnitude  is  above  some  useful  value.  (In  some  cases,  this  may  also  indi¬ 
cate  the  range  over  which  the  structured  portion  of  the  plant  model  is  significant.)  These  fre¬ 
quencies  (Dh  and  will  not,  in  general,  be  coincident;  it  is,  in  fact,  the  difference  between 
the  controller  bandwidth  and  the  normal  plant  bandwidth  which  becomes  a  significant  issue  in 
the  QFT  formulation.  We  shall  address  these  ideas  subsequently.  However,  for  the  purposes 
of  this  initial  discussion,  the  formulation  will  be  in  terms  of  the  original  specification  (1.5); 
the  implications  of  (1.6)  and  (1.7)  will  be  noted,  as  applicable.  We  now  introduce  the  syn¬ 
thesis  problem. 

2.  Open  Loop  Synthesis 

From  the  known  structure  of  (1.1)-(1.4),  it  is  possible  to  map  the  constraint  set  (1.5)  into 
a  system  of  constraints  on  the  nominal  open  loop  transfer  function  L^O©).  This  step  is  par».- 
and-parcel  of  the  QFT  method  and  is  well  documented  (Horowitz  and  Sidi,  1972,1978).  The 
effective  result  may  be  viewed  as  generating  a  system  of  constraints  of  the  form: 

B(Lo(j©),©)  ^0,  ©  €  [0,w).  (2.1) 


Under  some  conditions,  this  may  be  given  in  the  more  explicit  form: 

ILo(j©)l  -b(LLo(j©),©)S0,  ©G  [0,<»).  (2.2) 


Analytic  expressions  for  (2.2),  and  its  gradients,  have  been  developed  by  Thompson  (1990), 
Thompson  and  Nwokah  (1991). 
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There  is  the  additional  requirement  of  closed  loop  stability  (over  all  a)  that  is  somewhat 
implied  by  (1.5).  The  mapping  to  open  loop  conditions  (2.1)  or  (2.2)  does  not,  however, 
preserve  this  propeny,  and  it  must  be  added  as  side  condition  (usually  an  encirclement  condi¬ 
tion,  commonly  known  in  QFT  as  the  "U-Contour")  Furthermcie,  these  constraint  sets  must 
pass  certain  necessary  conditions  (e.g.,  in  terms  of  allowable  se.<sitiy-ity  reduction)  in  order  for 
admissible  controllers  to  exist;  see  Bailey  and  Cockbur-i  (*‘V9i),  and  Hui  (1991), 

Thompson  and  Nwokah  (1991),  Nwokah,  et  a’.  (1992). 

3.  Optimization  Criteria  and  Techniques 

If  a  non-empty  set  of  admissible  controflers  {  H  }  ‘,'istv  v,?;,  tl.er  -vish  to  fci.r.u.f.w  an 
appropriate  objective  function,  ideally  one  which  maitev  locc  ,  :  tlisf  cu'itrorifer  i 

ideas  introduced  in  the  previous  section.  We  begin  an  fntenj.<;;.-iion  cf  il.e  tradiaiijtei 
QFT  objectives. 

3.1.  High  Frequency  Gain,  Bandwidth,  and  the  Cost  of  Feedback 

For  illustration,  consider  with  a  known  (fixed)  pole-zero  excess  3.  Then  the  high  frt 
quency  gain  k«  of  Lg  is  given  by* 

k«  i  lim  0'©)*  Ltt(jo>)  (3.1) 


This  is  simply  the  gain  constant  of  a  transfer  function  in  standard  form.  Example:  Suppose 
Lg(j©)  is  given  as 


Lo(j®)  = 


k(a  ■¥  jm) 

j(o(p+jto)(b+jm) 


(3.2) 


then  e  s  2  and  k,.  =  k. 

Minimization  of  the  open  loop  k^  within  the  performance  bounds  (2.1)  was  the  criterion 
originally  proposed  by  Horowitz  and  Sidi  (1972,1978)  as  a  suitable  measure  of  cost  of  feed¬ 
back.  This  is  often  interpreted  as  minimization  of  the  open  loop  bandwidth,  an  analogy  which 
stems  from  the  classical  servo-design  problem.  Although  this  statement  is  not  precise,  the  two 
concepts  are  rooted  in  the  same  philosophy. 

As  stated,  the  objective  in  QFT  is  to  iricet  closed  loop  performance  (1.5)  and  stability 
robustness  specifications  while  minimizing  some  measure  of  cost  of  feedback.  This  can  be 
viewed  as  an  extension  of  the  classical  servo-design  problem,  but  where  the  additional 
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constraints  provide  guaranteed  closed  loop  robustness  margins;  always  the  implicit  intent  in 
classical  design,  but  which  for  years  was  never  formulated  explicitly.  Note  that  these  con¬ 
straints  (2.1)  essentially  fix  the  level  of  ptrformanct.,  thus  fixing  what  would  be  considered 
the  usual  definition  of  open  loop  bandwidth;  {  u  ;  IL^(j(o)l  =  1  }  .  In  fact,  the  system  of 
constraints  on  (e.g.,  2.2)  could  be  viewed  as  a  phase-dependent  prescribed  rolloff  on 
©  e  [0,»).  This  leaves  the  remaining  degrees  of  freedom  in  the  phase  of  LoO«b).  as  well  as 
its  high  frequency  gain;  we  shall  find  subsequently  that  there  is  a  definitive  link  between  these 
two  quantities  as  well. 

Within  these  remairung  degrees  of  f.oedom,  it  was  aigiied  (Horowitz  and  Sidi, 
1972,1978)  that  amplification  at  the  pu^i  ir.  -it  l-igh  frequmcy  noise  Nfj©)  entering  the 
feedback  path  (Figure  1)  became  the  pr-'  ::oai  in  ineny  high-pen'ormance  feedback 

systems.  As  an  illustration,  for  the  feedbvS  v-.su-v  oi  Mgiire  1  consider  the  transfer  function 
from  noise  input  N(jm)  to  the  plant  input 

IJQta)  _  VjQCD)  ,,  gv 

N(j©)  1  +  G(j©)P(j©) 


In  certain  applications,  design  objectives  may  lead  the  loop  transfer  function  4,0©)  to  be 
pushed  far  beyond  its  normal  bandwidth,  as  suggested  by  Figure  2.  In  such  cases  there  exists 
a  frequency  range,  indicated  by  [©{,©21,  over  which  IL^(j©)l  =  IP^O©)  G(j©)l  <  1,  but 
yet  IG(j©)l  >  1.  Over  this  frequency  range,  the  loop  gain  is  transferred  almost  en.^rely  to 
the  controller;  the  noise  transfer  function  (3.3)  becomes 

^  =  00“)  (3,4) 


which,  depending  upon  noise  bandwidth,  would  likely  imply  saturation  of  the  plant  inputs. 
The  implication  within  this  context  is  that  excess  controller  bandwidth  reflects  the  cost  of 
feedback,  and  furthermore,  it  was  argued  that  high  frequency  open  loop  gain  is  a  a  readily 
available  measure  of  this  quantity. 

To  make  a  connection  between  the  ideas  of  bandwidth  and  high  frequency  gain,  consider 
the  open  loop  transfer  function  as  effectively 

=  '3.5) 

0©) 
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over  some  frequency  range  of  importance.  In  this  simple  case,  open  loop  bandwidth  (by  any 
definition)  is  directly  proportional  to  k.  =  k.  For  more  complex  systems,  the  analogy  is  less 
direct.  However,  Horowitz  and  Sidi  (1972,1978)  argued  that  the  frequency  range  "of  impor¬ 
tance"  from  a  cost-of-feedback  standpoint  is  at  high  frequency  (more  specifically,  on  the  inter¬ 
val  [cDi,a)2]  of  Figure  2)  for  which  (3.5)  must  hold  for  all  strictly  proper  plants.  Thus,  to 
complete  the  formulation  let  us  state  the  traditional  QFT  cost-of-feedback  objective  as  minimi¬ 
zation  of  controller  bandwidth,  with  measure  k,.. 

We  shall  return  to  build  upon  these  ideas  shortly.  What  we  wish  to  accomplish  first  is  to 
establish  a  connection  between  the  QFT  criteria  and  objectives,  and  the  more  familiar  con¬ 
cepts  of  sensitivity  functions. 


3.2.  Sensitivity  and  the  Cost  of  Feedback 

We  assume  that  the  reader  has  some  knowledge  of  the  motivation  for  and  properties  of 
sensitivity  functions;  for  a  more  detailed  treatment,  see  Freudenberg  and  Looze  (1988).  For 
the  closed  loop  system  of  Figure  1,  recall  the  definition  of  the  sensitivity  function  S 


S(a,jco)  i 


1 

1  +  L(ajti)) 


(3.6) 


Now,  for  small  perturbations  in  a  about  the  nominal  condition  o^,  consider  the  nominal  sensi¬ 
tivity  function  SoO’ffl)  =  S(ao,j©).  The  benefit  of  feedback  is  achieved  at  all  frequencies  for 
which  lSo(j(o)l  <  1,  while  feedback  is  detrimental  at  all  frequencies  for  which  ISo(jo))l  >  1. 
When  ISo(j©)l  =  1.  sensitivity  is  equal  to  that  of  the  open  loop  system. 

For  illustration,  let  there  be  some  frequency  m,  such  that  ISo(joi))l  <1  for  all 
©  €  [0,©,),  and  I  Sod©)  I  S  1  for  all  ©  €  [©,,“>).  The  cost  of  feedb<«:k  in  this  formulation 
would  typically  be  given  as  the  area  of  sensitivity  increase;  i.e 

«0 

j  loglSodw)!  d©  .  (3.7) 


However,  a  well  known  fact  for  stable,  minimum-phase  systems  is  the  following  (Bode, 
1945): 
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(3.8) 


J  loglS<,(j<B)l  dto  =  0 
0 


thus  implying 


j  loglSo(jco)l  dm  =  -  J  loglSo(j“)l  dm 


(3.9) 


Hence  the  well  known  property  that  for  stable,  minimum-phase  systems,  the  area  of  sensitivity 
reduction  equals  the  area  of  sensitivity  increase.  Freudenberg  and  Looze  (1986)  showed  that 
for  unstable  and/or  non-minimum  phase  open  loop  systems,  the  area  of  sensitivity  increase 
exceeds  the  area  of  sensitivity  reduction  by  a  fixed  amount  dependent  upon  the  RHP  factors. 

What  we  wish  to  illustrate  here  within  the  integral  sensitivity  framework  is  the  direct 
link  between  the  notions  of  robustness  and  cost  of  feedback.  Here,  the  feedback  design  objec¬ 
tive  is  interpreted  to  be  that  of  obtaining  a  certain  level  of  sensitivity  reduction  on  the  interval 
m  €  (0,m,).  If  a  desired  nominal  sensitivity  characteristic  were  somehow  known  (pointwise) 
on  this  interval,  then  the  value  of  I  S^Cjm)  I  could  simply  be  assigned  (assuming  certain  real¬ 
izability  and  closed  loop  stability  requirements  were  met).  However,  this  would  then  fix  the 
area  of  sensitivity  reduction 

/  loglSo(3m)l  dm  (3.10) 

0 


which,  by  (3.9),  fixes  the  cost  of  feedback  (3.7).  In  other  words,  no  additional  degrees  of 
freedom  exist. 

In  practice,  admissible  sensitivity  functions  are  not  known  a  priori,  but  rather  are 
obtained  based  upon  various  synthesis  criteria.  One  such  method  is  that  of  a  H**  sensitivity 
minimization  problem,  which  can  be  posed  in  the  general  form: 


min  sup 
aea 


1  p(m)  ISo(jm)! 


(3.11) 


where  p  represents  a  scalar,  frequency  dependent  weighting  function  and  G  represents  an 


111 


appropriate  set  of  admissible  controllers.  In  this  case,  the  optimal  controller  G  is  that  which 
minimizes  the  worst  case  nominal  sensitivity  on  ©  €  [0,<»).  From  our  standpoint  this  is 
viewed  as  an  unconstrained  minimiration  problem;  i.e.,  there  are  no  auxiliary  conditions  on 
S,  such  as  (2.1).  This  problem  has  also  been  well-studied;  see  Helton  (1985),  Francis  (1987). 
However,  the  notion  of  robust  performance  within  this  framework  differs  markedly  from  that 
of  traditional  QFT.  What  we  now  wish  to  suggest  is  that  there  exists  an  alternative, 
sensitivity-domain  synthesis  formulation  based  upon  QFT. 

3J.  QFT  Robustness  Bounds  and  Sensitivity  Functions 

Traditional  QFT  design  bounds  (e.g.,  1.5)  are  predicated  on  the  possibility  of  large 
parameter  uncertainty.  To  establish  a  connection  between  sensitivity  functions  and  QFT,  it  is 
possible  to  state  synthesis  criteria  (e.g.,  2.2)  alternatively  in  terms  of  sets  of  admissible  sensi¬ 
tivity  functions  {  S(a,j©)  }  induced  by  parametric  uncertainty  (Nwokah,  et  al.,  1992).  In  fact, 
the  closed  loop  oounds  (1.5)  can  be  mapped  into  upper  and  lower  magnitude  bounds  on  the 
worst-case  sensitivity  function  (over  a),  pointwise  at  each  ©  €  [O,*).  Such  bounds  are  the 
sensitivity  domain  analog  of  the  traditional  QFT  bounds  (2.1)  and  (2.2). 

An  admissible  sensitivity  function  IS *(]©)!  which  minimizes  the  area  of  sensitivity 
increase  (3.7)  can  (if  it  exists)  be  shown  to  lie  on  the  boundary  for  all  ©  C  [O,**),  analogous 
to  the  result  of  Horowitz  and  Sidi  (1972,1978).  Note  that  these  bounds  must  not  violate  (3.9). 
From  this  standpoint,  the  magnitude  of  the  optimal  nominal  sensitivity  function  is  known  on 
©  e  [0,«>),  and  a  strictly  proper,  real-rational  approximant  of  desired  order  and  accuracy  may 
be  synthesized.  The  primary  benefit  of  the  sensitivity-based  QFT  formulation  is  in 
simplification,  particularly  in  the  MIMO  case.  Since  this  formulation  neglects  some  phase 
information,  simplification  is  achieved  at  the  cost  of  some  increased  conservatism  over  tradi¬ 
tional  QFT. 

However,  this  formulation  also  diffen  from  traditional  QFT  in  its  notion  of  cost  of  feed¬ 
back.  Here  the  cost  of  feedback  was  essentially  fixed,  in  terms  of  the  area  of  sensitivity 
increase  (3.7),  and  no  additional  degrees  of  freedom  exist.  The  controller  bandwidth  question, 
as  discussed  in  Section  3.1,  remains  as  a  separate  issue.  In  the  case  of  an  optimal  nominal 
sensitivity  function,  the  controller  bandwidth  must  necessarily  be  fixed.  But  for  real-rational 
approximants  to  this  solution  le  resulting  controller  bandwidth  is  embedded  in  the  order  and 
accuracy  of  the  approximation. 

Therefore,  it  appears  that  gain/bandwidth  optimal  controller  synthesis  methods  may  be 
necessary  for  sensitivity- based  QFT  problems  as  well.  In  the  discussion  of  the  synthesis  prob¬ 
lem  to  follow,  we  shall  base  our  developments  primarily  upon  traditional  QFT,  while  drawing 
upon  the  commonality  between  the  two  formulations.  Before  proceed’iig,  let  us  summarize 


our  review  of  the  traditional  and  sensitivity-based  QFT  problems  by  presenting  an  outline  of 
their  prominent  features  vis-a-vis  some  competing  methodologies. 

3.4.  Comparison  of  Feedback  Design  Methodologies 

Here  we  compare,  in  spirit,  some  of  the  significant  points  of  the  four  feedback  design 
paradigms  discussed.  In  particular,  we  are  interested  in  the  handling  of  robustness  to  plant 
uncertainty; 

Qassical  Design: 

Objectives:  Meet  various  performance  and  stability  figures  of  merit  (e.g.,  gain  margin, 
phase  margin,  overshoot,  etc.),  no  explicit  optimization.  Characterization  of  plant  uncer¬ 
tainty:  implicit.  Treatment  of  stability  robustness:  implicit  Treatment  of  performance 
robustness:  implicit  Advantages:  designer  can  make  tradeoffs  between  multiple  objec¬ 
tives.  Drawbacks:  dependent  upon  experienced  designer,  concepts  only  applicable  to 
SISO  systems,  no  guaranteed  closed  loop  margins. 

H-infinity  Sensitivity  Minimization: 

Objectives:  Minimize  wont-case  nominal  sensitivity  on  to  €  t0,“>);  unconstrained 
minimization  (no  pointwise  conditions).  Characterization  of  plant  uncertainty:  non- 
parametric.  Treatment  of  stability  robustness:  in  terms  of  nominal  sensitivity.  Treat¬ 
ment  of  performance  robustness:  in  terms  of  nominal  sensitivity.  Advantages:  Straight¬ 
forward  extension  to  MIMO  systems.  Drawbacks:  Conservatism  due  to  neglected  phase 
information,  notion  of  performance  robustness  linked  to  stability. 

Sensitivity-Dased  QFT: 

Objectives:  Minimize  area  of  sensitivity  increase  on  to  e  [o,,»)  subject  to  magnitude 
bounds  on  worst  case  sensitivity  (over  a)  pointwise,  on  to  e  [0,©^;  constrained  minimi¬ 
zation.  Characterization  of  plant  uncertainty:  parametric,  retain  partial  phase  informa¬ 
tion.  Treatment  of  stability  robustness:  pointwise,  in  terms  of  worst-case  sensitivity. 
Tieatment  of  performance  robustness:  pointwise,  in  terms  of  closed  loop  hard  con¬ 
straints.  Advantages:  Less  conservative  than  H**,  more  applicable  to  MIMO  systems 
than  traditional  QFT.  Drawbacks:  More  conservative  than  traditional  QFT. 

Traditional  QFT: 

Objectives:  Minimize  high  frequency  bandwidth  subject  to  explicit  closed  loop 


■  V 
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magnitude  bounds,  mapped  into  open  loop  gain-phase  contours;  constrained  minimiza¬ 
tion.  Characterization  of  plant  uncertainty:  Parametric,  retain  all  phase  information. 
Treatment  of  stability  robustness:  pointwise,  in  terms  of  worst-case  sensitivity.  Treat¬ 
ment  of  performance  robustness:  pointwise,  in  terms  of  closed  loop  hard  constraints. 
Advantages:  guaranteed  closed  loop  robusmess  margins  with  no  conservatism.  Draw¬ 
backs:  computationally  intensive,  no  known  globally  convergent  solutions. 

4.  Traditional  QFT  Synthesis  Formulation 

Now  having  motivat'id  the  traditional,  as  well  as  the  sensitivity-leased  QFT  formulations, 
we  wish  to  focus  on  optimal  synthesis  for  the  traditional  problem.  However,  we  expect  to 
find  some  commonality  with  the  methods  of  optimal  sensitivity  as  well. 

4.1.  Parametric  Optimization 

To  begin  our  discussion,  take  the  objective  function  for  QFT  as  high  frequency  gain 
within  the  framework  of  the  traditional  problem  (2.1)  or  (2.2).  Historically,  an  admissible 
controller  was  found  by  trial-and-error,  and  successful  completion  of  this  step  was  normally 
considered  acceptable;  explicit  minimization  of  high  frequency  gain  of  a  given  design  within 
the  perfoimf.nce  constraints  was  generally  not  considered  practical.  This  ideology  generally 
lacked  constructive  existence  conditions  and  convergent  algorithms,  although  steps  have  been 
taken  in  this  direction  via  Hilbert  transforms;  see  Gera  and  Horowitz  (1980),  Sobhani  and 
Jayasuriya  (1992). 

However,  with  discretization  of  the  constraint  set  (2.2)  by  taking  o)  C  [O,*)  into 
to  €  {tu,, .  . . ,  tOp^},  and  by  choice  of  a  controller  G(xjto)  of  fixed  structure  with  free  design 
vector  X  €  IR"*,  a  constrained  nonlinear  programming  problem  may  be  posed.  Analytic  forms 
for  the  constraints  (2.2)  may  be  obtained  which  are,  in  general,  piecewise  smooth.  This  philo¬ 
sophy  for  QFT  synthesis  was  proposed  by  Thompson  (1990).  More  general  frequency  domain 
optimal  design  methods  are  due  to  Polak,  et  al.  (1984),  Boyd,  et  ai.  (199G),  Boyd  and  Barratt 
(1991). 

Based  upon  previous  work,  it  is  found  that  a  number  of  drawbacks  to  the  nonlinear  pro¬ 
gramming  formulation  for  QFT  exist: 

In  general,  the  constraint  set  (2.2)  is  non-convex;  only  local  optima  are  found. 

Robust  stability  constraints  tend  to  be  frequency-independent,  not  of  the  form  (2.2). 
With  limited  computational  effort,  the  best  way  to  cope  with  this  constraint  is  to  review 
designs  graphically,  at  each  iteration,  to  check  for  violation  of  stability  bounds. 
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.  Computations  become  badly  scaled  with  open  loop  poles  in  the  vicinity  of  the  jco  axis. 

Considering  only  a  collection  of  constraints  (2.2)  at  discrete  frequencies,  high  fluency 
gain  minimization  becomes  ill-posed;  i.e.,  this  gain  can  be  made  arbitrarily  small  as  some 
controller  parameters  become  arbitrarily  large.  In  this  case,  it  becomes  necessary  to  aug¬ 
ment  the  cost  function  with  additional  terms  to  penalize  controller  gain- bandwidth  area. 

Despite  these  drawbacks,  parametric  optimization  techniques  are  successful  in  many  cases. 
However,  it  appears  desirable  to  explore  alternative  formulations  to  this  problem. 

4J.  Function-Analytic  Methods 

As  an  alternative  to  parametric  optimization  of  open  loop  high-frequency  gain,  consider 
the  following  minimization  problem: 

M 

min  f  p(©)ILo(jto)l^  dto  (4.1) 

L„  e  L  c  *  0 

i.e.,  minimization  of  what  is  essentially  a  weighted  norm  of  the  open  loop  transfer  function 
Lg,  with  scalar  weighting  function  p.  The  admissible  set  L  is  a  subset  of  all  RH^  functions 
which  also  satisfy  the  QFT  perfonnance  robustness  constraint 

B(Lo(j®).©)  ^0,  ©e  [0,00)  (4.2) 

where  the  set  RH^  is  (for  now)  comprised  of  all  real-rational,  strictly  proper,  minimum-phase 
functions  bounded  in  the  closed  right  half-plane. 

This  formulation  can  be  considered  a  constrained  minimization  problem.  The  tradi¬ 
tional  QFT  problem  of  high  frequency  gain  minimization  is  a  special  case  which  can  be 

recovered  (symbolically)  by  the  choice  of  weight  p(q)  =  6(— )  *. 

© 

4J.  Properties  of  Norms,  High  Frequency  Gain,  and  Rules  of  Thumb 

At  this  point,  we  argue  that  (4,1)  is  a  natural  generalization  of  the  high  frequency  gain 
objective  function.  To  illustrate  an  important  property,  given  a  simple  £  RH^  it  can  be 
shown  that  the  unweighted  H^  norm  of  L^,  denoted  as  ||  Lp  II2  is  a  product  of  the  DC  and  high 

*  6(  .  )  is  the  Dirac  Delta  function. 
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frequency  gains. 
Example:  take 
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Note  that  this  can  be  written  as: 

IILollj*  |kDck.  [L4(j«)-iLI.«aO)  ]|  . 


(43) 


(4.4) 


(43) 


(4.6) 


(4.7) 


Properties  of  this  nature  were  noted  by  Horowitz  (1963),  including  a  dual  result  linking 
the  high  frequency  gain  k«  with  the  integral  of  phase  angle.  In  fact,  Horowitz  used  this  pro¬ 
perty  extensively  as  a  rule  of  thumb  to  argue  that  the  L^Qu)  minimal  high  fiequency 
gain  must  have  minimal  phase  angle  (i.e.,  greatest  allowable  phase  lag)  for  ail  m  €  [0,<»).  In 
practice,  the  competing  objective  is  subility.  Previously,  these  concepts  were  little  more  than 
rules  of  thumb,  but  we  now  wish  to  retain  these  ideas  as  we  develop  a  more  precise  formula- 


4.4.  QFT  Synthesis  by  Variational  Methods 

In  view  of  the  preceding  arguments,  let  us  now  consider  an  alternative  formulation  for 
traditional  QFT.  Let  the  original  robust  performance  criterion,  as  in  (1.5),  be  specified  in 
terms  of  RH^  functions  Tl,  Tu,  with  pole-zero  excess  e^  and  ey,  respectively,  eL  >  ey,  and 
let  there  be  a  non-empty  set  of  admissible  controllers  {  G  }  leading  to  satisfaction  of  the 
closed  loop  problem 

ITL(j<B)l  ^  IF(jco)  T(a,j©)l  ^  ITu(j<»)l  for  all  (o  C  [0,00)  (4.8) 


over  all  a.  Now  consider  the  system  of  open  loop  constraints  of  the  explicit  form: 

ILo(j(D)l -b(LLo(jto),co)^0,  coe  [O,"),  (4.9) 

and,  for  illustration,  consider  the  case  where  the  constraint  (4.9)  is  active  (i.e.,  equality  holds) 
for  all  to.  Now,  write  LoCjco)  =  R((o)e'*^“\  From  (4.9),  this  leads  to  the  constraint  equation 

R(to)  -  b((t»(to),a))  =  0,  CO  e  [0,“).  (4.10) 


Then  for  the  objective  function  (4,1),  subject  to  (4.10),  the  following  variational  prob¬ 
lem  may  be  posed: 

•• 

min  f  p(co)[R(<o)]^  +  A,(co)[R((d)  -  b(^((o),co)]^  doo  (4.11) 

{ R ,  4  >  ^ }  0 

with  multiplier  A.  and  weighting  function  p.  Boundary  conditions  should  be  specified  in  this 
case  as  4(0)  =  0,  and,  if  possible,  R(<»)  =  0,  4(“’)  =  “yC  • 

Remark:  The  variational  problem  suggested  by  (4.11)  could  be  considered  a  frequency- 
domain  analog  of  the  time-varying  optimal  control  problem  with  a  state-space  constraint,  par¬ 
ticularly  for  treatment  of  the  inequality  (4.9).  Such  a  problem,  for  choice  of  weight 

p(to)  =  6(— )  is  precisely  the  traditional  QFT  problem. 

CO 

Again,  we  make  this  statement  symbolically;  we  do  not  expect  to  obtain  a  solution  to 
(4.11)  for  p(co)  =  6(— ),  although  we  might  hope  to  do  so  under  more  reasonable  assump- 
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tions.  However,  in  the  statement  of  (4.11)  the  following  additional  points  have  been 
neglected: 

1.  Lo(jco)  =  R(co)e**^“^  must  be  realizable  by  a  strictly  proper,  real-rational  function. 

2.  The  real  functions  R  and  (|)  must  be  Bode  gain-phase  compatible;  i.e.,  must  be  the  Hil¬ 
bert  image  of  R,  given  as 


logR(to)  =  1  J  dC  . 

n  0  ^  “ 


(4.12) 


3.  Gosed  loq)  stability  margins  must  be  maintained;  i.e.,  ^((o)  must  be  bounded  away  from 

-n  in  the  vicinity  of  {  <o  ;  R((d)  =  1  }. 

Item  3  is  somewhat  beyond  the  scope  of  this  treatment,  although  robust  stability  bounds  are 
ultimately  incorporated  into  a  system  of  constraints  such  as  (4.9).  However,  inclusion  of  the 
gain-phase  compatibility  condition  (4.12)  would  be  difficult.  Instead,  let  us  examine  the  fol¬ 
lowing. 

Proposition:  Compute  (if  possible)  an  optimum  R*(q))  and  ^*((d)  from  (4.11),  and  form 
a  candidate  L^(j(i))  =  R*(oi))  d*  TTien,  choose  a  real-rational  approximant  Lp  of  the 
desired  order,  one  which  also  meets  closed  loop  stability  margins.  The  approximation  error 
could  then  be  given  as 


II  Lo  -  mb  =  J  I  L;ato)~40a))l*do>  •  (4.13) 

0 


Various  real-rational  interpolation  and  approximation  techniques  have  been  well  studied  and 
are  often  employed  in  H”  frequency  domain  synthesis. 

However,  the  wisdom  and  feasibility  of  optimizing  R  and  ^  independently,  as  in  (4.11), 
is  open  to  question  and  is  to  be  the  subject  of  further  studies.  It  is  thought  possible  that  the 
known  structure  of  the  constraint  set  (4.9),  itself  derived  from  magnitude  ratios  of  real-rational 
functions  and  their  extrema  over  compact  parameter  sets  may,  under  certain  conditions,  pro¬ 
vide  sufficient  structure  to  yield  gain-phase  admissible  optima  R*  and  without  auxiliary 
conditions.  Some  commonality  with  the  Hilbert  boundary  value  methods  of  Gera  and 
Horowitz  (1980)  is  also  sought. 

In  our  final  full  section,  we  review  some  important  results  from  the  theory  of  complex 
extremals  which  may  provide  yet  another  direction  in  optima!  synthesis  techniques. 
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5.  Direct  Complex  Extremal  Methods 

A  number  of  developments  in  complex  variational  methods  arise  as  possible  tool^  for  the 
QFT  synthesis  problem.  We  introduce  them  here. 

In  the  development  of  complex  analysis  results,  it  is  ftequently  convenient  to  work  in  the 
unit  disk  Izl  <  1.  A  suitable  mapping  z  =  e^  can  be  established  between  the  axis  s  =  jco  and 
the  unit  circle  Izl  =1. 

5.1.  Interpolation  Problem  of  Ahifors 

The  following  problem  has  been  solved  explicitly  by  Ahifors  (1953)  using  variational 
techniques: 

Problem:  Find  a  function  f(z),  analytic  in  the  unit  disk,  which  solves 

1* 

min  f  lf(ei®)|2  d0  (5.1) 

f  2n  J 

subject  to: 

f(Zi)  =  Aj,  Izjl  =  1,  i=l....,n  .  (5.2) 

The  function  f  is  constructed  as 


f(z)  =  L(z)  +  P(z)y(z) 


(5.3) 


where  L(z)  solves  the  interpolation  problem  (5.2),  v(z)  represents  a  variation,  analytic  in  the 
unit  disk,  and  P(Zi)  =  0  (chosen  as  a  Blaschke  product). 

The  desired  minimizing  function  f* (z)  is  given  as 


r(z)  =  n 


i-l 


Z-Zi 

n 

z 

’  Ai 

N 

\ _ 

i«l 

Z-Zi 

n(i  -  Zk  Zj) 

t-i 

n  (Zj  -  Zk) 

k^i 


(5.4) 


Here  z"  represents  the  complex  conjugate  of  Zj.  To  apply  this  result  directly  to  the  QFT 
problem,  the  following  conditions  would  be  required: 
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1.  Discretization  of  the  constraint  set  on  o  €  [0,«>)  (o  € 

2.  A  priori  assignment  of  the  closed  loop  gain  and  phase  at  these  frequencies;  i.e., 

4(jmi)  =  Aj,  i  =  l,...n  .  (5.5) 

Thus,  the  degrees  of  freedom  of  Lo(j<^)  along  the  constraints  B(Lo(jo)),co)  at  these  fluencies 
would  be  eliminated,  and  essentially  unconstrained  loop  optimization  would  be  performed 
over  the  set  of  frequencies  defined  by  the  difference: 

<Q  €  [0,«)  -  {  toj,  .  (5.6) 

This  clearly  is  not  the  desired  solution.  Instead,  it  is  clear  that  an  extension  of  Ahlfors’  prob¬ 
lem  (5.1)  and  (5.2)  must  be  developed. 

Proposition  (extended  complex  extremal  problem);  Find  a  function  f(z),  analytic  in  the 
unit  disc,  which  solves: 

min  4-  f  lf(ei®)l*  d0  (5.7) 

t  27t  J 

subject  to: 

B(f(e'®),0)  =  0,  0  €  [0,2n]  .  (5.8) 

Solutions  to  this  problem,  which  would  lead  to  a  closed  form  solution  to  the  traditional  QFT 
optimal  synthesis  problem,  are  currently  sought. 

52.  Complex  Euler-Lagrange  Equations 

In  other  relevant  work,  Euler-Lagrange  equations  far  extremal  holomoiphic  mappings  of 
the  unit  disk  have  been  developed  by  Poletskii  (1983).  This  approach  can  accommodate  a 
finite  number  of  N  bounded,  real-valued  functionals  <I>i,  i  =  l,...,n. 

The  extremal  problem  is  stated  as  follows;  Given  a  bounded  domain  D  €  C,  find  f* 
such  that 


f*  =  min  <I>o  (  f ) 

t€D 


subject  to 


<D,(f)  =  aj.  i  =  1 . N 


(5.10) 


Formulation  of  the  QFT  synthesis  problem  within  this  framework  is  also  under  investigation. 

6.  Conclusions 

In  this  introductory  paper,  the  traditional  QFT  performance  robustness  problem  has  been 
posed  in  sufficient  detail  to  state  the  optimal  synthesis  problem.  In  order  to  motivate  this  for* 
mulation,  some  of  the  aspects  and  common  features  of  traditional  QFT,  sensitivity-based  QFT, 
and  H**  sensitivity  minimization  were  reviewed.  The  issue  of  cost  of  feedback  was  addressed, 
both  in  terms  of  controller  bandwidth  implications,  as  well  as  in  terms  of  sensitivity  functions. 

Once  the  optimization  problem  was  posed,  it  was  found  that  a  nonlinear  programming 
approach  was  ^pealing  in  some  cases,  but  presented  specific  limitations.  Providing  certain 
questions  can  be  addressed,  the  approaches  of  real  and  complex  variational  methods  appear  to 
hold  promise  to  provide  a  more  direct  and  insightful  solution  to  this  very  practical  control 
synthesis  problem.  These  issues  are  to  be  the  subjects  of  future  development. 
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ABSTRACT 

The  problem  of  performance  robustness,  especially  in  the  face  of  significant 
parametric  uncertainty,  has  been  increasingly  recognized  as  a  predominant  issue  of 
engineering  significance  in  many  design  applications.  Quantitative  feedback  design 
(QFD)  is  very  effective  for  dealing  with  this  class  of  problems  even  when  there  exist  hard 
constraints  on  closed  loop  response.  In  this  paper,  SISO-QFD  is  viewed  formally  as  a 
sensitivity  constrained  multi  objective  optunisation  problem  whose  solution  cannot  be 
obtained  analytically  but  (when  feasible)  can  be  obtained  graphically.  In  contrast  to  the 
more  recent  robust  control  methods  where  phase  uncertainty  information  is  often 
neglected,  the  direct  use  of  parametric  uncertainty  and  phase  information  in  QFD  results 
in  a  significant  reduction  in  the  cost  of  feedback.  An  example  involving  the  unscheduled 
bank  angle  control  for  the  C-135  military  transport  airraft  is  included  for  completeness. 


List  of  Symbols  Used. 


Loq:  Banach  spae^i  of  essentially  bounded  Baire  functions 

IHljo:  norm  on  Log 

H°°:  Banach  space  of  bounded  analytic  functions. 

IIA.1^;  sup{  I  A(iw)  j  :  w  e  R},  A  e  H* 

RH°°:  Banach  space  of  bounded  analytic  functions  with  elements  from  the  ring  of 
stable,  proper  real  rational  functions. 

Unit  of  RH°°:  An  element  of  Rif*  whose  inverse  €  RH*. 
e,r:  relative  degree  of  transfer  function 

SISO:  single  input,  single  output 

MIMO:  multi'input,  multi-output 
a/,X:  radian  frequency 

Cli  compact  parameter  space  with  elements  a. 

QFD:  Quantitative  Feedback  Design 

A  :=  B:  A  is  defined  by  B 
A  2:  B:  A  is  approximately  equal  to  B. 

Gg:  If*  controller 

Gq;  QFD  controller 
Sg:  H**  sensitivity  function 

Sq:  QFD  sensitivity  function 

R*:  Positive  real  line 
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RHP:  Right  half  plane 

RHS:  Right  hand  side 

LHP:  Left  hand  side 

LHS:  Left  hand  side 
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1.  Introduction 

The  last  decade  has  witnessed  a  steady  and  growing  research  effort  in  robust 
control;  see  for  example  the  recent  book  (Dorato  and  Yedavalli  1990).  The  majority  of 
this  effort  has  been  devoted  to  systems  that  are  assumed  to  have  unstructured 
uncertainty.  This  allows  such  problems  to  be  transformed  into  a  form  where  the  small 
gain  theorem  (Zames  1981)  and  powerful  recent  mathematical  techniques  from 
functional  analysis  and  operator  theory  (Francis  1987,  Maeiejowski  1989)  can  be 
successfully  employed  for  system  analysis  and  synthesis.  However  many  problems  of 
practical  interest  appear  as  models  with  both  large  parametric  uncertainty  and  high 
frequency  non^parametric  uncertainty.  Tjrpical  examples  include  flight  control  and 
tubomachinery  control  over  a  flight  envelope  parametrised  by  power  level,  height  and 
mach  number,  as  well  as  general  automotive  engine  control  problems.  All  these 
problems  yield  a  collection  of  linear  models  obtained  by  a  linearisation  of  a 
parametrically  dependent  nonlinear  differential  equation  set  about  a  finite  number  of 
different  operating  points.  This  problem  class  is  often  endowed  with  hard  stability  and 
performance  constraints  such  as  on  rise  time  and  overshoot.  This  problem  class  also 
requires  plant  uncertainty  to  be  expressed  as  variations  in  both  gain  and  phase. 
Traditional  control  of  this  problem  has  relied  on  gain>acheduling  or  the  on-line  switching 
of  controllers  designed  for  models  obtained  at  the  aifferent  operating  points;  as  and 
when  due.  The  design  of  the  switching  logic  and  some  resulting  stability  problems  are 
nontrivial.  When  feasible;  parametric  robust  control  makes  gain  scheduling  redundant. 
A  non-parametric  description  of  uncertainty  is  of  course  possible  but  will  almost  always 
result  in  loss  of  phase  information.  This  often  leads  to  higher  bandwidth  controllers. 
The  quantitative  feedback  design  (QFD)  robust  control  methodology  (more  usually 
called  quantitive  feedback  theory)  introduced  by  Horowit*  (Horowit*  1959,  1979,  1982, 
Horowitz  and  Sidi,  1972,  1980,  Shaked  and  Horowitz  1976)  is  perhaps  the  only  known 
technique  that  considers  both  large  parametric  uncertainty  and  phase  information 
simultaneously.  The  major  pay-off  is  the  ability  to  satisfy  both  robust  stability  and 
multi-objective  hard  performance  constraints,  with  the  minimum  possible  cost  of 
feedback.  The  downside  is  that  the  method  though  systematic  and  powerful  in  the 
hands  of  an  experienced  control  engineer  has  not  until  recently  lent  itself  easily  to  formal 
mathematization  as  in  the  more  recent  paradigms  such  as  H^  control  and  ^synthesis. 
The  present  effort  is  an  attempt  to  bridge  the  gap.  A  key  mm  of  the  present  work  is  to 
systematize  the  QFD  design  process.  The  QFD  problem  can  be  posed  as  a  formal 
sensitivity  constrained  optimization  problem  (Jayasuriya,  Nwokah,  Yaniv  1991)  which 
reduces  to  the  problem  statements  in  H^-controi  when  the  hard  performance  constraints 
and  parametric  uncertainty  descriptions  are  relaxed.  Consequently  the  newer  methods 
may  be  viewed  as  restricted  quantitative  feedback  design  methods  (Peres,  Nwokah, 
Thompson  1991). 

This  paper  is  divided  into  six  sections  of  which  this  is  the  first  one.  In  section  two, 
we  develop  a  complete  description  of  the  representation  of  plant  uncertainty.  In  section 
three  we  formally  state  the  QFD  problem  and  subsequently  convert  it  into  a  constrained 
sensitivity  optimization  problem  whose  general  analytic  solution  is  unknown,  in  section 
four  we  translate  these  requirements  into  the  classical  QFD  format  and  use  graphical 
search  techniques  and  H°°  design  methodology  to  generate  sub-optimal  solutions  to  the 
sensitivity  optimization  problem.  In  section  five  we  give  a  nontrivial  example  with  the 
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corresponding  H°°  solution.  This  example  clwlj  demonstrates  the  more  aggressive 
controller  bandwidth  problem  which  is  called  for  whenever  there  is  a  loss  of  phase 
uncertainty  information.  Finally  in  section  sbc  we  give  some  concluding  remarks. 


i.  Representation  of  Plant  Uncertainty 


We  assume  that  the  process  to  be  modelled  is  uncertain  due  to  both  parametric 
and  unstructured,  non-parametric  tmcertainty.  Parametric  uncertainty  is  uncertainty 
that  can  be  represented  by  parameter  variations,  in  an  appropriately  structured  process 
model,  while  non-parametric  uncertainty  is  any  process  uncertainty  which  cannot  be 
explained  adequately  in  the  context  of  the  structured  uncertainty.  Typical  sources  of 
non-parametric  uncertainty  are  unmodelied  dynamics,  unmodeiled  parameter  variations 
and  measurement  errors.  The  process  consists  of  the  union  of  parametric  and  non- 
parametric  components. 


We  may  therefore  represent  the  uncertain  process  as  .ollows: 


{P(s)}-P(a,s).P.{s)  . 


(1) 


Here,  {P(s)}  is  the  plant  set,  P(of,s)  is  the  parametric  plant  subset,  while  Pn(s)  is  the 
corresponding  non-parametric  plant  subset,  (Bailey,  Hui,  1001).  The  parametric  plant 
set  is  described  by:  {P(a,s),  where  a  is  an  m-dimensional  parameter 

vector  that  ranges  over  the  compact  parameter  space  Q.  Each  nominal  parameter  point 
generates  a  nominal  plant  Po(s}  =  P(ao,s)  €  P(o!-5,.  The  set  P(Q!,s)  is 
represented  as: 


kn{s  -1-  *i)  n{s*  •+  2fka\8  +  'Jj^) 

=-  +  p^)  n  (s*  -1-  8  4-  )  ■* 

Here,  r  represent8  a  possible  time  delay.  Each  of  the  p:  ’'nxneters,  k,  zj,  pj, 

is  uncertain,  continuously  dependent  on  a  €  H,  and  lies  in  a  specific  compact  interval. 
However  the  order  and  relative  degree  of  P(a,s)  b  fixed.  Thb  representation  b  most 
appropriate  for  the  process  behavior  in  the  low  to  mid  frequency  range.  On  the  other 
hand,  the  unstructured  plant  subset  Pb(s)  b  assumed  to  affect  the  process  dynamics 
significantly  only  at  high  frequencies.  We  may  then  suppose  that  the  plant  set  admits 
the  following  "split  frequency"  representation: 


{P(3)} 


P(a,3),  V  w  <  0^,  s  «■  i'-« 
Pk(s).P„(3)Vo;>c^,3  -*  iw  ’ 


(3) 


where  Ph(3)  b  the  high  frequency  model  of  P(Qr,3).  The  frequency  marks  the 
beginning  of  the  high  frequency  region.  For  w  >  the  overall  plant  set  {P(s)} 
degenerates  to  the  high  frequency  model  Pi,(a,3).  Pa(s).  In  this  paper  we  shall  assume 
that  Pn(s)  =  1,  for  uj  <  cJi^,  and  use  a  relative  stability  bound  to  constrain  its  effect  at 
high  frequencies  u>  In  practice  Pn(i^)  is  only  given  as  a  gain  and  phase  deviation 
about  some  nominal  high  frequency  gain  of  1  and  phase  of  0  * .  So  that  the  so  called 
universal  high  frequency  boundary  becomes  a  function  of  frequency  w  >  t*^.  In 
traditional  QFD,  Pn(it^)  =  1  Vw,  thus  insuring  that  'he  universal  high  frequency 
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boundary  is  independent  of  frequency  for  a;  >  h.  Let  Pk(a,s)  -  JL.  Then  for  our 
present  purposes,  assume: 

|Ph(a,3)  Pa(iw)  I  <  jV  a;>  (4j 

where  m(w)  -  j  Pa(iw)  j ,  V  w  >  04,,  and 

I  P(a,iwj,)  J  <  -L  ,  V  a  e  n  (5) 

where  e  is  the  relative  degree  of  P(a,s),  and  k  represents  the  parametric  plant  high 
frequency  gain  defined  by: 


k :»  lim  s*P(a,8)  . 
•  -*00 


We  also  assume  that: 


(i)  Pb(s)  is  stable  but  may  have  high  frequency  non-minimum  phase  seros. 
Furthermore,  it  is  totally  without  structure,  in  the  sense  that  the  relative  degree  of 
its  members  are  finite  but  may  not  be  fixed. 

(ii)  On  the  other  hand  the  structured  model  P(a,s)  may  be  unstable  from  some  or  all 
at  €  n,  but  has  a  fixed  relative  degree  for  all  at  E  H.  Furthermore,  every  member  of 
P(at,s)  has  the  same  number  of  unstable  zeros. 

(iii)  The  plant  set  {P(3)}  is  topologically  path  connected  (Nwokah  1S88,  Foo  and 
Postlethwaite  1988). 

A  consequence  of  this  assumption  is  that: 


/] 


Write 


lim  Po{s)P~^{at,s)  =  -^>0  ,  Vaen 

I  *  I  *00  K 


8  —  fc 

B,(a,3)=n 

i-l  s  -h  Zj 


for  the  Blaschke  product  of  the  unstable  zeros  for  P(o,s),  and 

fs  ~D- 

B,(a,,).n 

j-1  [  s  -h  pj 

for  the  Blaschke  product  of  the  unstable  poles  of  P(a,s). 

Then  factor  P{Qt,s)  as: 

P(a,3)  =■  Pn,  (at, 3) .  P»(a,s) 


where  Po(a,s)  represents  the  stable  and  miniihnm  phase  factor  and  P»(a,s)  is  the  all 
pass  factor  given  by: 

P,(s)  —  B,  (0,3) .  Bp  ^  (a,a)  e"*’’. 

In  the  present  description  of  plant  uncertainty,  it  is  perfectly  legal  for  the  poles  of 
P(a,s)  to  migrate  to  and  fro  across  the  imaginary  axis,  or  indeed  for  ail  the  poles  to  lie 
entirely  in  the  open  right  half  complex  plane  as  a  ranges  over  fl.  However  ail  the  seros 
of  P(ci!,s)  are  constrained  not  to  migrate  across  the  iu  mtIs  and  the  unstable  seros  are  to 
stay  in  the  interior  of  the  closed  right  half  complex  plane.  This  extremely  realistic 
description  of  plant  uncertainty  was  originally  proposed  by  Astrom,  Neumann  and 
Gutman  (1980),  and  used  by  Nwokah  (1088),  and  has  recently  been  implicitly  used  by 
Bailey  and  Hui  (1991),  Bailey  and  Cockbum  (1001).  On  the  other  hand  the 
unstructured  uncertainty  description  mandated  by  the  H°°  methodology  dictates  that 
there  be  no  criss-crossing  of  poles  across  the  imaginary  axis,  or  equivalently  that  every 
member  of  the  plant  set  {P(s)}  must  have  exactly  the  same  number  of  unstable  poles 
(Morari  and  Zafiriou  1989).  For  our  present  sensitivity  based  QFD  design  to  work,  we 
shall  Impose  the  same  restriction  on  the  unstable  poles  of  P(or,s).  However,  we  retain 
the  full  sensitivity  uncertainty  description  as  in  standard  QFD  formulations  (Horowitz 
and  Sidi  1972). 

S.  The  QFD  Problem  Speeifieation  and  Solution  Feasibility 

The  QFD  problem  can  now  be  stated  as  follows.  There  is  given  an  uncertain 
family  of  linear  time-invariant  finite-dimensional  plants  {F(s)}  as  described  in  section  2. 
There  is  also  given  an  ideal  target  closed  loop  transmission  function  To(s)  and  an  ideal 
disturbance  response  transfer  fimction  T0(s).  The  QFD  problem  is  to  find  (if  possible) 
an  admissible  pair  of  strictly  proper,  real  rational,  and  stable  functions  {G(s),  F(s)}  in 
the  two  degree-of-freedom  feedback  arrangement  shown  in  Fig.  1,  such  that  the 
following  conditions  are  satisfied  with  some  measure  of  optimality: 


a) 

T(a,s)  is  stable  V  a  €  H  (robust  stability) 

(11) 

b) 

I  T(q:,s)  —  To(s)  ]  <  5r(s),  Vs,  V  a  e  n  (robust  performance) 

(12) 

c) 

1  Td(3)  1  <  I  To(s)  1  »  ^(s).  Vs,  V  Q  e  n  (disturbance  attenuation) 

(13) 

d) 

sup  1 H  (a,iw)  1  <  Mp,  V  a  c  n  (relative  stability  margin) 

(14) 

where  ^^(s)  >  0  and  ^(s)  >0  are  specified  a  priori,  and 

T(a,s)  =  H(a,3)  •  F(s),  To(s)  -  H,(3;F(3) 

(15) 

_  L(Q!,3)  „  L,(3) 

^  l-hL(a,3)  ’  1+L,(s) 

(16) 

L(q,s)  =>  P(a,s)  •  G(3),  Lo(3)  -  Po(3;  •  G(3) 

(17) 

under  the  constraint  that  G{3)  is  an  internally  stabilizing  controller  (Freudenberg  and 


Loose  1888)  for  the  plant  set  {P(s)}.  Because  of  internal  stability  all  non-minimum 
phase  seros  of  L(a,s),  inciudmg  those  from  the  rational  approximation  of  e~**’  are 
required  to  appear  in  T(a,s).  Po(s)  is  the  nominal  plant  model  and  unlike  the 
traditional  QFD  methodology  cannot  be  chosen  arbitrarily.  The  robust  performance 
specification  given  in  (12)  is  slightly  difierent  from  the  one  originally  defined  by  Horowits 
and  Sidi  (1972)  but  is  in  an  analytic  form  (Doyle  1987)  which  enables  direct  time  domain 
to  frequency  domain  conversions  via  Paraeval’s  theorem  (Robinson  1962).  Krishnan  and 
Cruickshanks,  (1977)  have  argued  that  there  is  insignificant  practical  difference  between 
the  traditional  measure  and  the  one  used  here.  Our  design  example  to  follow  also 
confirms  this  viewpoint.  We  next  convert  the  system  design  data  into  equivalent 
sensitivity  constraints. 


From  Bode’s  sensitivity  equation,  suitably  normalized  for  large  uncertainty  (Crus 
and  Perkins  1964,  Nwokah,  Jayasuriya  and  Chait  1991),  we  can  write: 


T{a,s)-To(s)  ^  P(Qr,s)-Po(s) 

■  “ S(a,s) - - ,  Va« n 


To(3) 

where  S(a,s)  := - — — r*  Therefore: 

1  +  L(ct,s) 


|T(a,s)-T„(s)| 


To(3)S(a,3) 


Po(8) 

P(a,s)-Po(3) 


Po(3) 


,  V  a  f  n. 


Define  the  nonnegative  function  ^g(s)  by 


Now, 


I  ~  I  *•  *  • 

<i«n  “oW 


I  To(s)  S(a,s)  -  I  <  I  To(s)  I  5g(9)  I S  (0,3)  |  . 


(18) 


(19) 


(20a) 


(20b) 


Now  put  s  io/.  If  the  RHS  of  (20b)  is  upper  bounded  by  the  tracking  constraint 

(12)  reduces  to: 

Notice  that  S(a,ia;)  carries  both  gain  and  phase  uncertainty  information  with  it,  but  the 
phase  uncertainty  information  embodied  in  the  variations  of  P(a,ici;)  is  lost  when  we 
take  the  bound  5g(^)*  From  Fig.  1,  it  is  clear  that  the  disturbance  transfer  function 
Td(3)  is  given  by 

Thus,  the  requirement  (13)  reduces  to: 

1  S(a,iw)  1  <  1  TS(iw)  I  :  «  Mg(u.)  V  w  >  0  ,  V  a  e  a 


(23) 


Fmallyi  the  constraint  Mp  on  the  allowable  maximum  dynamic  magnification  of 
the  frequency  response  of  H(a,icj),  translates  to  a  worst  case  phase  stability  margin  ^ 
ghren  by: 


TT-.  V  a  e  n,  (24) 

or  equivalently: 


|S(a,ia4)|  <Mp,  VaeH 


(25) 


This  is  easy  to  establish  from  a  simple  analysis  of  M-circles  (Netushil  1973). 
Consequently,  the  system  specifications  (ll)-(14)  have  now  been  converted  to  sensitivity 
inequalities.  It  then  follows  that  all  the  QFD  constraints  are  simultaneously  satisfied  if 
there  exists  an  internally  stabilising  controller  G(s)  for  the  plant  set  {P(s)},  such  that 
S(a,s)  is  stable  V  a  €  fl  and  satisfies,  for  s  » icj,  equation  25  and: 


|S(a,ia;)|  <  min 


Mx(a;),  \4^(ij)^  ac  M{u;)  V  u  ^0,  V  Qt  f  fi 


(26) 


Here,  M((i;)  is  a  bounded  continuous  function  that  satisfies 


(i)  Urn  M(w)  —  1 


(ii)  M(a4)-Mp 

(iii)  sup  M(w)  ■«  Mp  (27) 

W 


(iv)  1  <  Mp  <  Mp  <  00 

Bode’s  sensitivity  integral  (Fruedenberg  and  Loose  1988)  shows  that  if  S(a,iu)  is 
stable  V  a  6  n,  then 


I 


log  I  S(a,ia;)  | 


•dw 

i-l 


Pi{«)  , 


y  ae  n. 


(28) 


where  Pi(cir)  is  an  unstable  pole  of  P(a,s).  Since  in  our  present  formulation  the  poles  of 
P(a,s)  are  not  allowed  to  migrate  across  the  imaginary  axis,  we  may  choose  as  our 
nominal  model  Po(3)  6  {P(s)};  the  plant  with  the  worst  instability.  That  is  to  say,  the 
nominal  model  must  be  chosen  such  that 


N,  N, 

S  Re(Pn>max  S  RePi(a)  (29) 

i-i 


where  Pf  i  =  1,2  ...  Np  are  the  unstable  poles  of  Po(3),  which  is  the  transfer  function  for 
the  parameter  combination  that  generates  the  worst  instability.  On  the  other  hand,  the 
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unstable  zeros  of  the  nominal  model  are  chosen  as  those  with  real  parts  nearest  the 
imaginary  axis,  i.e. 

N  If 

S  £  ““  £  Re  Zj(a)  (30) 

j-i  j-i 

All  the  QFD  specifications  are  now  satisfied  if  S(a,icj)  is  stable  Vatfl  and  also  satisifes: 

js(a,iw)j  <M(ti;),  V  w  >  0  ,  V  a  c  fl  (31) 

Let  (jOf  be  the  first  finite  frequency  at  which  S  (or,:h/)  » 1  for  all  a  c  fl  This  is 
called  the  sensitivity  cut-off  frequency  (Rosenbrock  1974).  Bode’s  sensitivity  integral 
then  gives: 

00  00 

/log  I S  (a,ia/)  |  du  »  /  log  { S(or,iu))  |  do;  -1-  /  log  j  S(a,ia/)  |  dcj ,  V  a  £  fl  (32) 

O  O  Ul, 

The  benefits  of  feedback  are  only  obtained  in  the  interval  0  <  (J  <  04,  while  the  cost  of 
feedback  is  paid  for  in  the  frequency  interval  04  <  a;  <  00.  Feedback  is  5aid  to  be 
benefitiai  (Bode  1945)  at  the  frequencies  where  |l+L(a,ib;)|  >1,  or  equivalently 
|S(a,ict;)|  <1  and  is  non-beneficial  otherwise.  Using  Bode’s  sensitivity  integral,  we 
may  then  define  the  cost  of  feedback  as  /  log  |  S(a,iu)  |  du  over  the  frequency  interval 
where  feedback  is  not  beneficial.  It  follows  that  the  required  cost  function  to  be 
minimized  is  given  by: 

00  .  N, 

/  log  I  s(a,icj)  I  dw  -  I  /  log  j  S{o,iw)  I  dw  I  +  S  Re  (Pf)  >  «  (33) 

w,  o  i"l 


As  the  number  of  uxistable  poles  is  fixed  by  the  plant,  the  cost  of  feedback  is 

minimized  by  minimization  of  |  /  log  j  S(a,iu;)  |  dui  | ,  over  all  a  £  fL  It  turns  out  that 

0 

this  is  equivalent  to  the  minimization  of  the  gain-bandwidth  area  of  log  1 1  -I-  L  | .  Let  G 
be  the  set  of  all  robust  stablizing  controllers  for  {P(s)}.  The  QFD  optimisation  problem 
is  then  set  up  as  follows: 


mm 
G€  <; 


max /  log  I  S(Q,ia/)  \  du 


<»€n, 


subject  to  the  sensitivity  constraint: 

(i)  j  S(a,iw)  j  <  M(w) ,  V  w,  V  a  £  H. 
From  (33),  it  is  clear  that  (34)  is  also  equivalent  to: 


mm 

G<G 


max  /  log  I  S(a,i'-,)  I  di 
a,n  ; 


|. 


(34) 


(35) 


(38) 
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This  agrees  with  the  classical  notion  that  tracking  performance  should  be  achieved  if 
possible  with  the  minimum  amount  of  feedback,  or  minimal  value  of  the  gm>band 
width  area  of  the  loop  transmission  fuction. 


Theorem  3.1. 


Subject  to  the  constraint  |  S(cir,ic>;)  |  <  M(a;),  V  cj, 


min 

G<9 


max  oo  log  |  S(Qr,ia/)  j  du; 


00 

/  log  M(a/)  dw. 


Proof: 

The  result  is  well  known  and  follows  from  the  principle  in  statistical  decision 
theory  for  example  (Kwakemaak  1985)  that  equalizers  yield  min-max  solutions. 

Any  admissible  optimal  sensitivity  solution  So(s)  to  the  QFD  problem  must  be 
analytic  in  the  closed  right  half  complex  plane  and  satisfy: 
I  So(i(j)  I  *■  almost  everywhere. 

Theorem  3.2. 

There  exists  an  So(a)  e  H°°  and  satisfying  the  QFD  constraints  (i.e.  constraints  of 
Theorem  3.1)  if  and  only  if  M(cj)  >  0,  M(cj)  e  Lgo  and: 

00 

/  log  M(w)  dw  >  —  oa  (37) 

—00 


Proof: 

This  follows  easily  from  Hofihnan  (1982)  and  Robinson  (1962). 

Combining  Theorems  (3.1)  and  (3.2),  produces  existence  conditions  for  solvability  of  the 
QFD  problem. 

Theorem  3.3. 

An  H°°  solution  to  the  QFD  problem  exists  if  and  only  if: 

(i)  There  exists  some  G(s)  e  H”  such  that  S(Qr,s)  =»  ^  ^'p  ^  ^  ,  V  o  e  fl 

(ii)  |S(a,iw)|  <M(w)  Vw>0,  VaeO 

00 

(Hi)  M(a;)  e  Loo,  M(w)  >  0  and  satsifies  f  log  M(c<;)  dw  >  —  oc. 

— OO 

In  other  word),  if  an  optimal  sensitivity  function  3o(s)  exists,  iis  magnitude 
I  So(ia;)  I  lies  on  the  sensitivity  boundary  M(w)  almost  everywhere.  This  conclusion  was 
also  arrived  at  by  Gera  and  Horowitz  (1980)  from  a  different  route.  However,  as  pointed 
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out  by  Gera  and  Horowitz  (1980),  a  finite  order  S3pt(s)  €  RH°°  that  simultaneously 
satisfies  the  bounds  on  M(a;)  with  equality  does  not  exist.  Consequently,  the  existence  of 
a  theoretically  admissible  optimal  sensitivity  function  So(s)  e  does  not  necessarily 
imply  the  corresponding  existence  of  a  realizable  (feasible)  sensitivity  function 
Sopt(3)  £  Of  the  three  conditions  of  Theorem  3.3,  condition  (i)  is  the  most  difficult 

to  establish.  Bode’s  sensitivity  integral  equation  (Freudenberg  and  Loose  1988)  shows 
that  for  the  bounding  function  M(a;)  to  be  feasible,  it  is  necessary  for  the  following 
inequality  to  hold: 

00 

S  Re  (Pf)  <  -  /  log  M  (w)  dw  >  0  (38) 

i-i  ^  0 

A  sufficient  condition  for  this  to  be  satisfied  is  that  (Thompson  and  Nwokah  1991): 

Hm  Mt(w)  »  oo  , 


a  condition  that  has  traditionally  been  assumed  in  QFD  work  without  any  particular 
mathematical  justification,  and  suceintly  expresses  the  well  known  fact  that  the  benefits 
of  feedback  cannot  be  obtained  over  an  infinite  frequency  band  (Bailey  and  Cockbum 
1991).  Observe  from  (34)  and  (35)  that  the  optimum  cost  of  feedback  now  reduces  to 

00 

/  log  M(w)  dw.  Any  sub-optimal  sensitivity  function  Mo(‘^)  which  satisfies: 

",  , 

Mo(ci;)  <  M(w)  in  the  frequency  interval  0  <  w  <  will  clearly  satisfy  the  QFD 
performance  specifications,  but  will  also  necessarily  satisfy  Mo(w)  >  M(u/)  in  some  range 
in  the  frequency  interval  <  w  <  Wgo*  Tke  (^timal  bounding  function  M(cj)  is  shown 

in  Fig.  2.  Notice  that  if  {P}  is  stable,  so  that  2  Re  (Pj)  -  0,  feasibility  merely  requires 

i-l 

OO 

that:  J  log  M(a;)  dw  =  0.  When  this  fuls,  use  of  a  suboptimal  Mo(^)  involving  a 

o 

relaxation  of  the  original  performance  specifications  but  which  meets  the  condition  is 
mandatory.  When  (P)  has  no  unstable  inverse  V  a  c  H,  a  feasible  finite  bounding 
function  Mo  (w)  always  exists  (Bailey  and  Cockbum  1991).  After  the  feasibility 
condition  is  satisfied,  it  becomes  necessary  that  Mo(u;)  satisfies  the  Bode  gain-phase  rules 
(Bode  1945)  in  order  for  a  realizable  Sopt(e)  to  exist. 

When  all  the  necessary  feasibility  conditions  are  satisfied,  the  QFD  problem  then 
eflectively  reduces  to  the  synthesis  of  a  suitable  approximation  of  So(s)  with  a  finite 
order  imit  Sopt(9)  €  RH”  such  that: 

lEopt(s)  -  So(3)lloo  <  «  ,  (29) 

for  any  arbitrarily  small  e  >  0.  If  so,  then  a  feasible  sub-optimal  sensitivity  function 
Sopt(s)  which,  satisfies  the  inequality  constraints  on  M(w),  can  be  written  as: 

Sopt(s)  *  -Ms)  S»(s)  =»  Bp(s)  S»(3), 

where  A(s)  can  be  suitably  approximated  as: 


(40) 


A(s)  ~  Bp(3)  (41) 

and  Bp(s)  represents  the  Blaschke  product  of  the  unstable  poles  of  Po(s).  A 
mathematical  solution  of  this  optimization  and  approximation  problem  does  not  exist 
because  in  general  So(s)  is  not  continuous  on  the  boundary,  i.e.,  the  imaginary  axis 
(Robinson  1962).  In  practice  the  actual  sensitivity  function  may  be  oscillatory, 
displaying  several  resonance  peaks,  none  of  which  must  exceed  M(a;)  if  the  specifications 
are  to  be  met. 

4.  Solution  Via  Automatic  Analytic  Loop  Shaping 

Although  constructive  general  existence  conditions  for  the  problem  posed  in  section 
3  are  unknown,  QFD  has  employed  graphical  techniques  to  obtain  acceptable  solutions 
for  the  same  problem  for  a  very  long  time  (Horowitz  and  Sidi,  1972).  From  (22),  write: 

"  1  +  L(a,iw)  “  I  -  P(Q»M 

Po(M 

where  Lq  :*«  ‘G.  Suppressing  the  arguments  a,  icj,  temporarily,  the  above  equation 

can  be  rewritten  as: 


Po 


Here, 

Po(s)  -  Pmo(s) .  B«,(s)  (s)  e-'"  (44) 

where  Tq  is  the  maximum  time  lag,  and  Pnio(s)  >3  the  nominal  minimum  phase  and  stable 
transfer  function  that  contains  the  stable  conjugate  symmetric  factors  of  the  unstable 
terms  in  Bm(s)  and  Bpo(s).  Consequently,  Lo  can  also  be  written  as: 

Lo  Lao  '  L,  (45) 

where 

Lao  “  (^®) 

and 

L.  =  B-‘  e-*'’  (47) 

Assume  that  M(u;)  is  a  feasible  sensitivity  bounding  function.  The  QFD  performance 
and  stability  specifications  now  translate  to: 


.u7 
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closed  compact  interral:  ( 


k  ’  k 
B'tau  “-min 


For  any  u>  e  [0,  o^),  describes  a  complex  rector  from  the  origin  to  a  contour 

surroimding  the  point  (1  +  iO)  in  the  complex  plane.  This  contour  lies  entirely  in  the 
RHP,  does  not  touch  or  enclose  the  origin,  and  transitions  to  the  real  interval 
ko  ko 

.[•r - ,  -r - 1  at  a;  =  04  and  thereafter. 


Therefore  write: 


^  -  a(at)  +  i  b(a) 


(55) 


and 


Lo  «  X  +  iy 


(56) 


Then  equation  (48)  reduces  to 


I  .(al  +  ib^a)  I  <M  v„>o 

X  +  ly  +  a(a)  + 1  b(a)  '  “  ~ 


(57) 


Suppressing  the  argument  a  temporarily  and  squaring  both  sides  of  (57),  the  above 
gives: 


_i_  u\s  ^  a*  +  b 


(x  +  a)*  +  (y  +  b)*  > 


M* 


,  Vo;>0  , 


(58) 


When  the  inequality  in  (58)  is  replaced  by  an  equality,  we  can  obtain  as  a  condition  for 
satisfaction  of  (48),  the  equation  of  a  circle  with  center  (-a,  -ib)  and  radius  rg,  = 

Va*  +  b* 

M 

Let  the  union  of  the  set  of  circles  generated  at  any  given  frequency  u,  and  any  M 
for  all  a  £  n  be  denoted  by  Cp  (a,  w).  Then  Bp  (a/,  <f>)  is  defined  by: 

Bp  (w,  0)  C\Cp  (a,  w)  ,  (58) 


and 

d  Bp  (o;,(^):  =dCp  (at,o;) 


(80) 


where  d  Cp  (a,uj)  is  the  external  boundary  of  Cp  (or,  w).  The  radial  line  from  the  origin 
to  d  Cp  (a,  ui)  at  an  angle  of  —o  from  che  positive  real  line  gives  the  minimum 
(optimun)  |  Lg  |  at  the  given  frequency  and  angle  <i>  for  which  (48)  is  satisfied  with 
equality.  By  sweeping  through  0  f  [0  —  2  xj  the  optimum  |  L,  |  at  the  given  w  and  any 
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phase  angle  <^  £  [0,  —  2;rj  can  thus  be  determine.  Note  that  d  Cp  (at,  u)  divides  C  into 
two  disjoint  regions:  and  interior  and  an  exterior  region.  Anj  admissible  |  Lq  |  is 
required  to  lie  (preferably)  on  the  boundary  dBp(a/,^)  or  at  least  in  the  exterior  region 
Bp(c<;,  1^)  in  order  for  the  corresponding  sensitivity  function  to  satisfy  the  QFD 
specifications  at  oj.  For  feasibility,  the  interior  region  is  a  forbidden  region.  By 
repeating  the  same  procedure  at  a  finite  number  of  frequencies,  a  aeries  of  non* 
intersecting  performance  boundaries  generated  on  the  complex  plane.  These 
boundaries  are  easily  translated  to  the  Nichols  chart.  The  relative  stability  specification 
|S(a,iii^)j  <Mp  also  translates  to  a  corresponding  (closed)  region  C,(a,a;) 
surrounding  ths  critical  point  (  -1  +  i  0)  called  the  relative  stability  region  with 
boundary  ^,(a,cj),  which  is  determined  as  follows: 


From  w  >  o^, 


is  a  vector  based  at  the  origin  and  terminating  at  any  point 
Consequently  in  the  inequality  (58),  b(Q()  s  0,  V  ,w  >  o^. 


At  w  «■  04  ,  M  (04)  a.  Mp. 


(61) 


Hence  the  inequality  (58)  at  0;  ^  04  reduces  to 


(x  +  a)*  +  y*  >  ,  Mp  >  1 


Again,  if  the  inequality  in  (62)  is  replaced  with  an  equality,  we  obtain  the  equation  of  a 
circle  with  center  (— a,i0)  and  radius 


The  centers  of  these  sets  of  circles  for  all  a  £  H  lie  between 


Call  these  sets  of  circles  C,  (ar,o;)  with  boundary  dC,  (a,o;). 

Observe  that 

Cp  (a,cj)  C  C,  (a,u/)  V  u;  >  04  ;  (85) 

which  gives  a  further  justification  for  terminating  feedback  after  u  »  ^4.  The  region 
C,  (or,o;)  is  called  the  high  frequency  forbidden  region  while  dC,  (0,0.)  is  called  the 
universal  high  frequency  boundary.  Notice  that  (-1  -f-  :0)  CCj(or,o;).  Since  for 
feasibility,  /  C,  (a,cu)  V  w  >  0,  C,  (a,w)  effectively  forms  a  forbidden  relative 
stability  region  that  is  derived  directly  from  the  stability  constraint  M..  Any  admissible 
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Lo  ia  also  required  to  avoid  the  interior  of  C,  (a,cj).  All  these  sets  and  boundaries  which 
are  displayed  in  Fig.  3  are  easily  translated  to  the  Nichols  chart  as  shown  in  Fig.  4.  If 

equation  (63)  is  replaced  with  r'm  » to  take  account  of  the  high  frequency  plant 

I  .  I  ^ 

g^  I  PB(i(<^)  I  ai(u);  then  d  C,  (a,u)  becomes  a  function  of  frequency,  (see  Fig  4a). 
Observe  that  d  C,  (ar,u;)  expands  with  increasing  ui  because  M  decreases  towards  1  and 
m  increases  as  w  — *  oo,  so  that  Wa  increaae!i.  Define 

d  C,  (ci£,a) :  -  5  B,  (w)  ,  (68) 


where  d  B,  (w)  is  symmetrical  about  the  4^  —  180  *  line.  However  its  position  along 
this  line  is  completely  determined  by  the  choice  of  ko  e  k(a),  subject  only  to  the 
constraint: 


(“1  +  iO)  C  C,  {a,u) 


(67) 


This  would  appear  to  suggest  that  an  ’optiznai’  choice  of  a  nominal  model  Po(3) 
may  be  possible  but  the  exact  criteria  of  optimality  are  unknown  at  present.  For 
example  if  maximization  of  the  gain  margin  of  in  the  classical  control  sense  is  desired, 

V 

then  it  can  be  shown  that  an  optimal  choice  of  Po(s)  is  that  for  which  — —  1.  This 


choice  has  fortuitously  been  made  in  most  traditional  QFD  work  (Horowitz  and  Sidi 
1972).  On  the  other  hand  if  a  full  unstructured  description  is  used  for  P(o!,s)  as  in  H°° 

kg 

control  say,  then  Po(3)  must  necessarily  be  chosen  so  that  - - =:  1,  for  only  then  are 


we  guaranteed  that:  | 


P  -P„ 


'  S  ^  ^  ^  ^  ^  Having  generated  the  performance 


seta  Bp  (^,w)  and  the  universal  high  frequency  boundary  d  B,(a;),  the  design  problem 
reduces  to  fitting  a  feasible  Lg  (if  one  exists)  to  satisfy  the  QFD  specifications  without 
violating  either  of  the  boundaries  d  Bp  {<f),u)  and  d  B,  (w)  for  all  w  «  (0  oo),  or  the  Bode 
sensitivity  integral  constraints  and  the  gain>phase  rules.  Note  that  condition  (i)  of 
Theorem  3.3  is  automatically  satisfied  if  such  an  Lg  exists  and  satisfies  the  Nyquist 
stability  criteria. 


Write 


La 


(-1) 


N.-N, 


N. 

n 


i-l 


1-^ 

n 

j-t 

i  +  p- 

1  +  — 

1--^ 

<1 

Poj 

k  / 

(68) 


Then, 


log  Lg  aa  Log  Lmo  +  log  La 


and 


'  argL«,  arg  Lmo  +  arg  La 


N  If 

arg  Lmo +  2  tan~‘  £  tan~‘  ^ 

H  i-i  Zj  J  "  - 


where 


0,  if  Nz  —  Np  is  xero  or  even 
—  JT  otherwise. 


Since  internal  stability  dictates  that  G  be  stable,  we  aim  to  loop  shape  on  Lmo.  But 
I  Lmo  I  =  I  Lo  and  as 


Lmo  “  Lo  La~* 


it  follows  that: 

'if  N  ^ 

argLmo-argLo+2  -Stan-'—l  +  wro  +7r_,  (72a) 

(i-l  j-i  rj  J  ' 

=»  arg  Lo  +  (72b) 

CoMequently  by  translating  the  boundaries  Bp(w)  and  B,(w)  on  the  Nichols  chart  by 
at  eve^  frequency  w,  we  obtain  the  design  boundaries  B^(cJ}  and  B„(s)  on 
which  actual  loop  shaping  will  be  done.  When  the  new  boundaria  Bpa(a)  and  B„(s) 
indicate  that  loopsfaapmg  is  impossible,  a  stable  non-minimum  phase  controller  G  is 
called  for  whenever  is  very  negative.  Thb  puts  the  boundaries  back  into  the  phase 
region  |0  Trj.  Once  Ln,o  is  designed,  we  recover  Lo  from  Lo  Ln„,  •  L,. 

..  "^Le  process  of  selecting  an  appropriate  L*  from  the  set  of  all  admiadble  L’s  that 
satisfies  the  boundary  conditions  with  minimum  controller  gain  and  minimum  controller 
bandwidth  is  the  very  essence  of  QFD  loop  shaping.  Traditionally  this  aspect  of  the 
desi^  involves  trial  and  error  procedures.  In  an  attempt  to  systematixe  the  process,  we 
make  the  loop  shaping  procedure  automatic  by  first  rolvin*  an  H* 

optimisation  problem.  The  optimal  controller  is  then  used  as  an  initiaiixing 
contijller  in  a  nonlinear  optimisation  automatic  loop  shaping  algorithm  developed  by 
Thompron  (icgo).  The  initiaiixing  IT”  controller  is  needed  in  the  routine  because  unless 
an  initial  controller  is  "near"  to  the  optimum  in  the  low  frequency  region,  the 
optimisation  scheme  may  converge  to  some  unacceptable  local  optimum.  The  H” 
controller  often  satisfies  the  "nearness"  condition  and  hence  avoids  ,  the  problem.  The 
determination  of  the  appropriate  initialising  controller  using  suitadile  H” 

approximation,  to  tha  QFD  speoiaciation,  and  'c  „  appropriat.  wishtins 

functions  respectively  for  the  sensitivity  and  complementary  sensitivity  functions  is 
developed  in  detail  in  (Nwokah,  Jayasuriya  and  Chait  1891,1992). 
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Denote  the  resulting  H°°  controller  by  Gh>  Once  Gh  is  determined,  we  draw  the 
graph  of  Lg(io;)  » PgGH(ib;)  on  the  Nichols  chart.  This  forms  the  initialiiing  loop 
transmission  function  for  the  QFD  optimization  algorithm.  On  the  same  N^chob  chart  is 
superimposed  the  standard  QFD  performance  and  stability  boundaries  obtained  from 
equations  (58)  and  (62).  The  over-design  in  the  H*”  solution  will  usually  be  graphically 
apparent.  The  QFD  optimization  routine  strives  to  reduce  the  gain-bandwidth  area  of 
Lh  by  moving  Lg(icj)  towards  the  boundaries  at  every  frequency.  Once  the  boundary 
conditions  are  satisfied,  the  loop  transmission  function  can  be  rolled  off  as  rapidly  as 
possible  in  order  to  reduce  the  controller  bandwidth  as  shown  in  Fig.  5.  The  resultant 
loop  transmission  function  is  designated  as  Lq.  It  is  not  difficult  to  show  that 

I  Lg(icj)  I  >  I  LQ(iu;)  |  V  w  ^  0  .  (73) 

Starting  with  the  same  nominal  models  P^,  equation  (73)  then  establishes  that: 

|Gh(MI  >  |GQ(iw)|,  Va;>0  .  (74) 


Thus,  although  general  existence  conditions  for  solvability  of  the  QFD 
optimization  problem  (34)  are  unknown,  the  existence  of  an  solution  to  the  resultant 
unstructured  uncertainty  problem  is  certainly  a  sufficient  condition  for  solvability  of  the 
corresponding  QFD  problem.  The  reason  for  this  lies  in  the  different  descriptions  of  the 
Po  Po 

relative  uncertainty  in  (37).  In  QFD,  is  some  contour  centered  at  (1  -I-  iO)  in 

the  complex  plane.  On  the  other  hand  the  corresponding  H°°  description  of  is  a 
disk  centered  at  (1  +  iO)  whose  radius  is  given  by  the  maximum  distance  from  (1  +  iO)  to 

p 

the  boimdary  of  Consequently  the  H°“  uncertainty  template  at  any  frequency 

entirely  contains  the  corresponding  QFD  uncertainty  template  at  that  frequency.  Or 
equivalently,  the  performance  boundary  Bp{ui,4')  generated  by  the  H°°  disk  surrounding 
Pq  Pq 

(icj)  will  enclose  the  corresponding  generated  from  the  contour  -p-(iw)  at 


every  w,  i.e. 


Bp  (w,^)  I  >  Bp  I  QjD  V  ui 


Since  admissible  loop  transmission  functions  must  lie  on  or  above  their  corresponding 
boundaries  at  every  u,  the  inequality  (73)  can  easily  be  established. 


5.  The  Design  Example 

The  following  QFD  design  example  is  based  upon  the  formulation  for  the  C-135 
lateral  autopilot  (Thompson  1990).  The  three  fiight  conditions  considered  in  this 
example,,  with  relevant  information,  are  given  in  Table  1. 


Table  1:  Flight  conditiooa  for  the  C-135  aircraft  (Thompsoa  1080). 


Flight 

Condition 

Altitude 

(ft.) 

Mach 

Number 

Groes  Wt. 
(lbs.) 

Velocit7 

(ft./aee.) 

1.  Cruise  1 

42,000 

0.75 

190,000 

726 

2.  Cruise  2 

25,000 

0.65 

250,000 

660 

3.  Power  Approach 

Sea  Level 

- 

165,000 

275 

Equivalent  plants  Pi  (a),  i  =  1,  2,  3  for  the  above  flight  conditions  are  given  as  follows: 
Flight  Condition  1. 


0.7878(3  +  22.35)(s  + 15.61) 


Flight  Condition  2. 


Pt(8) 


Flight  Condition  3. 


Ps(s) 


(s  +  0.52fl5)(s  +  16.52)(s  +  23.27)(3  -  0.01572) 

0.7088(s  +  30.3)(a  -I-  0.8731) _ 

*  (a*  +  1.578  +  0.6170)(8  +  28.71)(8  -  0.032) 

_ 1.434(8  -f  4.12)(8  -f  1.37) _ 

(a*  +  2.56s  +  1.8013)(s  +  3.42)(8  -  0.04) 


(75) 


(76) 


(77) 


A  connected  set  P(Qt,a)  can  be  constructed  from  the  3-piant  set  (75)-(77)  (Thompson 
1990).  Observe  that  the  least  stable  plant  arises  from  flight  condition  3.  Aaniining  ffight 
condition  3  as  the  nominal  model,  Sq{ui)  was  generated  as  in  Table  2  below. 
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Table  2:  Relative  plant  uncertainty;  C-135. 


^0(0;)  is  bounded  above  by  the  RH”  function: 


^<|W,{3)| 


0.032  oli" Xo  ^ 


which  is  obtained  by  a  Bode  approximation  of  the  data  in  Table  2,  where  Wj(8)  b  the 
complimentary  sensitivity  weighting  function  in  H*  control.  The  tracking  specifications 
are  given  by  (Thompson  1890): 


To(3) 


(i  +  ^)(i+=)(i+^) 


Combination  of  all  the  performance  specifications  then  yield: 


0.032  0.S5  3.0  ^ 


^  I  S{a,iu)  I  <  Mt  (w):  -  wr'(s)  -  .  1.3X  - - 2:55 - 3^ 

2  0.02  0.2  1.1  ^ 


where  Wi(s)  is  the  sensitivity  weighting  function  in  H*  control.  Stability  and 
disturbance  requirements  are  constrained  by  Mp  <  1.41  or  equivalently, 

I  S(Qt,iwij)  I  <1.41.  Using  the  above  sensitivity  inequalities,  :he  performance 

boundaries  were  generated.  The  nonlinear  optimization  package  developed  in 
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(Thompson  1990)  was  applied  to  an  initial  controller  as  shown  in  Fig.  5,  and  four 
iterations  yielded  the  controller: 


G<j{s) 


12.877(1  + 


0.091 


)(1  + 


0.071 


*  0.714  *  2.20  ^ 


o:k)'‘  +  o:k«‘+-i4!5r) 


(82) 


with  the  corresponding  prefilter  giren  by: 


F(s) 


(83) 


The  response  to  a  step  input  command  in  bank  angle  for  different  flight  conditions  is 
given  in  Fig.  6.  Note  that  the  performance  specifications  are  completely  satisfied  for 
every  flight  condition. 


6.  Coiulusions 

Quantitative  feedback  design  is  a  very  useful  robust  control  methodology  whenever 
large  parametric  uncertainty  and  hard  constraints  on  closed  loop  response  are  indicated. 
Until  recently  however,  the  technique  relied  almost  entirely  on  semi-analytical  and 
graphical  methods,  making  comparison  with  H°°  control  at  best  indirect.  By  using  H°° 
control  as  an  initial  trial  design  however,  the  QFD  methodology  can  be  systematized. 
The  formalization  of  the  QFD  process  such  as  is  presented  here  makes  comparison  with 
H°°  and  /x~s3^thesis  straightforward.  The  rc^t  of  the  non  inclusion  of  phase 
information  in  these  methods  is  the  inevitability  of  a  higher  cost  of  feedback,  as  shown 
by  the  example.  The  extension  of  these  ideas  to  multivzjrisble  systems  is  not  difficult 
(Nwokah,  Thompson,  Perez  1990).  Investigations  into  the  adaptation  of  this  approach 
to  nonlinear  control  design  along  the  lines  originally  suggested  by  Horowitz  is  in 
progress. 
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Figure  5:  Sequential  Controller  Optimization  from  initial  Gh- 

Figure  6:  Bank  Angie  Response  For  Different  Flight  Conaitions. 
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A  ROBUST  DIGITAL  FLIGHT  CONTROL  SYSTEM 
FOR  AN  UNMANNED  RESEARCH  VEHICLE 
USING  DISCRETE  QUANTITATIVE 
FEEDBACK  THEORY 


D.J.  Lacey,  Jr*  I.M.  Horowitz*,  C.H.  Houpis*,  S.N.  Sheldon^ 


Abstract 

This  paper  synopsizes  the  application  of  dig¬ 
ital  multiple-input  multiple-output  Quanti¬ 
tative  Feedback  Theory  technique  to  the  de¬ 
sign  of  a  three  axis  rate  controller  for  the 
Lambda  Unmanned  Research  Vehicle.  Sim¬ 
ulations  show  that  the  resulting  robust  con¬ 
troller  performs  well  throughout  the  flight  en¬ 
velope  without  gain  scheduling.  A  small  per¬ 
turbation  linear  model  developed  from  flight 
test  data  is  used  for  the  design.  Nineteen  sep¬ 
arate  plants  are  used  to  represent  the  flight 
envelope  of  the  aircraft  resulting  from  varia¬ 
tions  in  speed,  altitude,  center  of  gravity  lo¬ 
cation,  and  weight.  The  design  employs  the 
Nichols  Chart  and  is  accomplished  in  the  w'- 
domain. 


1  INTRODUCTION 

The  Control  Systems  Development  Branch  of  the 
Wright  Laboratory  at  Wright  Patterson  Air  Force 
Base,  OH  (WL/FIGL)  developed  the  Lambda  un¬ 
manned  research  vehicle  (URV)  for  in-flight  testing 
of  experimental  aircraft  (A/C)  control  hardware  and 
software.  In  order  to  provide  the  necessary  test  data, 
Lambda  requires  a  stable,  robust  flight  control  system 
which  performs  well  throughout  the  entire  flight  enve¬ 
lope. 

Quantitative  Feedback  Theory  (QFT)  is  a  frequency 
design  technique  incorporating  plant  uncertainty  early 
in  the  design  process  resulting  in  a  robust  controller 
[1].  In  this  design  effort  [2]  the  variations  in  plant 
parameters  come  from  different  flight  conditions.  Ro¬ 
bust  automatic  flight  control  systems  in  a  URV,  and 
unmanned  aerial  vehicles  in  general,  are  important  to 
their  mission  because  they  reduce  pilot  work  load,  in¬ 
crease  safety,  and  aid  in  the  recovery  of  the  vehicle. 

*Ait  Force  Institute  of  Technology 

*Wright  Laboratory 


This  design  was  created  and  tested  on  Sun  SPARC- 
station  2  workstations.  All  development  and  testing 
was  done  using  MATRIX^  • 

2  PROBLEM  DEFINITION 

The  challenge  was  to  produce  a  robust  digital  flight 
control  system  for  Lambda  using  QFT  and  deliver  a 
set  of  controller  difference  equations.  This  controller 
aims  to  uncouple  the  roll,  pitch  and  yaw  responses. 
The  system  must  meet  all  performance  specificaticns 
throughout  the  entire  flight  envelope  which  includes 
speeds  from  45  to  110  knots,  center  of  gravity  lo¬ 
cations  between  21.8  and  32.4%  Mean  Aerodynsunic 
Cord  (MAC),  vehicle  weights  from  181  to  215  pounds, 
and  altitudes  up  to  5000  feet.  Air  speeds  may  vary 
between  76  and  185  feet-per-second. 

2.1  Assumptions 

Several  assumptions  were  used  to  simplify  the  design 
procedure.  The  design  uses  a  linear  time-invariant 
(LTI)  model  of  L2unbda  which  is  known  to  be  a  non¬ 
linear  system.  Further,  the  equations  of  motion  and 
the  A/C  dynamics  are  assumed  to  be  Laplace  trans¬ 
formable.  In  addition,  the  following  conditions  are  as¬ 
sumed: 

•  Small-angle  perturbation  models  are  valid. 

•  Aircraft  mass  is  constant. 

•  The  aircr2d't  is  rigid:  that  is,  no  bending  or  flutter 
modes. 

•  The  commanded  inputs  amd  the  commanded  out¬ 
puts  are  measurable. 

•  Three-axis  rate  signals — pitch  rate  (g),  roll  rate 
(p)  and  yaw  rate  (r) — and  the  Euler  euigles — 
pitch  angle  (0),  roll  angle  (^),  and  yaw  angle 
(Vi) — are  available  on  the  Lambda  URV. 

•  A  digital  sampling  rate  of  50  Hz  is  used. 


2.2  Scope 

The  design  is  limited  to  the  development  of  the 
set  of  controller  difference  equations  needed  to  con¬ 
trol  Lambda  throughout  the  expected  flight  envelope. 
Eventually,  the  success  of  the  design  will  be  proven 
when  the  automatic  flight  control  system  is  installed 
and  flown  on  Lambda. 

2.3  Standards 

The  controller  is  required  to  have  a  45*  phase  margin 
throughout  the  flight  envelope  in  all  three  axes — pitch, 
roll,  and  yaw.  In  addition,  the  A/C  is  required  to 
meet  figures-of-merit  including  specific  rise  time  and 
overshoot  requirements  shown  in  Table  (1)  [3]. 


Table  1:  Design  Figures-of- Merit 


Model 

iRggai 

■ 

0.84 

1.56 

1.0 

tVSK’.l  , 

fcm4rrn(*) 

0.15 

2.05 

1.23 

■ 

Pemdr.  »(*) 

0.87 

1.56 

1.0 

0.44 

0.78 

1.0 

3.48 

6.22 

i.O 

1.76 

3.13 

1.0 

3  DESIGN  APPROACH 

3.1  Approach/Methodology 

Beginning  with  a  mathematical  descriotion  of  the 
A/C,  followed  by  definition  of  ^.he  flight  envelope,  indi¬ 
vidual  flight  conditions  are  selectv’d  using  variations  in 
flight  spe^,  center  of  gravity  location,  vehicle  weight, 
and  altitude.  Analysis  of  the  model  reveals  the  lateral- 
directional  dynamics  can  be  separated  from  the  lon¬ 
gitudinal  dynamics.  Thus,  the  de<’ign  reduces  to  a 
single-input  single-output  (SISO)  QFT  system  de¬ 
sign  for  the  longitudinal  channel  and  a  two-by-two 
multiple-input  multiple-output  (MIMO)  QFT  system 
design  for  the  lateral  channel.  In  .iddition,  unstable 
and  nonminimum  phase  conditions  exist.  Inversion  of 
the  plant  matrix  is  necessary  [1],  therefore  the  plants 
must  be  square.  In  this  case,  flight  data  used  for 
the  mathematical  model  produced  square  (three-by- 
three)  plants. 

A  two-by-two  MIMO  system  QFT  design  requires  the 
synthesis  of  two  separate  transmission  loops.  Design 
should  start  with  the  loop  with  the  smallest  band¬ 
width.  Once  obtained,  the  first  loop  is  used  in  develop¬ 


ing  the  second  loop.  The  technique  of  designing  loops 
using  elements  of  previously  designed  loops  is  part  of 
the  QFT  improved  method  (Method  Two).  Method 
Two  takes  into  account  the  reduction  in  uncertainty 
resulting  from  the  compensation  of  the  previous  loops 
[4].  Once  the  loops  are  shaped,  the  design  is  simulate 
on  the  computer  to  validate  the  performance  expecta¬ 
tions.  The  steps  used  for  application  of  the  discrete 
QF  T  technique  are: 


•  Choose  the  Flight  Conditions 

•  Determine  the  Plant  Transfer  Function  Matrix, 
P(8) 

•  Invert  P(s) 


P-‘(S) 


P*l(*)  Pi3(s) 

Pl2(*)  p5j(*) 


(1) 


•  Calculate  the  Q(s)  M^.tnx 


Q(s)  = 


PlaC*) 


(2) 


•  Transform  Q(8)  to  the  w'  Domain,  Q(w')  which 
includes  the  necessary  zero  order  hold  (ZOH). 

•  Determine  the  Frequency  Response  Data 

•  Extract  the  Template  Data  from  the  Frequency 
Response  Data 

•  Plot  the  Templates  for  One  Input-Output  Pair 

•  Choose  a  Nominal  Plant 

•  Use  the  Templates  to  Form  the  Stability  and  Per¬ 
formance  Bounds 

•  Shape  the  Nominal  Loop,  Lo(w') 

•  Extract  the  Compensator,  G(w'),  from  Le(w') 

•  Synthesize  the  Prefilter,  F(w') 

•  Shape  the  :^meun'ng  Loops 

•  Form  the  Remaining  G(w')’8  and  F(w')’s 

•  Verify  Loop  Shaping  in  the  w'-plane 

•  Ttansform  tae  F(w')’8  to  F(z)’8  and  the  G(w')’s 
to  G(*)’s 

•  Simulate  using  the  G(z)’s,  F(z)’s,  and  P(s)’s 


3.2  The  Aircraft  Model 

Lambda  is  a  small  remotely-piloted  airplane  with  a 
14  foot  wing  span  and  weight  of  approximately  200 
pounds.  It  uses  a  pusher  propeller  behind  the  fuselage 
and  in  front  of  a  conventional  aft  tail.  The  horizontal 
tail  consists  of  a  horizontal  stabilizer  and  a  split  ele¬ 
vator.  A  vertical  tail  is  located  on  either  end  of  the 
horizontal  tail,  and  consists  of  a  vertical  stabilizer  and 
rudder.  The  wings  are  slightly  tapered;  each  has  three 
trailing,  movable  control  surfaces. 
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Table  2.  Lambda  Descriptive  Data 


Dimensions 

Wing  Span  .  14  ft 

Wing  Area .  19  sq  ft 

Length  .  9.6  ft 

Height  With  Landing  Gear  .  3  ft 

Propeller  Diameter  .  2.3  ft _ 

Weights 

Maximum  Fuel  .  14  lb 

Maximum  Payload  .  15  lb 

Maximum  Flight  Weight  .  200  lb 

Performance 

Maximum  Level  Speed  at  Sea  Level  115  mph 

(100  knots) 

Stall  Speed  .  63  mph 

(55  knots) 

Stall  Speed  With  Flaps  .  52  mph 

_ I _  (45  knots) 


Power .  18  hp 

Type .  2  cyde 

_ _ 2  cylinder 

Control  Limits 

Elevator  Deflection  Limit  .  ±15* 

Rudder  Deflection  Limit  .  ±  25' 

Flap  Deflection  Limit  .  20'  down 

Aileron  Deflection  Limit  .  ±  15' 


Lambda  closely  resembles  the  Pioneer  UAV  success¬ 
fully  employed  by  the  United  States  Navy  in  the  Per¬ 
sian  Gulf  War.  The  Pioneers  are  slightly  larger  and 
twice  as  heavy  but  share  the  configuration  of  an  aft 
tail,  center  mounted  engine,  and  pusher  propeller. 
Lambda  has  ten  separate  control  surfaces.  They  are: 


•  Left  Elevator 

•  Right  Elevator 

•  Left  Rudder 

•  Right  Rudder 

•  Left  Aileron 


Right  Aileron 
Left  Outer  Flap 
Right  Outer  Flap 
Left  Inner  Flap 
Right  Inner  Flap 


Figure  1:  Lambda  URV 


Even  though  each  cont'ol  surface  can  be  operated  in¬ 
dependently,  the  flight  data,  used  to  create  the  math- 
ematicad  model  upon  which  this  design  is  based,  were 
obtained  using  the  control  surfaces  together.  All  four 
of  the  flap  control  surfaces  were  operated  together  as 
were  the  two  rudders.  The  split  elevators  were  de¬ 
flected  together  while  the  ailerons  were  operated  dif¬ 
ferentially.  Since  the  mathematical  model  does  not 
include  flap  actuator  dynamics,  the  flaps  are  not  used 
as  a  control  surface. 

It  is  expected  that  Lambda  will  gain  weight.  Indeed, 
today’s  model  of  Lambda  is  heavier  than  it  was  when 
first  built,  which  was  heavier  than  specified.  The 
weight  increase  results  from  adding  equipment,  such  as 
video  cameras  and  additional  sensors.  For  this  reason, 
this  design  includes  weights  up  to  215  pounds.  Ad¬ 
ditionally,  since  Lambda  is  designed  to  fly  at  speeds 
up  to  100  knots,  speeds  up  to  110  knots  are  included 
to  encompass  all  of  the  expected  plant  variation.  The 
heavier  weights  are  very  demanding  of  the  technique 
and  contribute  greater  plant  variation  compared  with 
the  higher  speeds  which  contribute  little  variation. 

The  small  perturbation  model  is  based  on  a  series  of 
test  flights  and  was  developed  by  Swift  [5].  The  model 
incorporates  the  traditional  stability  derivatives  into 
a  state  space  representation  of  the  A/C.  A  MATLAB 
macro  file  creates  the  state  space  representation  along 
with  the  stability  derivatives  when  given  a  set  of  flight 
conditions.  The  A/C,  excluding  actuator  and  sensor 
dynamics,  is  described  using  nine  states.  They  are:  q, 
p,  r,  6,  (f>  ,^,  a,  u,  p.  Of  these,  q,  0,  a,  and  u  are 
used  to  describe  the  longitudinal  channel,  while  the 
states  p,  r,  (p,  il>,  and  /?  describe  the  lateral-directional 
dynamics.  The  A/C  model  state  space  representation 

x{t)  =  A{t)x(t)  -f  B(<)u(<)  (3) 

y(t)  =  Cx(0  (4) 

Assuming  zero  initial  conditions  (xq  =  0)  and  a  trim 
condition  (xo  =  0),  the  Laplace  transform  of  the  plant 
is  the  perturbation  model: 

X(s)  =  A(s)X(8)  +  B(s)U(s)  (5) 

Y(s)  =  C(8)X(s)  (6) 

where: 


C(s)  —  [  C(/i)iong  C(s)iat  ]  (9) 

The  Lambda  longitudinal  and  lateral-directional  dy¬ 
namics  are  modelled  a.s  deroupled.  Actually,  .some  un¬ 
modelled  coupling  ex  -!a,  however,  this  design  uses  the 
best  model  available 

The  actuators  used  in  the  model  are  second-order  in 
the  pitch  and  roll  channels  and  first -ordi  m  the  yaw 
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rhaiiiinl.  'I'iir  inodt^l  um^d  for  thi*  pitch  chnnncl  aclim- 
lor  is. 


87 


+  )H«  +  1'2() 

'I'lic  iikkIi-I  lined  for  llie  mil  rliikllliel  in. 

8-1 

The  model  lined  for  the  yaw  elinniiel  in: 

J)  58 
*  +  fi.2 


(10) 


(II) 


(12) 


The  wnnorn  iineil  to  iiienniire  th»'  raten  an-  identical 
gyrnneopen  with  traiinfer  fiiiictioiin  modelled  aa: 

50 


t  +  50 


(13) 


'riiin  paper  covern  the  only  denigii  of  the  loiigitiidiiial 
rliaiiiiel  of  l,aml»la  lining  QKT.  The  entire  denign,  in 
eluding  the  lateral  ilirecitoiial  rhaiiiK'l  along  with  a<l 
ditional  autopilot  fiiiictionn,  in  covered  in  (2). 

3.3  Flight  Coiiditiopn 

l.amhda  in  to  fly  within  the  llight  envelope; 

•  Speeds  from  “15  to  100  Kiiotn 

•  Maximum  Flight  Weight  200  I’oiindn 

•  Altitude  up  to  5000  Feel 

rile  flight  coiKlitionn  are  wiected  from  the  ilenign  llight 
envelope  of  l.amhda  with  roiinideratioim  given  to  the 
growth  of  the  program  and  expected  chaiigen  There 
are  four  variahles  coiiniilered  in  the  m-lection  of  llight 
condition*.  They  are: 

•  (  enter  of  (Jravity  Location 

•  Flight  Sfieed 

•  Altitude 

•  Aircraft  Weight 

The  minimum  and  maximimi  valiu's  of  each  variahh' 
create  a  wt  of  I  f>  flight  conditions  I  hi'  Hi  tliglit  condi 
tionn  produce  two  widely  spaced  plant  gtoiipnigs  The 
diflerence  ill  speed  coutrifuiles  the  most  to  the  wide 
plant  van.atioii,  with  the  other  vanalih's  contriluiting 
smaller  variations  Three  additional  speeds  are  added 
to  fill  in  the  gap  hi'tweeii  the  lower  and  higher  speeds 
A  weight  of  200  pounds,  a  center  of  gravity  location  in 
the  center  of  the  range,  along  with  the  |owe«i  altilu.le, 
are  chosen  for  the  additional  conditions  A  total  of  10 
separate  plants  are  nseil  as  shown  in  Tahle  3  3 


Talile  3:  The  Aircraft  Flight  (  ainilitioiin 
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3.d  *  Pilule  'iViiiinfer  l''niiction* 


The  longitudinal  plant  trannfei  functions  are  devel¬ 
oped  from  MA'I'HIXx  uning  the  System  lliiild  capahil 
ity  Fach  condition  is  used  as  an  input  into  the  MAT- 
LAD  macro  lile  The  outputs  incliiile  A  and  IJ  matri 
Cl'S  for  the  loiigit inlinal  and  lateral  ilireclional  dynam¬ 
ics  of  Lamhda.  I  he  Ai,,,,,  and  IJ/,,,,,  matrices  for  the 
longitudinal  channel  are  ri*pertively  of  the  form; 


X„  X„ 

li  i.  'y. 

II  Z,.  II  /  . 

I)  tl 


0 

II  f /... 

rr  "Za 

f  M„  IJ  + 

I.  X.  ■ 

I 


-  !i  con  0 

-  9  sin  0 

-  i/M„  sin  0 

0 

(I-l) 


M.  ,  r  M..Z, 
.  .siiv 
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Sinr#*  tiln*  llap.M  ;irf  not.  umitI  tw  a  ront.rtit  inf>uf.,  Ih** 
roinnm  ol  ih  th,m  jiril  -il  whirli  n'Hitll.M  in: 
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The  longitudinal  matrices,  A,B,C,  and  D  are  then 
assembled  into  a  state  space  representation: 


A  B 

C  D 


(17) 


1  he  state  space  representation  is  used  in  a  MA'I'RIXx 
Svstem  Huild  simulation  to  produce  a  linearized  state 
space  model  which  includes  the  actuators  and  sensors. 
1  he  resulting  state  spare  representation  is  then  trans- 
f<  rmed  to  a  transfer  function  which  relates  the  output 
ti  the  input.  The  transfer  functions  are  used  in  the 
d-'sign  of  the  QFT  controller  which  includes  a  compen¬ 
sator  as  well  as  a  prefilter  (Fig.  2).  A  complete  set  of 
transfer  functions  used  in  the  design  is  included  in  the 
appendix  of  [2], 


Figure  2:  QFT  Controller  Block  Diagram 


3.5  w'  Plant  Transfer  Fhinctions 


l  ambda  ii.ses  digital  flight  control  hardware  requiring 
a  digital  flight  control  system  design.  Although  an  ad¬ 
ditional  transform  is  necessary,  the  w'  plane  is  used 
III  this  design  because  it  allows  use  of  s  plane  devel¬ 
opment  tools,  such  as  the  Nichols  Chart.  Designing 
either  in  tlie  w'  plane  or  the  s  plane,  the  pseudo 
continuous  ap|>roarh  (f’("T  ),  produces  s.>me  “warping” 
when  transforming  the  s  or  w'  plane  coiif  rolh  r  into  tlie 
z  doniain  l  lie  degree  cif  'waifiing  decreaws  as  the 
sampling  time  derrea.s»'s  a.s  shcrwn  in  (fij. 

The  w'  plane  r,.presentuti. ai  is  normally  obtained  hy 
transforming  ttie  s  plane  plant,  with  a  zero  f>rder 
hold  (ZOH),  into  the  z-plane  then  performing  the  bi¬ 
linear  transformation; 


2  +  w'  T 

2”  w'^r 


(18) 


w 


(19) 


where  T  is  equal  to  the  sampling  interval.  From: 


Sampling  Frequency  '  ^ 

bamhda  has  a  sampling  frequency  of  50  Hz  which  is 
equivalent  to  a  .sampling  interval  of  0.02  seconds.  The 
relationships  between  s,  z,  and  the  w'  plane  are  pre- 
■sented  in  [6], 

In  this  design,  the  w'-plane  representation  of  the 
plants  are  found  using  the  Hofmann  algorithm  [7],  The 
Hofmann  algorithm  allows  conversion  of  the  s  domain 
representation  through  the  z-  plane  and  into  the  w' 
plane  without  the  normal  numerical  difflculties  [.1]  An 
important  feature  of  Hofmann's  algorithm  is  the  au¬ 
tomatic  inclusion  of  the  zero  order  hold.  A  '/OH  is 
a.ssumed  to  exist  between  the  digital  controller  and 
the  analog  A/C.  The  Hofmann  algorithm  allows  con¬ 
version  of: 


sX(s)  =  AX(s)  -f  BU{s) 

and: 

Y(8)  =  CX(s)  -I-  DU(s) 
to: 


w'X(w')  =  A*X(w') 


B*U(w') 


and: 

Y(w')  =  CX(w')-fDU(w') 

where; 


(21) 

(22) 

(23) 

(24) 


A  six  term  'Faylor  series  approximation  of  A,  is  used  in 
this  design  Since  there  are  19  plants  included  in  this 
ilesign,  the  llofmanti  algorithm  is  performed  19  times 
by  using  the  programming  capability  of  MA'I'RIXx 
and  placing  the  program  code  [3]  in  an  iterative  loop. 

I  he  w'  plane  representation  of  the  transfer  fiipc- 
lion  .’it  the  nominal  conditions  conlains  non-minimum 
pha.se  (NMl')  zeros  at  100  and  130  resulting  from  the 
w'  transformation,  which  alw.ays  produces  a  transfer 
function  with  the  same  iitifidx  r  of  zeros  as  poles  The 
NMP  zero  at  100  is  due  to  lie  suiiptiug  rate  and  the 
NMP  zero  at  130  is  dm  to  the  ev  ms  number  o(  poles 
over  zeros  in  the  s  domain  tr  ii.  .b  t  function  |(  the 
liumher  of  poles  exci-'  diiig  the  nuiiib.  r  of  zeros  is  two 
there  will  be  two  addin', imi  ■/, k,-.  ,  I  and  om-  will 
be  N.MI*  a  complete  set  of  w'  plane  transfer  fiini  tioiis 
is  iiK  Indcfl  in  Ihe  appendix  of  j.i; 
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Figure  3:  Frequency  Response  of  the  19  LongitudinaJ 
Plants 


3.6  Frequency  Response  Data 

The  QFT  technique  uses  templates  that  represent  the 
plant  parameter  uncertainty,  at  the  specified  design 
frequencies.  The  plant  uncertainty  is  represented  by 
the  19  LTI  plants.  For  this  reason,  the  frequency  re¬ 
sponse  information  for  all  of  the  plants  at  the  design 
frequencies  is  necessary.  The  frequency  response  data 
of  the  19  longitudinal  plants  are  summarized  in  Fig.  3. 


3.7  Plant  Templates 

Plant  templates  are  developed  from  the  frequency  re¬ 
sponse  data.  First  the  template  frequencies  are  cho¬ 
sen  on  the  ba.sis  of  plant  variation.  Where  the  plants 
vary  signifi  antly,  the  template  frequencies  must  be 
closely  spared.  For  this  design  the  frequencies  v— 
0.001,  0.005,  0.01,  0.05,  0.1,  0.2,  0.3,  0.4,  0.5,  0.6,  0.7, 
1,  2,  3,  4,  .5,  6,  8,  10,  20,  50,  100  (rad/sec)  are  used; 
where  »;  is  the  w'  analog  of  u  in  the  s-plane. 

Next,  the  template  data  are  “.stripped  out”  of  the  Ire- 
queiiry  response  data.  Twenty  two  sets  of  template 
data  are  formed,  a  set  for  each  template  frequency 
Each  set  contains  magnitude  and  phase  information 
for  the  19  plants  at  the  template  frequency.  Only  the 
magnitude-  and  plirw  differences  are  important  to  the 
QFT  technique.  In  jdottirig  the  templates,  the  data 
are  ncrinalizcd  by  subtracting  the  smallest  phase  from 
the  phase  data  and  the  smallest  magnitude  from  the 
magnitude  data  The  templates  are  then  plotted.  The 
template  is  defined  by  a  set  of  points,  each  represent¬ 
ing  a  plant  The  spread  of  the  points  is  due  to  the 
plant  variation  at  the  template  frequency. 


Figure  4:  Example  of  Template  Used  in  Longitudinal 
SISO  Design 


3.8  Nominal  Plsmt 

Any  one  of  the  plants  can  be  chosen  a.s  the  nominal 
plant;  however,  choosing  the  plant  with  the  least  num¬ 
ber  of  right-half-plane  (RHP)  poles  and  zeros  may 
make  the  loop  shaping  easier.  The  location  of  the 
nominal  plant  on  each  of  the  templates  is  needed  before 
the  bounds — tracking,  disturbance,  and  stability — can 
be  plotted  on  the  Nichols  Chart  (NC).  Plotting  the 
bounds  on  the  NC  is  key  to  the  QFT  technique.  Be¬ 
cause  the  plant  uncertainty  is  captured  in  the  tem¬ 
plates  and  the  templates  are  used  to  form  the  bounds, 
the  single  transmission  loop  shape  meeting  or  exceed¬ 
ing  the  plotted  NC  bounds  guarantees  each  plant  con¬ 
sidered  will  meet  or  exceed  the  tracking,  disturbance, 
and  stability  performance  specifications.  The  nominal 
plant  cho.sen  for  the  longitudinal  SISO  design  is  flight 
condition  one.  Additionally,  the  same  flight  condition 
is  used  in  the  lateral-directional  MIMO  system  design. 


3.9  Stability  Bounds 

A  benefit  to  the  designer  using  a  predetermined  (fixed) 
sampling  rate  is  the  need  to  consider  only  the  stabil¬ 
ity  hounds  during  the  transmission  loop  sha|)ing.  The 
m.aximurn  gain  in  the  loop  is  primarily  constrained  by 
the  NMP  zeros.  Therefore,  the  objective  is  to  “pack 
in”  a.s  much  transmission  loop  gain  as  possible.  If  the 
tracking  and  performance  specifications  arc  not  met, 
a  change  in  the  sampling  rate  must  be  made  to  allow 
higher  loop  transmission  gain.  The  military  standard 
requirement  [8]  specifies  a  phase  margin  y  =  45“  to  be 
used  to  form  the  NC  stability  contour  M^.  The  y  — 
4.5“  requirement  corresponds  to  a  3  dB  Mj,  contour  on 
the  .N(.'. 
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Table  4:  All-Pass-Filter  Used  in  the  Longitudinal 
SISO  System  Design 


Template  Frequency  v  (rad /sec) 

0.001 

0.005 

OOl  II 

0.05 

HiKIQHHiil 

0.10 

0.20 

0.30 

0.61 

0.40 

0.81 

0.50 

1.01 

0.60 

1.21 

i.4t 

1.00 

2.02 

2.00 

4.04 

3.00 

||[|HI|j2!]smillllll  1 

4.00 

8.08 

5.00 

10.1 

6.00 

12.1 

8.00 

16.1 

lO.C 

5o3 

20.0 

40.0 

50.0 
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3.10  The  AU-Pass-Filter  Technique 

The  all-pass-filter  (apf)  technique  is  used  throughout 
this  design  [9]  to  remove  the  NMP  elements  from  the 
design  while  still  accounting  for  their  effects.  The  apf 
technique  complicates  the  design;  hcwever,  it  allows 
the  designer  to  rapidly  determine  the  maximum  pos¬ 
sible  loop  transmission.  The  pnase  of  the  apf  4>\  is 
included  when  plotting  the  stability  bounds.  The  apf 
used  in  the  longitudinal  SISO  design  is: 


duce  a  high  order  compensator,  however,  both  loop 
shaping  design  techniques  are  used  in  this  design. 

Although  the  final  design  is  based  on  the  “minimum 
order  compensator  technique” ,  the  “backward  loop 
shaping  technique”  is  used  to  determine  the  theoretical 
maximum  loop  transmission.  In  the  lateral-directional 
MIMO  design  the  “backward  loop  shaping  technique” 
is  used  as  a  performance  baseline.  An  illustrative  dis¬ 
cussion  of  the  techniques  are  included  in  [2],  Loop 
shaping  produces  the  following  minimum  phase  trans¬ 
mission  loop  (Lms): 

0.0183(w'  Jr  2)(w'  +  -I-  10)(w'  +  50)P„„ 

(w')Mw'-H60±>120)(w' -1-300)  ' 

Figure  5  is  the  MP  loop  treuismission  Lmo  plotted  on 
the  NC.  A  NC  showing  a  plot  of  all  the  plants  including 
the  NMP  elements  is  shown  in  Fig.  6. 


Figure  5:  NC  Showing  MP  Transmission  Loop  After 
Loop  Shaping 


/_  (w'  -  100)(w'  -  130) 
“  (w' -I-  100)(w' -1- 130) 


(27) 


3.11  w'  Compensator 


The  amount  of  phase  associated  with  the  template  fre¬ 
quencies  is  summarized  in  Table  4.  At  low  frequen¬ 
cies,  below  V  =  0.5  (rad/sec)(w  =  0.4999958[rad/sec]), 
the  shift  is  negligible.  At  higher  frequencies,  above 
t;  =  0.5  (rad/sec),  the  shift  must  be  incorporated  in 
the  stability  bounds.  The  moving  Nichols  chart  tech¬ 
nique,  which  is  slightly  different  from  the  method  usu¬ 
ally  employed,  is  used  to  plot  the  stability  bounds  on 
the  NC.  For  a  discus.sion  of  the  moving  Nichols  chart 
technique,  see  [2], 

The  stability  bounds  are  used  in  shaping  the  loop 
transmission  where  the  design  can  proceed  using  a  va¬ 
riety  of  techniques.  The  two  techniques  used  in  this 
design  are  the  “backward  loop  shaping  technique”  and 
“minimum  order  compensator  design  technique”.  A 
high  order  compensator  is  not  desirable  for  Lambda 
and  the  “backward  loop  shaping  technique”  may  pro- 


The  w'  compensator,  G(w'),  is  found  by  dividing  the 
loop  transmission  by  the  nominal  plant.  If  the  loop 
transmission  includes  ‘.he  plant,  G(w')  is  simply  the 
poles,  zeros,  and  gam  added  during  loop  shaping.  If 
the  nominal  pi  nt  is  «  H  included  in  the  transmission 
loop,  the  zero  a  -j  not  absorbed  in  Lmo  become 
poles  and  zeros,  rc-. ,  ctively,  of  G(w').  The  longitudi¬ 
nal  SISO  G(w')  for  this  design  is; 

0.0183(w'.f2)(w'  (w'-^8)(w'-^10)(w'-f  50) 

(w')2(w'-H:>r±>120)K  +  300) 


3.12  Prefilter  Design 


The  prefilter,  F(w'),  is  obtained  by  plotting  the  fre¬ 
quency  response  data  of  the  closed  loop  system; 


(  L(w')  N  ^  /  G(w')P(w')  \ 

Vi  +  L(w');  Vi  +  G(w')P(w')y 


(30) 


160 


Figure  6:  NC  Including  All  19  Plants  and  NMP  Ele¬ 
ments 


which  indicate  that  a  robust  design  is  achieved,  that  is, 
all  responses  lie  between  the  upper  and  lower  specified 
tracking  bounds. 


The  frequency  response  bounds,  developed  from  the 
specifications,  are  plotted  over  the  closed  loop  response 
producing  a  family  of  curves.  See  the  first  plot  in 
Fig.  7.  Poles  and  zeros  are  placed  in  front  of  the  closed 
loop  system  until  all  of  the  responses  are  contained 
within  the  performance  bounds,  as  in  the  second  plot 
in  Fig.  7. 


Figure  7:  Closed  Loop  Response  Without  and  With 
Prefilter,  F(w') 


The  prefilter  for  the  longitudinal  SISO  QFT  design  is: 

„  0.001875(w'+200)^ 

(.-  +  5)K  +  15) 

where; 


lirn  F(w')  =  I 


(32) 


3.13  w'  Simulation 

The  w'-plane  design  is  simulated  to  verify  the  perfor¬ 
mance  before  proceeding  with  the  design.  The  w'  sim¬ 
ulations  are  performed  using  the  System  Build  capa¬ 
bility  of  MATRIXa'  .  Time  domain  step  responses  are 
plotted  along  with  the  performance  bounds  (see  Fig.  8) 


Figure  8;  System  Build  w'  Simulation  Frequency  Re¬ 
sponse 


3.14  z-Plcne  TVansformations 

F(w')  and  G(w')  are  transformed  to  the  z-plane  for 
digital  implementation  on  Lambda.  The  z-plane  rep¬ 
resentations  are  obtained  by  performing  the  bilinear 
transformation;  see  Eq.  (19).  In  addition  to  perform¬ 
ing  the  transformation,  the  user  function  divides  the 
numerator  and  denominator  by  the  denominator  lead¬ 
ing  coefficient  resulting  in  a  normalized  z-plane  repre¬ 
sentation  of  F(z)  and  G(z): 

.013975Z*  +  0.0093168Z  -h  0.0015528 
z*-  1.6439Z -1-0.66874 

4  +  1«T.3«»  -  19.53» 

>g-0.rgm<<  -0.»T805»3  +  0.170T3i2  -  0.36585«  +  0.10978 

3.15  Comparison  of  w'  and  z-Plane  F’s  and 
G’s 

The  w'-plane  and  z-plane  compensators  and  filters 
must  be  comparable  up  to  frequencies  greater  than 
(rad/sec)  .  The  sampling  frequency  on  Lambda 
IS  50  Hertz,  therefore  u,  =  314  (rad/sec)and  the 
w'and  Z-planc  representations  must  be  faiHy  close  up 
tow  =  105  (rad/sec).  The  frequency  response  of  F(w') 
and  F(z)  are  plotted  in  Fig.  9  where  a  good  compar¬ 
ison  exists  within  the  required  frequency  bandwidth 
0  <  w  <  105  (rad/sec).  Similarly,  a  good  comparison 
exists  between  G(w')  and  G(z)  [2]. 

The  synthesis  of  the  QFT  compen.sators  and  prefilters 
for  the  two-by-two  lateral-diiectional  MIMO  plants 
follows  the  same  steps.  The  first  transmission  loop 
and  thereby  the  prefilters  and  compensators  are  done 
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Figure  9:  Comparison  of  F(w')  and  F(z)  Magnitude 
Frequency  Response 


Figure  10:  Hybrid  Simulation  With  Non-Linear  Ele¬ 
ments 


exactly  as  the  same  as  a  SISO  design.  However,  in 
forming  the  second  transmission  loop  the  compensa¬ 
tion  of  the  first  loop  is  used  to  reduce  the  amount  of 
uncertainty. 

4  SIMULATION  RESULTS 

The  design  is  simulated  using  the  best  model  available, 
in  this  case  the  same  one  used  in  the  design  with  the 
additional  nonlinear  elements  added.  The  nonlinear 
elements  are  due  to  the  software  and  hardware  lim¬ 
iters.  MATRlXx  has  the  ability  to  simulate  a  system 
with  both  continuous  and  discrete  elements.  This  “hy¬ 
brid”  simulation  capability  is  used  to  verify  the  perfor¬ 
mance  of  the  design.  Adding  the  limiters  produces  the 
simulation  results  shown  in  Fig.  10.  The  simulations 
predict  the  performance  expected  from  Lambda  in  ac¬ 
tual  flight.  They  show  good  performance  at  all  flight 
conditions  for  a  step  command  of  10°  per  second  for 
at  least  two  seconds.  After  two  seconds,  the  deflection 
limits  on  the  actuators  begin  to  affect  the  response. 

5  SUMMARY,  CONCLUSIONS, 

AND  RECOMMENDATIONS 

5.1  Summary 

A  single  QFT  controller  is  synthesized  that  produces 
satisfactory  performance  throughout  the  flight  enve¬ 
lope.  It  is  important  to  note  that  no  gain  scheduling 
is  necessary.  Response  of  the  system  remains  stable 
in  spite  of  the  inherent  nonlinearities  present  due  to 
hardware  and  software  control  limiters.  The  hybrid 
simulation  with  nonlinear  elements  (see  Fig.  10)  is  the 
final  test  of  the  design  as  it  includes  all  that  is  known 
about  the  plant  Some  of  the  performance  limitations 


can  be  overcome  if  Lambda’s  speed  is  held  constant. 
In  the  simulations,  Lambda  can  hold  a  pitch  rate  con¬ 
stant  until  the  speed  drops.  As  the  speed  drops,  more 
elevator  is  needed  than  is  available  to  the  controller. 
Since  the  simulation  results  are  good,  within  the  per¬ 
formance  limitations  of  Lambda,  it  is  assumed  that  the 
A/C  will  perform  well  with  this  controller  design. 

With  the  exception  of  generating  the  MISO  equiva¬ 
lent  transfer  functions,  the  QFT  design  for  the  lateral- 
directional  MIMO  portion  of  Lambda  follows  the  same 
procedure  as  the  longitudinal  SISO  channel.  The  de¬ 
sign  is  effective  but  somewhat  limited  by  the  low-order 
compensator  requirement.  Again,  adding  the  nonlin¬ 
ear  elements  in  the  model  limited  the  response  but  did 
not  produce  instabilities.  Better  performance  could  be 
obtained  through  faster  sampling,  higher  bandwidth 
actuators,  and  higher-order  compensation,  all  of  which 
would  allow  higher  loop  transmission  gain.  In  spite  of 
the  physical  and  imposed  limitations,  the  QFT  con¬ 
troller  performs  well. 

In  contrast  with  previous  efforts  that  used  models  de¬ 
veloped  from  computer  predictions  from  design  speci¬ 
fications,  this  design  employs  a  model  developed  from 
flight  test  data.  In  the  model,  A/C  dynamics  sepa¬ 
rate  into  two  independent  channels — the  longitudinal 
channel  and  the  lateral-directional  channel.  The  lon¬ 
gitudinal  channel  is  a  SISO  system  while  the  lateral- 
directional  channel  is  a  two-by-two  MIMO  system. 

5.2  Conclusions 

The  QFT  design  technique  is  powerful  and  useful  for 
the  design  of  a  rate  controlled  autopilot  for  URVs 
requiring  robust  autopilot  systems.  Lambda  simula¬ 
tions  show  a  single  QFT  controller  can  perform  well 
throughout  the  entire  flight  envelope  of  Lambda  with- 


162 


out  additional  sensors.  The  technique  is  straight¬ 
forward.  Synthesis  and  simulations  can  be  per¬ 
formed  using  a  computer  aided  design  package  such 
as  MATRIX^-  using  minimal  computer  resources.  The 
method  is  completely  transparent,  in  that  the  designer 
is  able  to  predict  the  ultimate  performance  early  in 
the  design.  More  importantly,  the  designer  is  able  to 
make  engineering  tradeoffs  during  loop  shaping.  For 
example,  performance  at  certain  frequencies  can  be  in¬ 
crease  by  reducing  the  performance  at  frequencies  of 
lower  interest  to  the  designer. 

5.3  Recommendations 

Working  on  a  controller  for  Lambda  is  a  unique  op¬ 
portunity.  Simply  knowing  that  the  controller  design 
will  be  used  is  highly  motivating.  Wright  Laboratory 
should  continue  to  challenge  AFIT  students  with  the¬ 
sis  proposals  involving  Lambda.  The  students  benefit 
by  facing  a  real  life  challenge  and  the  laboratory  geu 
needed  research. 

This  design  is  to  be  implemented  on  Lambda  and  the 
performance  to  be  compared  with  predictions.  The 
Lambda  model  should  be  improved  as  more  informa¬ 
tion  becomes  available  and  should  be  extended  to  in¬ 
clude  the  effects  of  operating  the  ten  flight  control  sur¬ 
faces  independently.  The  weight  of  Lambda  should  be 
reduced  or  ,at  least,  held  to  its  current  value  since 
the  heavier  weights  are  the  main  source  of  plant  varia¬ 
tion  and  contain  open  loop  unstable  poles.  Addition¬ 
ally,  other  QFT  controllers  should  be  synthesized  for 
Lambda. 

This  design  is  aimed  at  stability  throughout  the  enve¬ 
lope  assuming  no  faiilures.  Future  efforts  should  con¬ 
sider  the  effects  of  component  failure  or  battle  damage 
on  the  control)  ibility  of  the  A/C.  Because  of  limited 
computer  resources  aboard  Lambda,  this  controller  is 
limited  to  fifth  order  compensation.  Superior  perfor¬ 
mance  is  achievf  d  in  simulation  with  higher  order  com¬ 
pensation  due  lo  higher  available  loop  trruismission 
gain.  Future  efforts  might  add  the  computer  resources, 
without  additioTial  weight,  to  Lambda  to  allow  higher 
order  compensation  and  a  faster  sampling  rate. 

Finally,  Lambda’s  performance  could  be  improved  by 
installing  faster  actuators  since  the  present  actuators 
severely  limit  the  loop  transmission  gain. 
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ABSTRACT 

The  QFT  and  LQG/LTR  techniques  are  applied  to  design  flight  control  laws  for  the  AIAA  Control 
Design  Challenge  nonlinear  aircraft  model.  In  this  approach,  the  nonlinear  aircraft  model  is 
first  linearized  and  the  LQG/LTR  technique  is  used  to  obtain  a  baseline  control  law.  Then  the  QFT 
technique  is  applied  to  enhance  robustness  of  the  baseline  control  law  in  order  to  account  for 
norfinearities  of  the  system.  The  QFT  enhancement  is  used  in  the  inner  loop  control  to  achieve 
good  flying  qualities.  The  outer  loop  control  laws  are  designed  for  the  low  order  aircraft  model 
using  the  LQR  technique  to  accomplish  hands-off  autopilot  for  the  specified  maneuvers. 


1.  INTRODUCTION 

One  of  the  demands  for  modem  advanced 
fighter  aircraft  is  high  maneuverability.  In 
order  to  achieve  this  objective,  we  can  trade 
some  degrees  of  stability  robustness  for 
maneuverability.  In  addition  to  this  trade¬ 
off,  certain  maneuvers  (e.g.  flight  with  high 
angle  of  attack)  introduce  significant 
amount  of  nonlinearities.  However,  in 
practice,  linearized  aircraft  models  are 
often  used  to  approximate  the  short  period 
aircraft  dynamics  for  designing  control 
laws.  Thus,  errors  between  nonlinear 
aircraft  dynamics  and  its  linear 
approximation  become  critical,  and  the 
control  law  design  techniques  which  better 
account  for  nonlinearities  are  needed. 

In  this  paper,  the  QFT  approach  is  explored 
to  design  flight  control  laws  for  the  AIAA 
Control  Design  Challenge  nonlinear  aircraft 
model.  The  nonlinear  aircraft  model  is  first 
linearized  and  the  LQG/LTR  technique  is 
used  to  obtain  a  baseline  control  taw.  Then 
the  QFT  technique  is  applied  to  enhance  the 
robustness  of  the  baseline  control  law  in 
order  to  account  for  the  modeling  errors. 

2  .  CONTROL  DESIGN  OBJECTIVES 


In  order  to  achieve  good  flying  qualities, 
design  goals  for  the  inner  loop  control  laws 
are  specified  by  first  and  second  ord»'' 
transfer  functions  as  shown  below. 

( a )  Longitudinal  Axis 

Nz _ G(o§ 

Fs  s2+2^sW8S+(i)| 

where  Nz(g),  Fs(inch),  G(g/inch), 

(rad/sec)  and  Cs  denote  nomia) 
acceleration,  stick  input,  stick  gain,  short 
period  frequency  and  short  period  damping  . 

ratio,  respectively.  Cg  is  set  to  be  0.7  at  all 
flight  conditions  and  (%  varies  at  each  flight 
condition  as  shown  in  table  1 . 

Flight  Condition.  o); 

0.5M/9,800  ft.  3.6 

0.9M/9,800  ft  7.3 

0.6M/30,800  ft  2.2 

1.4M/39,800  ft  7.0 

Table  1.  Short  Period  Frequency 
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The  stick  gain  G  converts  the  longitudinal 
stick  input  to  nomial  acceleration  command 
to  achieve  a  desired  2nd  order  response. 

(b)  Lateral/Directional  Axis 

Gacosop 

F,  ’  s+a 

j_  Gasinoo 

Fs“  s+a 


where  P(deg/sec),  r(deg/sec), 

P(deg),  ao(deg),  G(deg/sec.inch)  and  a 
denote  roll  rate,  yaw  rate,  side  slip  angle, 
trimmed  angle  of  attack,  stick  gain  and 
bandwidth,  respectively.  The  values  of  a  are 
shown  in  table  2. 

Flight  Condition  a 


Longitudinal  Control 
The  longitudinal  dynamics  at  the  flight 
condition  0.5M/9800tt  is  a  nonminimum- 
phase  single-input/single-output  transfer 
function.  The  nonminimum-phase  appears 
at  +6.6465.  The  reference  command  is  the 
desired  normal  accceleration  and  the  input 
control  is  the  symmetrical  collective 
stabilator.  To  accommodate  the  flight 
regime  in  the  neighborhood  of  the  flight 
condition  and  model  errors  induced  in 
linearization,  various  degrees  of  parameter 
variations  are  introduced  intentionally.  The 
longitudinal  controller  is  designed  to 
tolerate  these  uncertainties  without 
significant  performance  depredation  from 
the  given  specifications.  The  intention  is  to 
obtain  a  longitudinal  control  which  works 
for  the  nonlinear  aircraft  model  in  a 
reasonable  large  flight  regime  about  the 
givers  flight  condition. 

Longitudinal  Control  Design 

The  design  approach  taken  here  follows 

three  steps: 


0.5M/9,800  ft  2.2 

0.9M/9,800  ft  2.4 

0.6M/39,800  ft  1 .7 

1.4M/39,800  ft  2.2 

Table  2.  Bandwidth 

For  normal  acceleration  control,  collective 
stabilators  are  used  as  the  control  effectors 
and  ailerons  and  differential  stabilators  are 
used  for  roil  rate  and  yaw  rate  control. 

Outer  loop  control  laws  are  designed  to 
generate  the  commands  in  the  longitudinal 
and  lateral/directional  axes  for  the 
specified  maneuvers  so  that  the  error 
responses  of  the  aircraft  are  within  the 
specified  error  tolerances. 

3.  LINEAR  QFT  METHOD 

The  aircraft  model  of  the  AIAA  control  design 
challenges  is  linearized  around  the  four 
given  trim  conditions.  To  demonstrate  our 
design  approach,  the  flight  condition 
0.5M/9800ft  is  considered  In  the  following 
to  illustrate  the  main  ideas. 


•  Use  LQG/LTR  to  generate  a  baseline 
design  which  is  stable  and  perfoms 
reasonably  well. 

•  Use  QFT  to  generate  the  loop 
transmission  constraints  or  bounds 
to  define  the  potential  robust 
compensators  to  achieve  the  desired 
specifications. 

•  Use  the  classical  loop  shaping 
techniques  to  enhance  the  LQG/LTR 
compensator  to  meet  the  QFT  bounds. 

(1)  LQG/LTR  Baseline  Design 
The  standard  LQG/LTR  techniques  are 
used  to  find  a  stable,  resonabHy  good  yet 
not  fully  satisfactory  compensator 


GlqI(s)»70 


(s+19.6824)(s+5.8356) 

(s+1459.47)(s+8.8769) 


X 


(s+0.8821  +j2. 1 527)(s+0.8821  -j2. 1 527) 
(s+7.5082)(s+5.0158)(s+0.02) 

The  time  response  of  the  design  is  vary 
satisfactory  except  the  steady  state 
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error  and  large  control  bandwidth 
(refer  to  Figs.1&4  ). 

(2)  QFT  Bounds 

The  LQG/LTR  design  dose  not  take  the 
model  uncertainties  and  variations  into 
account  explicitly.  Based  on  the  QFT 
theory,  given  a  quantified  model 
uncertainty,  for  example  a  10% 
aerodynamic  coefficient  variation,  one 
set  of  the  so  caiied  tracking  loop 
transmission  bounds,  which 
characterize  the  lower  bounds  for 
potential  loop  transmissions,  is 
produced  to  guarantee  the  ciosed  loop 
system  performs  uniformly  well  within 
the  allowed  performance  tolerance  with 
respect  to  the  given  amount  of 
variations.  Another  set  of  stability 
bounds  which  characterize  the 
forbiddeen  regions  for  loop 
transmissions,  is  derived  to  guarantee 
the  closed  loop  system  stabitity.  For 
this  longitudinal  control  problem,  the 
allowed  tolerance  on  the  magnitude  of  the 
closed  loop  response  is  shown  in  Rg.  2  , 
where  the  upper  and  lower  bounds  are 
added  to  the  desired  specification 
discussed  in  Sec.  2  to  indicate  the 
tolerance.  The  10%  aerodynamic 
coefficient  variation  leads  to  the 
frequency  response  variations  portrayed 
by  templates  for  a  number  of 
frequencies  as  indicated  in  QFT  [3]. 
These  templates  and  their  assodasted 
tolerances  determine  the  tracking  and 
stability  bounds.  The  algorithms 
developed  in  [4],(5]  aro  used  to 
construct  these  bounds  as  shown  in 
Fig.3. 

(3)  Enhancement 

This  baseline  design  is  overlayed  on  the 
Nichols  Chart  to  check  against  the  QFT 
bounds.  Figure  3  displays  both  the  QFT 
bounds  and  the  LQG/LTR  design  loop 
transmission.  Under  the  10%  variation 
of  the  aerodynamic  coefficients,  the  LQG 
design  satisfies  most  QFT  bounds  but  a 
few.  It  implies  the  LQG/LTR  design 
would  not  behave  as  robustly  for  the 
1 0%parameter  variation  as  a  QFT 
design.  Noticeably,  the  LQG  design  lacks 
an  integrator  and  thus  causes  a  steady 


state  error.  This  can  be  easily  fixed  by 
classical  loop  shaping  by  adding  a  smali 
zero  and  an  integrator.  The  further 
analysis  of  the  LQG  design  reveals  that 
the  LQG/LTR  controller  contains  a  small 
pole  and  a  very  large  pole.  The  small 
pole  can  be  cancelled  by  the  small  zero 
just  mentioned  without  affecting  the 
perfomnance  much.  That  very  targe  pole 
causes  excessively  large  control 
bandwidth.  This  can  be  easily  conected 
by  replacing  with  a  relatively  small 
pole  around  100.  Thus  an  enhanced 
compensator  with  an  integrator  is 
obtained: 


-,g(s-i-19.6824)(s-i-5.8356) 
{s+100)(s+8.8769) 

(s-fO.8821  +\2. 1  527)(s-k0.8821  -{2.1 527) 
(s+7.5082)(s+5.0158)s 

Rg.3  also  shows  the  enhanced  loop 
transmission  against  the  QFT  bourids. 

The  envelops  for  the  variations  of  the 
the  time  and  frequency  responses  are 
shown  in  Figs.S  &  6  for  5%,10%  and 
20%  parameter  variations. 

Latefal/Dlrsctioiial  Control 
The  lateral  dynamics  at  the  flight  condition 
0.5M/9800ft  is  a  3x3  multiple- 
input/multiple-output  transfer  function 
matrix.  The  reference  commands  are  the 
desired  sideslip,  yaw  and  roll  rates  and  the 
control  variables  ares  the  unsymmetricat 
differential  stabiiator,  rudder  and  aileron. 

The  intention  is  to  obtain  a  lateral  control 
which  works  for  the  nonlinear  aircraft 
model  in  a  reasonable  large  flight  regime 
about  the  given  flight  conrfltion. 

Lateral/DIrectjonal  Control  Design 
The  same  3-^tep  approach  will  be  followed 
for  lateral  compensator  design.  The  details 
will  be  included  in  the  final  paper. 

4 .  AUTOPILOT  DESIGN 

Autopilot  control  laws  are  designed  for 
altitude  hold,  bank  angle  hold  and  velocity 
hold  modes  to  provide  pilot  relief  automatic 
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flight  control.  The  longitudinal  and 
laterai/directional  command  inputs  to  the 
inner  loop  control  laws  are  generated  to 
achieve  the  specified  maneuvers  with 
precision.  The  closed  loop  flight  control 
system  consisting  of  the  airframe  and  the 
inner  loop  controller  are  approximated  with 
the'  low  order  systems  specified  in  the 
design  objectives  and  the  LQR  technique  was 
employed  to  design  controller  gains  for  each 
autopilot  mode  (see  Figure  7). 

The  velocity  hold  mode  autopilot  is  achieved 
by  commanding  the  throttle  to  regulate  the 
error  between  the  commanded  velocity  and 
the  fed  back  velocity,  (Vcom  -  V)>  and  to 
regulate  acceleration  Nz  to  regulate  the 
error  between  the  commanded  altitude  and 
the  fed  back  altitude,  (hcom  -  and  to 
regulate  vertical  velocity,  dh/dt.  The  bank 
angle  hold  mode  autopilot  is  achieved  by 
commanding  the  roll  rate  to  regulate  the 
error  between  the  commanded  bank  angle 

and  the  fed  back  bank  angle, 

5 .  SIMULATION  RESULTS 

Nonlinear  simulation  was  performed  using 
the  inner  loop  control  laws  designed  with 
the  LQG/LTR  plus  QFT  technique  at  each 
specified  flight  condition  to  evaluate  the 
resulting  designs  against  the  design 
specifications  The  time  response  of  the 
normal  acceleration  with  the  control  laws 
designed  by  the  LQG/LTR  plus  QFT  technique 
at  a  flight  condition  of  0.5  Mach  at  9,800 
feet  is  shown  in  Figure  8.  Using  the 
autopilot  control  laws  designed  for  the 
altitude  hold  maneuver  together  with  the 
inner  loop  control  laws,  the  nonlinear 
simulation  was  performed.  At  9,800  feet, 
0.5  Mach,  a  vertical  velocity  of  50  feet/sec 
was  commanded  and  held  for  4  seconds.  Then 
the  altitude  hold  mode  was  engaged.  The 
aircraft  vertical  velocity  response  is  shown 
in  Figure  9.  The  altitude  command  input  and 
the  resulting  aircraft  altitude  are  shown  by 
the  dashed  and  the  solid  line,  respectively  in 
Figure  10.  The  results  show  very  good 
aircraft  responses.  In  order  to  quantify  the 
error  between  the  commanded  and  the 
achieved  attitude,  the  error  response  is 
shown  in  Rgure  11. 
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Figure  2.  Design  Specifications 
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Figure  4.  Compensator  Frequency 
Responses 
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Figure  5.  Step  Response  Variation  of 
LQG/LTR  Controller  for 


Rgure  6.  Step  Response  Variation  of 
QFT  Enhanced  Controller 
for  5  &10%  Plant 
Variation 
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Figure  7.  Right  Control  System 
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Abstract 


Quantitative  Feedback  Theor’'(QFT)  has  proven  itself  as  one  of  the  most 
viable  methods  of  control  for  systems  with  large  parame^-  variations.  These 
large  variations  are  prevalent  in  modem  automobiles  and  trucks.  The  vehicle 
dynamic  model  is  the  sum  of  the  forces,  propulsion  force,  air  drag  force  and 
gravitational  fc.rce  (F^  -  F^  -F^) .  The  propulsion  force  (F^)  includes 

saturation  constraints  and  varying  masses  and  time  delays  in  engine  and 

brakes.  Gravitational  force  (F  )  is  a  function  of  the  highway  terrain.  The 
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air  drag  force  (F^)  is  both  constant  (due  to  steady  velocities  and  wind)  and 

incidental  due  to  wind  gusts  and  will  be  addressed  in  a  later  paper.  To  allow 
more  vehicles/hour  on  existing  roadways,  it  is  evident  that  an  automated 
controller  must  operate  very  dissimilar  vehicles  in  changing  environments 
(topographies,  weather,  emergencies,  etc.)  to  control  speed,  spacing  and 
lateral  positioning.  A  requirement  for  a  controller  for  this  purpose  is 
smooth  (comfortable)  operation  during  manuevers  such  as  stopping  or 
entrainment  with  rejection  of  environmental  disturbances.  Speed  and  spacing 
(longitudinal  control)  is  the  emphasis  of  this  paper  in  which  QFT  is  offered 
as  one  possible  solution. 


Introduceion 

Today,  roadways  have  become  overburdened  and  congested  worldwide.  In 
California  alone,  three  million  more  cars  are  expected  on  its  roads  and 
highways  by  the  turn  of  the  century  (California  Senate  Research  1991) .  Not 
only  are  the  number  of  autos  increasing  but  the  number  of  miles  traveled  is 
growing  due  to  the  extreme  dependence  on  the  auto  and  the  growing  separation 
of  work,  home  and  shopping.  The  purpose  of  the  "smart  highway"  or  Intelligent 
Vehicle  Highway  System  (IVHS)  is  to  improve  existing  highway  efficiency. 
Expected  added  benefits  are  greater  safety,  convenience  and  a  decrease  in  fuel 
consumption  and  pollution  from  the  largest  source  of  air  pollutions.  By 
eliminating  stop-and-go  driving,  emissions/mile  will  be  reduced. 

One  aspect  of  the  automated  highway  is  the  "platoor.ing"  a  number  of 
vehicles  as  a  group.  This  entails  control,  both  longitudinal  and  lateral, 
being  surrendered  by  the  drivers  so  that  a  shorter  distance  between  cars  may 
be  maintained  than  would  be  safe  for  manual  control.  This  compresses  the  area 
of  highway  necessary  to  transport  these  vehicles  and  ultimately  increase  the 
highway's  vehlcles/mile  capacity. 

Several  approaches  have  been  used  to  effect  the  longitudinal  control. 

Due  to  the  performance  variations  in  individual  vahicles  caused  by 
maintenance ,  weather  or  loading  and  the  changing  roadways  (wind  and 
topography) ,  QFT  seems  a  viable  solution. 
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Representation  of  the  Dynamic  Model 

The  simplified  analog  transfer  function  model  for  the  throttle -torque 
response  of  the  power  plant  is  shown  in  Figure  1  (Morris  1983,  Frank  1990). 


throttle 

perturbation 


torque 

perturbation 


manifold  and  power -stroke  torque 

rotational  dynamics  delay  converter 

Figure  1.  Block  Diagram  of  Propulsion  Plant 

The  Laplace  representation  of  the  force  due  to  the  propulsion  system,  F^,  is  a 
first-order  transfer  function: 


C  e 


-sr 


Ts  +  1 


where  C,  the  driving  coefficient,  is  the  product  of  the  gains  of  the  manifold 
and  rotational  dynamics  and  the  torque  converter.  The  variable,  T,  represents 
engine  dynamics  and  r  is  the  time  delay  inherent  in  the  system. 

The  dynamic  formula  is  the  sum  of  the  forces  both  internal  and  external, 

l.e.  air  drag,  F  ,  and  gravitational  force,  F  ,  exerted  from  an  uneven 
*  5 

terrain. 


where 


SF  -  F .  -  F  -F 

dag 


a  a  w  w 


F  -mg  sinJ 

rr  ^ 


(1) 

(2) 


In  equation  (1),  is  a  function  of  the  air  drag  coefficient,  air  density  and 

vehicle  frontal  area.  The  variables,  V  and  V  ,  are  the  vehicular  and  wind 

w’ 

velocity,  respectively.  Equation  (2)  is  the  horizontal  component  of  the 
gravitational  force  which  is  the  product  of  the  mass,  m,  the  gravity  constant, 
g,  and  the  sine  of  the  angle  of  the  road  with  respect  to  horizontal,  The 
sum  of  the  dynamic  forces  is  shown  in  Figure  2. 


Figure  2.  Dynamics  Block  Diagram 
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Ob  Jcctives 


The  purpose  of  longitudinal  control  is  twofold: 

1)  To  maintain  a  desirable  speed  (velocity) 

2)  To  maintain  a  proper  headway  between  vehicles  (spacing) 

These  two  objectives  must  be  met  during  normal  operation  while  rejecting 
disturbances  such  as  gravitational  forces  and  wind  resistance  (addressed  in  a 
future  paper) .  Also  special  maneuvers  such  as  speed  changes  or  vehicles 
entering  and  exiting  the  platoon  (entrainment)  must  be  performed  while  still 
maintaining  the  desired  speed  and  spacing.  The  performance  of  the  controller 
is  also  limited  by  requirements  of  energy  conservation  and  comfort  over  all 
speeds  from  0-30  m/s  (0-67  mph) . 

Controller  Design 

There  are  two  outputs,  velocity  and  spacing,  and  therefore  two 
controllers  for  this  system.  The  one  system  is  divided  into  two  SISO  systems 
where  the  speed  regulating  system  is  nested  within  the  space  controlling 
system,  Figure  3. 


Figure  3.  Control  System  Block  Diagram 

It  is  Intended  that  there  be  a  fast  response  to  changes  in  velocity 
requirements  while  the  outer  loop  should  be  slower  so  that  it  is  less 
sensitive  to  changes  in  space  between  cars.  This  will  allow  a  compression  of 
the  platoon  when  a  hill  is  approached  or  when  adjustments  are  made  for  the 
entrainment  of  another  vehicle.  Without  this  compression,  the  platoon  might 
spread  out  during  the  process  and  thus  use  more  highway  area  that  could  lead 
to  a  domino  effect  on  following  platoons. 

Speed  Controller 

The  inner  loop  controls  the  velocity  which  is  limited  by  the  requirements 
for  comfort  and  fuel  economy,  that  is,  no  more  than  a  .2g  acceleration  and  a 
.2g/s  jerk.  In  the  case  of  a  mid-sized  car,  this  means  a  speed  of  response 

2 

between  20  and  60  second.s  with  a  maximum  slope  of  1.5m/s  .  An  overshoot  of 
10%  is  arbitrarily  chosen  with  a  steady  state  error  of  5%.  These  constraints 
are  shown  in  Figure  4. 
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The  parameter  variations  are: 

T  -  1  to  2  m  -  750  to  1750  kilograms 

.3  to  .6  s  g  sin  $  -  -.06  to  .06  grade 

Using  these  values  to  produce  the  Horowitz  templates,  the  familiar  QFT 
boundary  curves  are  produced  at  frequencies  3  octaves  above  and  below 

Figure  6. 
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Figure  6.  Boundary  Curves  for  Speed  Regulator 

During  this  process,  the  zeros  created  by  the  time  delay  moved  back  and 
forth  across  the  imaginary  axis  as  the  various  parameters  were  varied.  This 
had  the  effect  of  causing  instability  for  which  it  was  Impossible  to 
compensate,  that  is,  the  critical  circle  moved  across  the  Nichols  Chart  as  in 
Figure  7.  Since  this  is  inherent  in  the  plant,  it  meant  that  certain  vehicles 
were  unable  to  perform  at  specific  loads,  on  specific  grades  with  this  tlm's 
delay.  Although  in  this  application,  this  is  a  more  concern  of  the  auto 
designer  than  the  control  engineer,  it  did  give  some  Insight  into  how  a  sensor 
with  a  similar  time  delay,  as  in  the  case  of  the  outer  space  regulating  loop, 
may  effect  stability  and  that  is  a  concern  of  the  control  designer.  For  this 
application,  the  workable  curves  of  Figure  6  were  obtained  by  putting  a 
smaller  load  variation,  i.e.  those  given. 

Wwlw  N—fcMlH 


Figure  7.  Instability  Caused  by  Varying  Parameters 


Using  the  curves  produced  in  Figure  6,  a  compensator,  was  designed 

to  bring  the  return  ratio  to  a  close  proximity  to  the  bounding  curves, 

.32  (s  +  .02) 

G  (s) - 

®  (a  +  .05) 

The  resulting  bode  plots  were  obtained  by  varying  the  parameters  over  the 
compensated  plant  with  feedback,  H(s)  *•  1,  Figure  8. 


A  precompensator,  P(s) ,  of  .16/(s  +  .15)  further  shaped  the  curves  to 
align  within  those  templates  of  Figure  5.  The  step  response  for  the  velocity 
controller  is  shown  in  Figure  9. 


Figure  9.  Step  Response  of  the  Speed  Controller 


Space  Controller 

The  outer  loop  controls  spacing  between  vehicles.  The  spacing 
Information  Is  obtained  by  a  radar  mounted  on  the  front  of  the  autos .  This 
necessitates  a  rather  lengthy  time  delay  which  appears  In  the  feedback  loop. 

For  this  application,  the  Fade'  approximation  for  e  Is  again  used,  this 
time  In  the  feedback  loop.  The  time  constraints  on  the  space  coiitroller  are 
not  rigorous,  due  to  the  desire  for  a  slow  response  time  to  allow  for 
compression  of  the  platoon  during  operations  such  as  entrainment  or 
approaching  a  hill.  A  response  time  A  times  slower  than  the  velocity 
controller,  2A0  seconds,  achieves  this  spring  effect  In  the  platoon.  An 
overshoot  of  10%,  and  a  steady  state  error  of  5%  Is  arbitrarily  chosen.  Such 
a  large  steady  state  error  is  appropriate  since  a  "spacing  policy"  for  each 
vehicle  based  upon  their  mass  and  performance.  This  'spacing  policy" 
determines  the  target  position  for  the  spacing  controller  and  allows  a  safety 
margin. 

Again  In  the  method  of  QFT,  frequency  constraints  were  determined  from 
the  time  constraints  In  which  appropriate  standard  templates  lie.  The  G^(s) 

equation  for  the  outer  loop  was  the  entire  closed  loop  compensated  transfer 
ftinctlon  of  the  Inner  loop.  The  Horowitz  boundaries  were  calculated  using 

•sr, 

this  new  G^Cs)  convolved  with  the  feedback  function,  H(s)  ~  e  to  obtain 

the  return  ratio,  L(s) .  The  four  parameters  of  the  inner  loop  were  again 
varied,  with  the  additional  one  of  r^,  which  varied  from  .05  to  .2  seconds. 

Due  to  the  difference  in  response  times  between  the  two  loops,  the  boundaries 

for  all  the  frequencies  3  octaves  below  and  above  w  were  closed  curves  such 

c 

that  the  critical  curve  was  the  only  consideration.  Because  there  were  no 
boundary  restrictions  except  for  stability.  It  was  only  necessary  to 
compensate  with  a  simple  gain  of  .01778  to  obtain  Bode  plots  which  lie  within 
the  appropriate  area  within  the  frequency  domain.  Figure  10  shows  the  step 
response  to  the  outer  loop  (no  precompensator  was  necessairy) . 
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Conclusion 


The  disparity  in  the  response  times  between  the  inner  loop  and  the  outer 
loop  trivialized  the  outer  loop.  However,  in  real  practice,  it  may  be  found 
that  the  outer  loop  may  need  both  a  faster  response  time  and  a  longer  time 
delay.  (It  may  take  longer  that  .2  seconds  to  determine  the  space  between  two 
moving  vehicles.)  In  that  case  a  balance  between  the  two  loops  may  be  harder 
to  achieve.  Also  one  controller  that  may  substitute  for  these  two  must  be 
designed  in  the  case  of  lose  of  either  feedback  loop.  With  this  desl^,  when 
the  inner  feedback  loop  is  opened,  the  space  controller  causes  the  vehicle  to 
become  wildly  unstable  in  which  an  accident  is  entirely  probable.  The  QFT 
method  has  proven  as  a  method  of  design  and  stability  analysis  that  could  be 
implemented  in  all  these  cases. 

This  is  just  a  beginning  design  which,  to  become  workable,  must  be 
considered  in  Che  MIHO  case.  The  speed  controller  must  have  an  external  input 
from  a  traffic  controller,  V^,  for  the  reference.  The  space  controller  must 

have  not  only  information  about  the  space  between  vehicles  but  needs  velocity 
data  from  the  car  in  front,  to  determine  what  change  in  velocity  will 

effect  a  spacing  between  them,  making  this  a  tracking  problem.  Without 
considering  such  things  as  emergency  stopping,  etc.  there  are  at  least  two 
inputs  and  two  outputs.  In  any  future  practical  application,  the  MIMO  case 
must  be  considered. 
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MULTI-INPUT  MULTI-OUTPUT  FUGHT  CONTROL  SYSTEM  DESIGN  FOR  THE  YF-16 
USING  NONUNEAR  QFT  AND  PILOT  COMPENSATION 
R  B  MiUer*.  I M  Horowitz*.  C  H  Houpis*.  and  F  Barfield** 


/.  Introduction 

This  paper  asserts  the  validity  and  value  of  both  nonlinear  (NL)  QFT  and  man-in-the-ioop  modeiling  to  the 
application  of  aircraft  (A/C)  flight  control  system  design.  Nonlinear  QFT  is  basically  a  standard  linear  QFT  design 
with  the  exception  that  the  NL  characteristics  of  the  plant  over  the  desired  range  of  operation  are  included  in  the  range 
of  plant  uncertainty.  In  previous  work  [5].  NL  QIT  was  used  for  a  single-input  single-output  (SISO)  design  that 
developed  a  technique  to  design  pilot  compensation  for  tracking  tasks  with  the  goal  of  reducing  the  pilot's  workload. 
This  workload  reduction  provides  the  pilot  with  the  opportunity  to  focus  maximum  attention  on  mission 
accomplishment  as  opposed  to  simply  maintaining  stable  flight  This  technique  was  applied  and  validated  for  a  NL 
SISO  design  for  the  YF- 16  A/C.  This  paper  presents  a  multi-input  multi-output  (MIMO)  design  on  the  same  plant 
[6]. 

Assumptions,  Scope,  and  Standards 

The  assumptions  utilized  are:  1)  Only  the  modelled  inputs  are  of  interest  for  final  performance,  and  2)  All 
inputs  and  outputs  are  Laplace  transformable.  Assumption  #1  is  required  to  reduce  the  workload  involved  with  the 
design.  A  sufficiently  large  number  of  inputs  are  used  to  ensure  that  this  is  a  reasonable  assumption.  The  second 
assumption  does  not  place  any  real  limitations  on  the  analysis  since  Laplace  transformability  requires  only  that 
either  (1)  the  function  is  smooth,  continuous  and  bounded,  tf  (2)  the  fiuiction  is  unbounded  and  there  exists  a  5  such 

that  Jg  f(t)e*^dt  exists.  This  flight  control  problem  involves  the  design  of  a  pilch  and  roll  control  system  for  the 

YF-16.  The  plant  model  is  a  6-DOF  NL  FORTRAN  simulation.  For  this  design  the  only  independent  commanded 
controls  are  symmetric  horbontal  tail  (elevator)  and  aileron  deflections.  The  simulation  include  rudder  and  leading 
edge  flap  compensation  which  were  left  intact  The  rodder  controls  are  required  for  lateral  stability,  but  the  decision 
to  leave  in  the  flap  controls  is  rather  arbitrary.  As  long  as  the  design  model  is  the  same  as  the  simulation  model, 
treatment  of  additional  control  surfaces  is  not  a  significant  issue.  Reqixmse  specifications  are  based  on  guidelines 
presented  in  MIL-STD- 1797 A,  Flying  Qualities  q/’ Piloted  Aircri^. 

Approach 

Nonlinear  QFT  is  used  to  design  a  2x2  flight  controller  whose  outputs,  elevator  and  aileron  command,  are  used 
to  control  C*  and  roll  rate,  p.  C*  is  a  blend  of  normtU  acceleration  and  pilch  rate  as  felt  at  the  pilot  station,  given 
by  C*  *  Nzp  *  12.4q.  The  design  is  based  on  obtaining  satisfactory  responses  for  step  commands  in  both  C*  and 
roll  at  the  two  flight  conditions  0.9  mach,  20,0(X)  feet  (0.9M,20K)  and  0.6M30K.  Ihe  maximum  commands  on 
which  the  design  is  based  are  2.2  g's  for  C*  and  30”/s  for  roll  rate. 

Inner  Loop  Design.  The  inner  loop  design  consists  of  the  development  of  the  stability  augmentation  system 
(SAS)  compensator,  designated  G  in  Fig.  1.1.  For  diis  design,  G  and  F  are  2x2  diagonal  tracer  function  matrices. 
The  compensator,  G,  stabilizes  the  A/C  and  ensures  appropriate  oidputs  to  pilot  inputs.  The  prefilter  F  is  developed 
following  the  completion  of  the  SAS  compensator,  for  simulation  a^  verification  of  the  inner  loop  design. 

Pilot  Compensation.  The  outer  loop  design  consists  of  choosing  a  pilot  compensation  filter,  Fp  in  Fig.  1.2,  to 
provide  satisfactory  system  response  with  minimal  pilot  work  load.  The  outer  loop  design  is  bas^  on  the  Neal- 
Smilh  (NP)  pilot  modd  of  Eq.  (1.1)  which  consists  of  a  gain,  a  time  delay,  and  a  first  order  filter.  The  basic 

design  snategy  is  to  model  the  pilot  by  parameters  which  have  been  shown  to  result  in  satisfactory  pilot  ratings 
[8: 10.15],  and  synthesize  pilot  compensation  that  results  in  the  appropriate  system  response  while  it  is  being  driven 
by  these  optimal  pilot  characteristics.  Thus,  the  pilot  nradel  simulate  an  actual  human  pilot  in  the  loop,  ’flying’ 
die  system  in  a  manner  which  he  considers  to  be  acceptable.  Designs  which  do  not  consider  the  pilot  may  be 
capable  of  producing  the  appropriate  A/C  responses,  but  if  the  pilots  do  not  like  the  way  they  ’feel',  time 
consuming  ^  er  pensive  modifications  must  be  made.  These  modificalions  can  be  avoided  by  the  development  of  a 
design  technique  that  considers  the  pilot-aircraft  interaction  in  the  early  design  phase  so  that  the  completed  product  is 
always  satisfactory  to  the  pilots. 
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Simulation,  A  linear  inner  loop  MATRKx  simulation  is  performed,  followed  by  a  full  NL  simulation  on  a 
VAX  with  the  FORTRAN  YF-16  simulator.  Comparison  of  the  two  simulations  indicate  the  validity  of  the 
equivalent  LTI  design  models.  Finally,  the  outer  loop  design  is  simulated  on  the  NL  FORTRAN  simulator. 

Equivalent  Linear  Time  Invariant  Plant  Models.  A  set  of  equivalent  linear  time  invariant  (LTI)  plant  models 
that  rigorously  represent  the  NL  plant  are  generated  by  a  MATRIXx  program  [6]  based  on  Golubev's  method  and  ex¬ 
tended  to  the  MIMO  case.  This  program,  given  an  input-output  time  history  of  a  2x2  plant  generates  an  equivalent 
LTI  transfer  fimction  set  that  represents  the  NL  plant  used  to  generate  the  time  history.  This  equivaient  plant  is 
valid  for  the  specified  inputs  only.  Thus,  given  a  NL  model,  by  generating  input-ouqiut  time  histories  for  all 

realistic  inputs  into  the  plant,  a  sig  of  equivalent  LH  transfer  functions  Pc  >■  {P(s)}  ate  devek^ied  that  represent  the 
single  NL  plant.  This  set  of  plants  rqiresents  the  parameter  uncertainty  for  which  the  QFT  design  method  was 
developed,  and  includes  the  eflects  of  the  plant.  It  has  been  proven  that  for  a  very  large  problem  class  the 
solution  to  the  Pe  uncertainty  problem  is  guaranteed  to  solve  the  original  NL  uncertainty  problem  [4]. 

Generation  of  Eqiuvalent  LTI  Plants 

Both  the  Golubev  technique  for  SISO  systems  (SISOTF)  and  the  modified  technique  for  MIMO  systems 
(MIMOTF)  are  imptemented  in  MATRIXx.  These  programs  have  been  significantly  tested  with  known  transfer 
functions,  and  give  excellent  fits.  Fits  for  all  of  the  actual  equivalent  transfer  functions  used  in  the  design  and  their 
errors  are  shown  in  B  of  ref  [6]. 

The  YF-16  simulator  is  used  to  generate  sets  of  input-ouqiut  tune  histories  for  plant  generation,  which  utilizes 
the  full  NL  six  degree  of  fieedom  equations  of  motion.  The  original  simulator  control  system  is  significantly 
modified  to  ease  the  task  of  filling  the  response  envelc^KS.  Since  this  design  is  limited  to  a  2x2  system,  1)  the 
original  rudder  and  leading  edge  flap  controls  are  left  intact,  and  2)  the  connections  to  the  elevator  and  ailerons  are 
bnAen  and  controlled  independently  of  the  original  control  system.  The  use  of  pure  gain  compensators  as  shown  in 
Fig.  1.3  results  in  tight  loops  whose  ouqHits  are  very  similar  to  the  commanded  inputs,  which  makes  it  a  relatively 
simple  task  to  fill  the  desired  response  envelope.  Additionally,  since  the  gains  I^  and  Kp  do  not  affect  the 
equivalent  plant,  they  can  be  altered  fiom  run  to  run.  During  the  simulator  tuns,  surface  commands  to  the  actuators 
(inputs)  and  A/C  responses  (ouqxits)  are  recorded.  These  input-ouqxit  histories  are  used  with  MIMOIF  to  generate  a 
set  of  equivalent  LTI  plants  which  represent  the  A/C  for  the  full  range  of  desired  responses. 

The  inputs  used  for  plant  generation  are  ^md  ^md  (see  Fig.  1.3)  while  the  ouq)uls  are  C*  and  p.  Notice 
that  the  elevator  and  aileron  trim  values  are  i»t  included  in  the  plant  input  as  far  as  iinear  plant  generation  is 
concerned.  Theory  requires  that  the  inputs  used  for  equivalent  plant  generation  should  include  only  the  inputs  which 
are  directly  responsible  for  the  obtained  outputs  [3].  In  the  case  of  C*,  the  addition  of  the  trim  vaiue  is  enough  to 
make  the  input  appear  as  a  negative  step,  which  results  in  stable  plants  for  the  YF-16’s  longiuidinal  axis.  Since  this 
axis  is  well  known  to  be  unstable,  th^  plants  obviously  cannot  be  equivalent  to  the  actual  system.  Fg.  1.4 
clarifies  the  difference  in  the  plant  generation  with  and  without  including  the  trim  value.  In  the  figure,  "delta  Se* 
represents  the  change  in  elevator  only  (no  trim),  and  ’5e”  includes  the  trim  value.  Note  that  when  trim  value  is 
induded,  the  input  looks  like  a  negative  step  with  significant  overshoot  A  relatively  slow,  stable  transfer  function 
can  easily  be  matched  to  the  resulting  input-output  pair.  Without  the  trim  value  right  hdf  plane  poles  (rhp)  are 
required  to  match  the  input  output  pair,  as  is  expected  for  a  longitudinal  F-I6  transfer  function.  Note  that  the  plant 
us^  in  this  design  is  defined  with  the  original  rudder  and  leading  edge  flap  compensation  in  place,  and  open-loop 
simulations  verify  that  the  leading  edge  flap  compensation  is  not  sufficient  to  stabilize  the  longitudinal  axis. 

For  the  C*  lo^,  an  interesting  technique  is  u^  to  drive  the  system  to  the  desired  ouqxit  set.  Since  the  system 
outputs  closely  resemble  the  commanded  inputs,  weighted  averages  of  the  response  envelope  are  used  to  drive  the 
system.  As  a  result,  the  response  envelope  is  filled  rather  nicely.  Problems  are  encountered  in  determining  equiva- 
Irat  plants  for  most  of  the  cases  with  overshoot  and  no  undenhopt  that  do  not  violate  the  requirements  of  (qii) 
having  no  phase  uncertainty  at  infinity.  Therefore,  those  responses  are  not  used  in  the  design.  Instead,  underdamp^ 
responses  whkh  contain  b^  understKXX  and  overshoot  are  used  to  fill  the  upper  area  of  the  response  bounds.  For 
the  roil  rate  responses,  the  driving  inputs  consist  of  filtered  steps  of  varying  speeds  formed  in  MATRIXx,  and  the 
step  responses  of  those  filters  used  as  inputs  to  the  roll  channel.  A  total  of  22  equivalent  LTI  plants  are  developed 
for  the  design  using  MIMOTF  with  actual  simuburr  responses.  These  plants  represent  the  A/C  at  the  two  flight 
conditions  0.9  M,  20,000  feet  aixl  0.6  M,  30,000  feet  maximum  commands  are  2.2  g's  for  C*  and  30"/s  for 
roll  rate.  At  the  second  flight  condition  (PC),  the  system  reaches  moderately  high  angles  of  attack  up  to 
^tproximatety  IS";  These  system  responses  encio^  in  Itieir  :^spective  bounds  are  shown  in  Fig.  1.3,  and  the  plant 
transfer  functions  are  given  in  App.  A  of  Ref  [6].  Note  that  ute  origina]  thumbprints  were  somewhm  less  severe, 
btt  are  tightened  aroimd  the  achiev^  responses  to  provide  for  a  more  stringent  test  on  the  design. 

Cautions  and  PifalU 

The  genetasicn  of  equivalertt  plants  for  the  MIMO  problem  requires  an  additional  consideration.  For  a  response 
of  the  form  yi  *  yn  yi2  there  exists  an  infinite  number  of  solutions  because  of  the  addition  involved.  It  is  not 
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sufficient,  however,  to  get  a  good  fit  on  only  the  response  yi,  but  is  also  important  to  accurately  model  the 
individual  components  yn  and  yi2-  In  the  NL  proUem,  superposition  does  not  apply,  and  the  individual 
components  of  the  reqxmse  are  not  available.  To  ensure  that  the  individual  elements  of  the  equivalent  plant  matrix 
are  correctly  weighted,  the  inputs  are  smggerd  by  one  second.  That  is,  for  each  set  of  commanded  inputs,  one  is 
commanded  at  time  t  ^  0,  while  the  second  input  is  not  applied  until  t  ■  Is.  Some  runs  have  C*  first,  while  others 
have  C*  as  the  delayed  response.  The  delay  is  applied  to  each  of  the  variables  with  the  intent  that  the  range  of  plant 
uncertainty  include  the  case  of  simultaneous  responses.  This  staggering  effect  luices  MIMOTF  to  reasonably 
weight  the  individual  components  of  the  re^nnse  since  during  the  first  second  one  of  the  inputs  is  zero  and  there 
exists  a  substantial  response  on  only  one  of  the  outputs.  An  analysis  of  the  individual  components  of  the  responses 
of  the  generated  plants  when  simulated  with  the  input  with  which  they  were  derived,  shows  them  to  all  be  reasonable 
at  least  for  the  majority  of  the  run.  In  aome  plant  cases,  toward  the  end  of  the  run  the  individual  components  of  yn 
and  yi2  begin  to  diverge  in  opposite  directions  with  a  cancelling  effect  In  reality  [2],  the  control  system  farces  the 
plant  input  to  contain  thp  zeros  to  exactly  cancel  the  rhp  poles  of  the  plant,  so  this  apparent  divergence  fiom  reality 
is  not  necessarily  a  real  problem.  In  some  cases,  the  'equivalent'  plants  are  only  valid  for  the  first  80  or  90%  of  the 
run.  Three  second  responses  are  considered  to  be  sufficient  for  the  desired  ouqxits,  but  the  plant  generation  runs  are 
extended  to  five  seconds  to  prevent  premature  divergence  of  the  unstable  longitudinal  equivalent  plants. 

II.  Inner  Loop  Design 

Introduction 

Since  the  designs  are  based  on  the  equivalent  MISO  systems,  in  this  section  the  term  'plant',  or  P  refers  to  the 
equivalent  MISO  plant,  qii.  In  both  designs,  overdesign  is  neglected  and  the  only  criteria  consideied  is  stability  and 
the  requirement  for  a  maximum  open-loop  crossover  frequency  of  30  lad/s  to  ensure  sufficient  attenuation  of 
structural  modes.  That  is,  maximum  loop  transmiss'on  is  obtained  while  meeting  the  crossover  and  stability 
requirements.  The  reason  for  neglecting  tracking  aixl  disturbance  boundaries  is  that  experience  [2]  suggests  that  the 
30  rad/s  crossover  requirement  is  the  dominant  constraint,  which  means  that  a  detailed  QFT  design  to  satisfy  the 
tracking  and  disturbance  requirements  with  minimum  overdesign  would  result  in  higher  crossover  fi^uendes.  The 
decision  is  made  to  design  the  toll  rate  compensator  first  because  of  lesser  uncertainty  present 
Design  Requirements 

The  requirements  on  the  completed  design  are:  1)  the  time  domain  responses  fall  wit'un  the  specified  envelopes, 
2)  stability  iraigins  of  6  dB  and  4S^  are  maintained,  and  3)  a  maximum  crossover  firequency  of  30  tad/s  is  maintained 
for  all  plmt  cases.  By  obtaining  maximum  loop  transmission,  the  tracking  and  disturbance  requirements  are 
automatically  satisfied  if  they  are  obtainable.  The  expectation  that  the  crossover  requirement  will  dominant  is 
substandaied  by  the  simulation  results.  Note  that  the  increased  loop  transmissions  are  helpful  for  gust  alleviation 
and  robustness  over  a  larger  range  of  uncertainty. 

Templates 

Templates  which  represent  the  endre  plant  uncertainty  in  the  frequency  domain  are  obtained  for  a  set  of 
frequencies  [6]  based  on  the  appearance  of  the  composite  frequency  leqxmse  p^  of  Fig.  2.1.  When  little  variation 
exists  in  the  templates  of  a  certain  frequency  range  they  result  in  very  similar  boundaries  and  only  the  most 
restrictive  (highest  fiequency)  need  be  drawn  on  the  Nichols  chart  (NC).  The  plots  of  Fig.  2.1  provide  insight  into 
the  characteristics  of  qn  and  022  that  are  worth  mentioning.  For  instance,  they  bring  out  the  fact  that  both  qn  and 
q22  have  an  excess  of  one  pole,  since  all  cases  have  a  final  slope  of  -20  dB/dw.  One  case  for  qu  has  a  very  large 
zero,  and  the  -20  dB/dec  final  slope  is  not  entirely  obvious  from  die  figure.  Also,  qi  1  contains  two  thp  poles  in 
some  cases,  and  only  one  in  others.  Since  q22  has  a  -20  dB/dec  final  slope,  indicating  the  one  excess  pole,  to  270° 
of  phase  change,  it  can  be  noted  that  in  all  cases  q22  contains  one  rhp  zero. 

Loop  Shaping 

In  order  to  minimize  the  complexity  of  the  compensator  G,  the  nominal  plant  is  included  in  the  loop 
transmission  function  Lg  as  shown  in  Eq.  (2.1) 


By  beginning  the  loop  shaping  with  the  nominal  plant  poles  and  zeros,  the  complexity  of  the  compensator  is  reduced 
since  G  >  l^o-  Comperuator  poles  and  zeros  are  aMai  to  bring  the  loop  down  the  edge  of  the  stability  bounds.  A 
high  frequency  complex  pair  of  poles  is  generally  added  at  the  end  to  provide  maximum  attenuadon  for  high 
fiequencies  where  the  design  model  may  no  longer  be  valid. 
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P  Loop  Compensator 

Tbe  st^ility  contour  is  determined  by  the  required  gain  and  phase  margins.  The  3  dB  contour  conesponds  to  a 
4S**  phase  margin,  but  to  ensure  the  6  dE  gain  margin  requirement,  it  must  be  extended  on  the  lower  half.  The  de¬ 
signs  are  made  in  order  to  provide  maximum  loop  transmission  at  all  frequencies  while  meeting  the  stability  and 
crossover  fiequency  requirements.  Since  the  template  at  30  lad/s  is  13  dB  in  magnitude  and  the  nominal  plmt  is 
located  at  the  bottom  of  the  template,  the  nominal  loop  must  fall  at  -13  dB  at  30  rad/s  to  guarantee  a  30  rad/s 
crossover  for  all  i^t  cases.  The  compensator  gp  used  for  the  final  loop  shape  of  iMg.  2.2a  is 

gp(s)<-  -259.2(s  +  4|(s  +  25Is  +  30) 
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C*  Loop  Compensator 

The  stability  requirements  for  this  loop  are  the  same  as  in  the  roll  channel,  3  dB  and  45”.  In  this  design  the 
firequeiicy  response  for  q22eq  ^  identical  to  that  of  the  original  q22.  thus  the  second  loop  design  is  based  on  the 
original  equivalent  plants  derived  previously.  The  completed  loop  shape  of  Fig.  2.2b  is  achieved  with  the 
compensator 
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Printers 

Fig.  23  shows  the  frequency  domain  thuml^rints  with  the  frequency  response  for  the  completed  inrter  loop 
design  without  prefilters.  The  praters,  fu  for  C*,  and  f22  for  roll  rate  are  detained  in  the  usual  manner,  and  ate 
respectively 
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The  frequency  response  with  prefilters  are  shown  for  both  cases  in  Fig.  2.4.  Note  that  in  both  cases  the  reqxmses 
ate  adequately  enclosed  within  the  thumbprints. 

hi.  Simulation  of  the  Inner  Loop 

Introducion 

A  MATRIXx  simulation  with  the  equivalent  linear  design  models,  and  a  full  NL  simulation  with  the  o>^gin«l 
FORTRAN  simulator  used  to  generate  the  design  models  are  perfo^ed.  The  first  simulation  is  used  to  validate  the 
design,  while  the  second  is  used  to  determine  the  validity  of  the  design  models.  Also,  modifications  made  ir.  the  roll 
compensator  to  improve  the  NL  perfimnance  are  detailed. 

Linear  Simulations 

C*  Linear  Simulation.  The  first  linear  simulation  is  that  of  the  C*  compensation  with  the  equivalent  LH 
design  models  via  MATRIXx  system  build.  For  the  linear  simulations,  the  response  is  independan’.  of  the  input 
magnitudes  and  only  unit  step  simulations  are  performed.  The  linear  simulation  of  all  plant  cases  is  shown  in  Fg. 
3.1.  The  responses  are  al!  predominantly  within  the  bounds  with  only  minor  excursions  toward  the  end  of  the  tun. 
These  excursions  are  from  the  plants  at  FC  2  and  are  due  to  small  complex  zeros  in  the  linear  plants.  These  zeros 
result  in  nearby  closed-loop  poles  with  very  large  time  constants  and  small  residues.  These  linear  responses  are 
judged  to  be  satisfactory,  arid  the  simulation  phase  is  continued. 

Roll  Linear  Simulation.  The  roll  channel  unit  step  responses  are  also  shown  in  Fig.  3.1.  In  this  case,  mme 
pronounced  boundary  violations  are  noted.  A  small,  oscillatory  component  of  the  time  response  prevents  the 
responses  from  being  completely  enclosed  within  the  bounds.  Note  that  these  oxillations  are  present  only  in  the 
cases  of  PC  2.  A  look  at  the  Bode  plots  of  q22  (Fig.  2.1)  at  these  conditions  indicate  a  peak  at  approximately  2.5 
mi/$.  An  inspection  of  the  q22  transfer  fimctions  reveals  the  existence  of  a  pair  of  complex  poles  and  zeros  in  this 
frequency  range  that  nearly  cancel,  but  not  completely.  Since  the  final  objective  is  the  NL  response,  the  linear 
simulation  is  considered  acceptabie  and  the  NL  simulation  performed.  Note  that  the  roll  compensator  was  modifisd 
to  the  form  of  Eq.  (2.2)  following  the  NL  simulations  and  these  simulations  are  based  on  an  earlier  version  [6]. 
Nonlinear  Simulations 

Nonlinear  Simulation  of  the  SISO  Systems.  Hrst,  NL  simulations  are  performed  on  each  channel  separately. 
As  opposed  to  the  linear  simulation  whoe  simple  step  commands  are  suBicient  simulations,  the  NL  system  must  be 
evaluated  with  commands  of  varying  magnitudes.  For  the  SISO  C*  simulation,  C*  is  commanded  fitm  1  to  5  g's  at 
each  PC  for  a  total  of  10  nms.  The  response  on  roll  rate  for  the  SISO  C*  simulations  is  essentially  zero  for  all 
cases.  The  SISO  simulations  for  roll  rate  consist  of  step  cummands  from  10  to  40°/s  in  increments  of  10°/s .  In 
these  simulations,  the  C*  response  is  negligible.  The  normalized  responses  enclosed  in  the  thumbprints  are  shown 
for  both  cases  in  Fig.  3.2.  Both  sets  of  responses  are  completely  satisfactory. 

Nonlinear  MIMO  Simulations  Over  the  Design  Range.  The  true  test  of  the  NL  design  consists  of  «imiitffti<yf 
over  the  range  of  input  magnitudes  on  which  the  design  is  based  As  mentioned  earlier,  it  is  essential  that  in  the 


i  ■- 


181 


equivalent  plant  generation  phase,  equivalent  plants  are  generated  for  the  full  range  of  desired  outputs.  Figure  3.3 
shows  the  normalized  responses  of  the  NL  plant  over  the  full  range  of  input  magnitudes  on  which  the  diuign  is 
based.  The  only  significant  boundary  violations  are  in  the  roll  rate  response,  and  are  similar  to  those 
of  the  linear  simulation.  Before  attempts  are  made  to  eliminate  these  boundary  violations,  the  NL  system  is 
simulated  over  a  wider  range  of  input  magnitudes  to  provide  additional  insight  into  corrective  measures.  The  results 
of  those  simulations  can  be  found  in  Ref  (61.  The  roll  rate  responses  show  troublesome  oscillations  very  similar  to 
those  seen  in  the  linear  simulation,  but  they  are  somewhat  more  pronounced.  Again,  the  only  problem  responses  are 
at  the  second  FC,  0.6M,  30K,  and  the  oscillations  get  progressively  worse  as  the  commanded  magnitude  grows  from 
the  original  design  range.  The  frequency  of  oscillation  is  approximated  to  be  between  2  and  S  rad/s.  This  value  is 
consistent  with  the  peaking  of  the  Bode  plots  of  q22  at  2.3  rad^  discussed  previously.  One  attempt  to  elimiiuite  this 
oscillation  is  to  include  an  exact  cancellation  of  the  troublesome  pair  of  complex  poles  and  zeros  of  the  nominal 
plant  (q22)-  This  additional  compensation  elimiroues  the  upper  violations  in  the  response,  but  oscillations  are  still 
present  and  significant  'dips'  are  present  before  the  response  reaches  its  final  value.  The  most  obvious  solution  to 
the  problem  is  to  increase  the  loop  transmission  in  this  frequency  range.  A  second  look  at  the  loop  shape  of  the 
completed  roil  loop  shows  that  increased  loop  transmission  can  be  obtained  in  this  critical  frequency  range  without 
violating  the  30  ra^s  crossover  requirement  by  the  implementation  of  the  modified  compensator  given  by  Eq.  (2.2). 
Simulations  of  the  roll  system  with  this  modified  compensator  at  0.6M,  30K  over  the  original  design  range  are 
shown  in  Fig.  3.4.  The  C*  responses  are  virtually  unchanged  from  those  with  the  original  roll  compensator.  The 
resultant  responses  are  located  predominantly  within  the  bounds,  but  could  stand  improvement 

In  designing  a  fixed  compensator,  it  is  expected  that  there  be  a  trade  off  in  quality  of  performance  at  the  various 
parameter  values.  By  examining  the  templates  for  both  loops,  it  is  apparent  that  superior  performance  is  obtained  at 
the  first  PC.  In  both  cases,  the  responses  at  the  first  FC  are  predominantly  located  at  the  top  of  the  templates, 
implying  a  higher  loop  transmission  for  that  condition.  The  general  appearance  of  the  template  for  p  at  30  rad/s  is 
shown  by  Fig.  3.5,  where  points  marked  by  'o's  are  for  0.9M,  20K,  and  'x's  represent  responses  at  0.6M,  30K.  In 
order  to  design  a  fixed  compensator,  the  ^lecified  criteria  must  be  met  fur  all  cases.  Therefore,  the  loop  transmission 
for  the  plants  represented  by  the  bottom  of  the  template  is  always  less  by  the  height  of  the  template  at  any  given 
frequency.  Hence,  there  is  a  trade  off  between  die  use  of  a  fixed  compensator  and  optimal  performance  for 
all  parameter  values.  The  constraining  criteria  in  this  design  is  the  30  rad/s  open  loop  crossover  requirement, 
resulting  in  lower  loop  transmission  in  that  vicinity  of  ^jproximate’y  13  dB  for  roll  rate,  and  12  dB  for  C*.  Note 
that  in  a  case  such  as  this  where  the  two  fli^t  conditions  represent  the  extreme  ends  of  the  templates,  scheduling  of 
the  compensator  gain  could  be  used  to  provide  comparable  loop  tiansmission  for  all  cases.  An  additional  7  dB  of 
gain  in  the  roll  chumel,  and  3  dB  in  the  C*  channel,  for  the  second  FC  results  in  the  responses  of  Fig.  3.6  for  the 
extended  simulation  range.  With  gain  scheduling,  the  gain  values  used  for  Fig.  3.6  can  be  achieved  without 
violating  any  of  the  design  specifications.  Additional  simulations  would  be  required  for  this  scheuuling  to  determine 
whether  the  dominant  factor  causing  this  sqiaration  is  velocity,  altitude,  or  a  combination  of  the  two. 

Additional  Simulations.  Additional  NL  simulations  are  given  in  App.  C  cl  Ref  [6].  Included  are  the  full  A/C 
outputs  and  surface  deflections  for  1)  simultaneous  pitch  and  roll  commands  for  a  few  of  the  cases  of  Bg.  3.4, 2) 
rc^  out  of  a  coordinated  turn,  and  3)  a  120°/s  roll  command  from  straight  and  level  flight 
Summary 

This  section  presents  both  linear  and  NL  simulations  of  the  compensated  inner  loop.  There  are  strong 
correlations  between  the  two  simulations,  indicadng  that  the  equivalent  LIT  plants  are  at  least  reasonable.  There  are 
some  coupling  effects  between  the  two  outputs  that  can  not  be  overcome  with  fixed  compensation,  but  a  gain 
scheduling  option  is  suggested  which  can  result  in  satisfactory  responses  over  the  entire  design  range  and  beyond 
without  violations  in  any  of  the  sy.stem  requirements 

IV.  Pilot  Compen.mlion 

Introduction 

TTiis  section  describes  the  development  of  the  Pilot  Compensation  filters,  fpc  and  fpp  shown  in  Fig.  4.1  to 
augment  or  replace  the  prefiliers  fn  and  (22-  The  puroose  of  this  pilot  compensation  is  to  reduce  the  pilot's 
workload  while  ensuring  acceptable  responses.  Essentially,  the  technique  is  to  model  the  pilot  with  parameters 
known  to  give  good  pilot  ratings  and  design  the  pilot  compensation  such  that  it  shapes  the  responses  to  dieir  desired 
forms.  Note  that  the  darker  lines  in  Figure  4.1  represent  feedback  paths  which  are  not  physically  connected. 
Kobylarz  [5]  designed  pilot  compensation  based  on  a  single  equivalent  plant  of  the  designed  inner  loop.  This  vepec 
considers  an  equivalent  plant  set  as  in  the  inner  loop  design  to  s.hape  the  loop  to  ensure  satisfactory  response  over  a 
range  of  flight  conditions,  but  die  pilot  compensation  is  designed  as  tv.ro  independent  SISO  systems.  'That  is,  when 
equivalent  plants  for  the  C*  inner  loop  arc  generated,  the  roll  command  is  zero  and  vice  versa.  The  decision  to 
synthesize  the  pilot  compensation  in  this  manner  is  based  solely  on  ume  constraints,  and  the  method  used  for  the 
SAS  dMign  can  be  used  for  pilot  compensalitxi  with  the  only  difference  being  the  requirement  for  more 
plants  and  the  conversion  to  the  MiSO  equivalent  loops. 
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Criteria  for  pilot  in  tbe  loop  pitch  response  is  fairly  well  defined  and  can  be  found  in  the  NS  report  [7]  as  well  as 
ME.-STD  1797A.  Criteria  for  roll  response,  however  is  very  limited.  Therefore,  an  approach  very  similar  to  the 
one  used  by  Kobylarz  is  used  for  the  longitudinal  compensator,  and  a  new  app'oach  is  introduced  for  the  lateral 
design.  Because  of  the  differences  in  the  two  designs,  they  are  presented  separately. 

PUuit  Gtneradon  for  Pilot  Compenstttion 

After  the  inner  loop  designs  are  comtdeted,  SISOTF  is  used  to  generate  a  new  set  of  equivalent  LTT  plants  that 
represent  the  closed  inner  loop  system  as  shown  in  Fig.  4.2.  Plants  are  generated  for  C*  commands  of  1, 3,  and  S 
g's  at  0.9M.  20K,  and  1  and  2g's  at  0.6M.  30K.  For  the  roll  channel,  plants  are  generated  in  lOP/s  increments  from 
10  to  30*/s  at  both  flight  conditions.  Templates  representing  the  magnitude  and  phase  uncertainty  are  then  generated 
for  both  loops  as  in  the  inner  loop  design.  The  uncertainty  has  been  considerably  reduced  by  the  inner  loop  design, 
thus  templates  are  required  for  moderate  and  high  frequency  regions  only. 

Pilot  Model 

Since  the  pilot  input  is  one  of  pure  gain  [8],  the  pilot  model  used  in  the  design  includes  only  the  inherent 
time  delay  and  unity  gain.  The  selection  of  unity  gain  is  somewhat  arbitrary,  because  the  total  gain  of  the  inner 
loop  is  given  by  the  product  of  the  pilot  gain  and  the  respective  compensatcr  gain.  Hence,  any  value  of  pilot  gain 
could  be  achieved  from  the  designed  system  by  adjusting  the  compensator  gain  such  that  the  total  g^  is  the  same  as 
that  of  tbe  original  compensator.  For  instance,  if  the  optimal  pilot  gain  for  a  certain  application  is  2  instead  of  1, 
the  r*«npM«iiinr  should  be  implemented  with  half  the  gain  determined  from  the  design  process. 

Longitudinal  Pilot  Compensation 

The  NS  report  H  clearly  lays  out  frequency  domain  characteristics  for  closed  loop  C*  reqxmse  that  result  in 
sadsfKtory  pilot  ratings.  Spedflcally,  the  report  calls  for  a  closed  loop  bandwidth  of  3.S  rad/s  a^  a  maximum  of  3 
dB  of  droop  for  <D<(OBW-  The  repon  defines  the  closed  loop  bandwidth  as  the  frequency  at  which  the  closed  loop 
response  hia  a  phase  lag  of  90*.  The  final  specification  is  for  maximum  closed  loop  resonance  of  3  dB.  These 
criteria  are  readily  displayed  on  the  NC  of  Fig.  4  J.  Pilots  of  the  NS  study  generally  preferred  respon^  with  over¬ 
shoot  but  no  undershoot  so  that  the  droop  for  ox  cubw  should  be  held  as  cIom  to  zero  as  possible  [S].  The 
frequency  criteria  of  Fig.  4.3  can  be  modified  by  manipulating  the  templates  wound  them  in  order  to  develop  a  new 
set  of  bounds  as  in  the  QFT  technique  so  that  by  satisfying  the  modified  bounds  with  the  nominal  loop  tbe  criteria 
would  be  met  for  all  plant  cases.  Instead,  because  the  templates  are  very  small  in  tbe  frequency  range  of  primary 
interest,  the  decision  is  made  to  shape  the  nominal  loop  based  on  tbe  original  criteria,  with  the  templates 
occasionally  being  placed  over  the  nmiinal  loop  to  ensure  dm  no  plant  case  violates  the  specified  requirements. 

The  synthesized  longitudinal  pikt  compenaucr,  fpe,  is  given  by 

t,i.) — 

sis  ♦  4o(s*  +  100s  +  10,000) 

where  one  of  tbe  poles  and  zeros  cancel  a  pole  and  zero  from  the  original  prefiher  derived  previously.  Therefore,  the 
total  outer  loop  compensation  is  given  by 
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Note  that  in  shqjing  this  loop,  the  phase  lag  of  the  pilot  model  must  be  included.  The  compensated  loop  shape  is 
shown  in  Fig.  4.4.  Note  that  this  compensation  re^ts  in  a  slight  violation  of  the  bandwidth  specification.  The 
reasons  for  allowing  this  violation  are  given  in  the  simulation  results  section. 

Lateral  Pilot  Compensation 

As  mentioned  earlier,  specifications  for  closed  loop  roll  specifications  are  somewhat  limited.  Guidelines  are 
primarily  limited  to  rise  times  and  damping  factors.  MIL-STD  1797A  (sec  4.5.1. 1)  indicates  that  rise  times  of  the 
rtdl  rate  response  between  0.33  and  Is  generally  result  in  satisfactory  pilot  ratings.  Barfield  [1]  has  indicated  that 
desirable  roll  rate  responses  have  high  damping  factors.  Since  the  purpose  of  this  design  is  to  introduce  pilot 
compensation  techniques,  and  not  to  meet  a  prespecified  set  of  requirements,  the  decision  is  made  to  adopt  a  general 
criteria  of 

1)  0.33  <  TIr  <  1.0,  and 

2)  0.8  <  C  <  1.0 

The  fust  step  in  the  synthesis  technique  is  to  develop  simple-second-order  transfer  functions  which  exhibit  the  desired 
closed  loop  response.  For  this  design,  four  trwtsfer  functions  are  used,  representing  the  four  extremes  of  damping 
fKtors  and  rise  times,  given  by 

5.29  56.25 

n~7Z  73  C=.8.  TR.l  /  2  ~~Y  TR=0.33 

\s  +  3.68s  +  5.29;  ^  \s  +  12s  +  56.25/ 
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If  these  transfer  functions  are  designated  M7(s),  then  it  can  be  easily  derived  from  Figs.  4.1  and  4.2  that 

MT(s)-T-t^ 

1  +  L(s) , 

where  L(s)  >  e'^l(s).  Li  represents  the  desired  transfer  function  '-f  the  closed  inner  loop  plus  compensation. 
Solving  Eq.  (4.4)  for  Li  (including  the  closed  loop  effect  of  the  pilot's  delay)  gives 

M-Ks) 

L,(s). - -  (4.5) 

1-e  Mt(s) 

The  next  step  is  to  plot  the  frequency  response  of  Li(s)  for  all  cases  in  Eq.  (4.3)  on  a  NC.  It  is  reasonable  to  expect 
similar  time  responses  from  any  system  which  has  a  similar  Nichols  plot  [2].  Therefore,  by  using  the  four  cases  of 
Li  as  an  approximate  set  of  bowds,  the  open  loop  Nichols  plot  can  be  directly  shap^  to  develop  the  pilot 
compensation  which  results  in  the  desired  response.  Again,  the  templates  are  used  to  ensure  that  the  resultant  loq) 
falls  widiin  the  desirable  range  for  all  plant  cases.  Note  that  in  this  case,  the  phase  lag  of  the  pilot  model  has  already 
been  accounted  for  in  Li,  and  it  is  not  included  in  the  loop  shaping  process.  The  four  "tounds*  are  shown  in  Fig. 
4J.  Because  of  the  radical  behavior  of  the  faster  response  models,  the  decision  is  mad/^  to  emulate  the  slower 
response  models.  It  is  noted  from  the  bounds,  that  larger  damping  factors  tend  to  move  the  Nichols  plot  to  the 
right,  and  that  higher  loop  transmission  correlates  with  faster  responses.  The  compensated  loop  is  therefore  shaped 
to  be  similar  in  shape  to  the  slower  bounds,  but  to  the  right  of  the  left-most  bound  with  slightly  higher  loop  trans¬ 
mission  to  get  a  response  reasonably  within  the  chosen  ^lecs.  The  designed  lateral  compensator  is  given  by 

,  0314s  +  6) 
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In  this  case,  the  roll  prefilter  designed  previously  is  cancelled  out,  so  Eq.  (4.6)  represents  the  complete  compensator, 
&  for  the  roll  system  outer  loop.  The  completed  loop  shape  with  this  compensation  is  shown  in  Fig.  4.6. 
Simxdation  of  the  Pilot  Compensation 

The  only  simulations  performed  on  these  designs  are  with  the  actual  NL  simulator.  Originally,  the  fourth  order 
Fade'  approximation  for  the  pilot  mod*'!  is  used  in  the  simulations.  However,  simulations  with  the  designed 
cornpensmor  and  pilot  model  shows  periodic  peaking  after  the  response  has  appeared  to  be  settled  down.  This  peaking 
effect  is  shown  in  Fig.  4.7.  Extensions  on  Kobylarz's  simulation  of  Fig.  6.8  [S]  to  eight  seconds  showed  the  same 
problems  as  a'e  experienced  with  this  design.  After  the  Fade'  approximation  is  replaced  with  a  true  delay,  these 
peaks  dis^tperr.  The  normalized  pilot  in  the  loop  simulations  are  given  in  Fig.  4.8.  The  C*  responses  are  enclosed 
in  the  original  bounds,  but  since  die  roll  synthesis  is  based  on  a  new  set  of  general  requirements  those  responses  are 
displayed  without  bounds.  The  C*  simulations  extend  from  1  to  S  g's  at  0.9M,  20K,  and  1  to  3  g's  at  0.6M,  30K, 
and  the  roll  responses  are  from  10  to  SO^/s  at  each  FC.  The  C*  responses  are  clearly  bounded  by  the  miginal 
thumbprint,  and  contain  overshoot  without  significant  undershoot  as  desired  [S].  It  is  difficult  to  obtain  these 
desirable  responses  over  both  flight  conditions  while  satisfying  the  bandwidth  requirement  of  3.S  rad/s.  Attempts  to 
satisfy  the  bandwidth  requirement  with  fixed  compensation  re.sult  in  at  least  one  of  the  responses  containing  10%  or 
larger  undershoot  As  in  the  design  of  the  inner  ioop,  gain  scheduling  can  be  used  to  provide  the  desired  responses 
while  meeting  all  specs.  It  is  interesting  to  note  tiiat  in  this  case,  however,  the  second  FC  requires  less 
compensator  gain  to  give  the  desired  response,  which  is  the  opposite  of  the  case  in  the  inner  loop  design.  The  roll 
rate  r^ponses  have  relatively  high  damping  factors,  but  are  dightly  less  than  0.8  for  the  responses  at  0.6M,  30K. 
An  equivalent  second  order  plant  fit  with  SISOTF  indicates  that  the  wont  case  corresponds  to  C  ■■  0.78.  The  settling 
times  for  roll  rate  ate  within  the  specified  criteria,  given  by  Tr  •  0.8Is  at  0.9M,  20K,  and  'Tr  <•  0.73s  for  0.6M, 
30K.  In  both  loops,  there  is  essentially  one  response  form  at  0.9M,  20K  and  a  distinctly  different  response  at  the 
condition  0.6M,  30K.  These  differences  indicate  that  even  with  the  decrea.sed  uncenainty  after  closure  of  the  inner 
loop  the  two  flight  conditions  are  significantly  different.  Additional  pilot  in  the  loop  simulations  are  included  in 
App.  C  of  Ref  [6],  including  simulations  as  the  full  MIMO  system. 

Summary 

This  section  presents  the  pilot  compensation  techniques  used  in  this  design.  The  paper  covers  the  entire  design 
process,  from  method  to  simulation.  Additional  simulations  and  details  ve  provided  in  App.  C  of  Ref  [6]. 
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Rgaie3.4.  Nonlinear  MIMO  Simulation  with 
the  Modified  Roll  Compensator 
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Hguie4.1.  Closed  Loop  Control  Sysmm  Including 
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Hgure4.2.  Equivalent  Plants  for  Otter  Loop  Design 
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1.  ABSTRACT 

Control  law  design  for  rotorcraft  fly-by-wire  systems  normally  attempts  to  decouple  the 
angular  responses  using  fixed-gain  crossfeeds.  This  approach  can  lead  to  poor  decoupling  over 
the  frequency  range  of  pilot  inputs  and  increase  the  load  on  the  feedback  loops.  In  order  to 
improve  the  decoupling  performance,  dynamic  crossfeeds  should  be  adopted.  Moreover,  because 
of  the  large  changes  that  occur  in  the  aircraft  dynamics  due  to  small  changes  about  the  nominal 
design  condition,  especially  for  near-hovering  flight,  the  crossfeed  design  must  be  "robust."  A 
new  lew-order  matching  method  is  presented  here  to  design  robust  crossfeed  compensators  for 
multi-input,  multi-output  (MIMO)  systems.  The  technique  minimizes  cross-coupling  given  an 
anticipated  set  of  parameter  variations  for  the  range  of  flight  conditions  of  concern.  Results  are 
presented  in  this  paper  of  an  analysis  of  the  pitch/roll  coupling  of  the  UH-60  Black  Hawk 
helicopter  in  near-hovering  flight.  A  robust  crossfeed  is  designed  that  shows  significant 
improvement  in  decoupling  performance  and  robustness  over  the  fixed-gain  or  single  point 
dynamic  compensators.  The  design  method  and  results  are  presented  in  an  easily-used  graphical 
format  that  lends  significant  physical  insight  to  the  design  procedure.  This  plant  pre¬ 
compensation  technique  is  an  appropriate  preliminary  step  to  the  design  of  robust  feedback 
control  laws  for  rotorcraft. 


n.  NOMENCLATURE 


GJ’“'(#1^„)  Low  order  (LO)  fit  to  crossfeed  relating  “out”  to  “in”  for  configuration  #1 
IDEAL  Refers  to  exact  analytical  decoupling  solution  for  a  specific  configuration, 
•^AVG.ftLo  Average  decoupling  in  dB  for  all  configurations  using  GJ|,“'(#1lo)- 
MSW  Mean-Square  Weighted. 

Mon,lj  Mag.  in  dB  of  the  on-a^is  frequency  response  at  (Oj  for  configuration  “j”. 

Moff4j  Mag.  in  dB  of  the  off-axis  frequency  response  at  coj  for  configuration  “j”. 

NA  VFIT  Computer  program  used  to  compute  low-order  “fits”  to  transfer  functions. 

TARGET  Refers  to  a  heuristic  decoupling  cros.sfeed  solution  for  a  class  of  configurations. 
TEMPLATE  Gain  and  phase  values  for  “ideal”  crossfeeds  at  a  specific  frequency. 

Wij  Weight  for  a  point  at  (Oj  for  configuration  “j” 

(a)  Short  form  for  (s+a). 

(^,(0)  Short  form  for  (s^  +  2^co  s  +  0)2). 


,  J  Differences  in  gain  and  phase  at  Oj  for  configuration  “j” 


'  Paper  presented  at  the  Symposium  and  Tutorial  on  Quantitative  Feedback  Theory.  Aug  3-4, 1992,  Dayton,  Ohio. 
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III.  INTRODUCTION 


Background. 

Cross-coupling  is  a  characteristic  problem  for  helicopter  flight  control  system  design.  The 
UH-60  Black  Hawk,  shown  in  figure  1 ,  is  representative  of  such  a  helicopter  with  highly  coupled 
motion  because  of  its  single  main  rotor  and  canted  tail  rotor  that  is  located  above  the  center  of 
gravity.  The  Black  Hawk  will  be  used  as  the  Rotorcraft  Aircrew  Systems  and  Controls  Airborne 
Laboratory  (RASCAL),  a  joint  U.  S.  Army  /  NASA  program  to  evaluate  advanced  controls  and 
systems  concepts  (ref  1).  A  key  goal  of  the  flight  control  design  for  RASCAL  is  to  achieve  high 
bandwidth  and  decoupled  response  characteristics  as  required  by  the  current  helicopter  handling- 
qualities  specification  (ref  2).  This  same  goal  is  needed  to  operate  RASCAL  as  an  in-flight 
simulator. 

The  achievable  level  of  feedback  is  severely  limited  in  rotorcraft  flight  control  design  due 
to  rather  large  inherent  system  delays.  Among  the  most  important  delays  are  those  associated  with 
the  rotor  dynamics,  actuator  dynamics,  and  sensor  filters  (ref  3).  The  needed  feedback  gain  levels 
can  be  substantially  reduced  when  the  decoupling  requirement  is  achieved  largely  using 
crossfeeds  ("feedforward"),  rather  than  relying  heavily  on  feedback.  This  approach  has  been 
applied  in  the  design  of  a  number  of  rotorcraft  flight  control  systems  (ref  4)  and  was  notably 
successful  in  the  flight  tests  of  the  in-flight  simulation  control  system  for  the  BO- 105  helicopter 
(ref  5),  an  airframe  that  exhibits  very  high  levels  of  open-loop  cross-coupling.  Substantial 
emphasis  was  placed  on  a  sophisticated  multivariable  crossfeed  design  and  flight  test  validation  as 
the  first  step  in  development  of  a  high-bandwidth  flight  control  system  for  the  BO- 105.  Excellent 
decoupling  of  the  mid-  and  high-frequency  characteristics  was  achieved  for  the  forward  flight 
condition  (80  kts),  thus  reducing  the  need  to  use  high-gain  feedbacks.  At  low  frequency,  the 
feedbacks  yielded  higher  loop  gains  and  ensured  closed-loop  performance  robustness,  stability, 
disturbance  rejection,  and  long-period  modal  decoupling.  Feedback  gains  were  kept  to  a 
minimum  in  order  to  avoid  closed-loop  instabilities  and  control  limiting  that  were  encountered 
with  earlier  high-feedback  gain  designs  for  the  BO- 105  and  had  been  problematic  in  earlier  flight 
control  designs  for  the  UH-60  (ref  6).  A  successful  high-bandwidth,  highly-decoupled,  but  low- 
gain  in-flight  simulator  was  achieved  for  the  BO- 105  based  on  a  point  design  at  80  kts.  The  BO- 
105  experience  highlights  the  value  of  a  careful  crossfeed  design  as  a  precursor  to  feedback 
design,  regardless  of  Ae  feedback  synthesis  method. 


Figure  1  -  RASCAL  UH-60  Black  Hawk 
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A  comprehensive  study  of  rotorcraft  flight  control  was  conducted  by  Takahashi  (ref  7), 
who  used  advanced  H-2  loop  shaping  methods  to  synthesize  a  multi-variable  flight  control  system 
for  the  RASCAL  in  hover.  Takahashi  based  the  H-2  synthesis  on  a  nominal  hover  condition 
design  point,  and  then  evaluated  the  robustness  of  the  design  based  on  a  large  family  (72)  of  off- 
nomind  conditions.  The  work  was  especially  thorough  in  its  use  of  comprehensive  linear  and 
nonlinear  simulations  of  the  RASCAL  UH-60  -  including  the  dynamics  of  the  rotor  system,  rotor 
wake,  airmass,  actuators,  and  fly-by-wire  system  elements.  Handling-qualities  that  were 
satisfactory  without  improvement  were  achieved  for  the  most  aggressive  helicopter  missions  in 
the  synthesis  study.  Later  piloted  simulation  evaluations  of  the  control  system  design  indicated 
some  unexpected  loss  of  performance  robustness  for  the  off-design  points.  The  multivariable 
nature  of  the  feedback  structure  made  it  somewhat  cumbersome  to  tune  the  system  gains  to  isolate 
and  correct  these  deficiencies.  Current  work  is  aimed  at  simplifying  the  H-2  approach  to  achieve 
a  control  system  structure  that  is  more  easily  adjusted. 

Another  of  the  proposed  concepts  for  the  RASCAL  flight  control  system  is  based  on  the 
application  of  Quantitative  Feedback  Theory  (QFT).  QFT  is  a  classically-based  feedback  control 
design  method  for  robust  compensation  of  uncertain  plant  transfer  functions  (ref  8,9).  The 
method  is  well  suited  to  the  rotorcraft  flight  control  problem  as  described  above  because  it 
directly  addresses  costs  include  actuator  limiting,  sensor  noise  amplification,  and  loss  of  stability 
robustness.  The  benefits  of  feedback  are  performance  robustness,  stability,  and  disturbance 
rejection.  In  QFT,  aircraft  dynamics  uncertainties  are  modeled  in  direct  terms  of  gain  and  phase 
response  variation  ("uncertainty  templates")  associated  with  the  family  of  design  points  to  be 
included  in  the  design.  As  such,  the  QFT  problem  formulation  is  very  well  suited  to  the  helicopter 
problem,  where  sophisticated  simulations  provide  a  large  family  of  single  point  dynamic  models 
as  a  function  of  physical  parameters  such  as  wind  speed  and  direction,  weight  at  hover,  center  of 
gravity  location,  moments-of-inertia,  main  rotor  speed,  and  aircraft  turn  rate.  It  is  impractical  to 
gain  schedule  the  control  system  compensation  as  a  function  of  the  many  parameters  which  affect 
aircraft  dynamics;  furthermore,  many  of  these  parameters  are  not  measurable  in-flight.  Therefore, 
a  large  degree  of  uncertainty  of  aircraft  dynamics  will  exist  that  must  be  included  in  the  design. 
Dynamics  variations  are  generally  most  significant  for  helicopter  near-hovering  flight,  while 
control  power  is  generally  at  a  minimum  level  due  to  the  lack  of  airspeed.  These  factors  combine 
to  make  the  hover  condition  flight  control  design  a  most  challenging  problem  for  the  application 
of  QFT  techniques. 

The  classical  approach  to  crossfeed  design  uses  coupling  numerator  theory,  as  explained 
in  detail  by  McRuer  et  al.  (ref  10-12).  The  concept  of  "constrained  variables"  (see  also 
reference  3)  is  an  imponant  aspect  of  this  approach.  This  concept  allows  the  crossfeed  design  to 
take  into  account  the  approximate  effects  of  the  feedback  loops  not  yet  synthesized  at  this  stage  of 
the  control  system  formulation.  In  the  cited  references,  coupling  numerator  techniques  were 
applied  either  to  obtain  crossfeeds  for  single  design  point  models  or  to  gain  schedule  as  a  function 
of  key  flight  condition  variables  (e.g.,  airspeed,  air  density,  gross  weight,  and  vertical  velocity  as 
in  reference  1 1)  but  did  not  consider  the  problem  of  crossfeed  design  for  highly  uncertain 
systems.  The  current  work  combines  coupling  numerator  theory  with  the  QFT  concept  of 
uncertainty  templates  to  yield  an  approach  for  robust  crossfeed  design. 

The  coupling  numerator  approach  for  crossfeed  synthesis  is  first  reviewed  and  demon¬ 
strated  for  a  single  point  design  problem  (nominal  hover  condition).  The  current  work  treats  the 
pitch-roll  coupling  problem,  which  is  a  key  source  of  coupling  for  most  helicopter  flight  near 
hover.  The  new  robust  crossfeed  design  is  explained  and  then  applied  to  a  design  problem  that 
considers  five  near-hover  flight  conditions.  The  performance  of  the  robust  crossfeed  is  shown  to 
be  superior  to  the  conventional  crossfeed  based  on  a  single  point  design  model.  The  formulation 
and  computer  implementation  of  the  new  method  allows  the  direct  generalization  to  a  relatively 
large  number  of  flight  conditions.  Since,  as  discussed  above,  crossfeed  pre-compensation  is 
commonly  u.sed  in  helicopter  flight  control  synthesi.s,  tne  techniques  presented  in  this  paper  are 
also  applicable  to  design  approaches  other  than  QFT. 
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rv.  METHODOLOGY 


The  overall  control  system  structure  for  the  QFT  RASCAL  design  is  shown  in  figure  2. 
The  vertical  channel  is  not  shown  since  it  generally  has  a  much  lower  oandwidth  than  the  angular 
channels  and  thus  is  considered  as  an  open-loop  response  for  this  study.  The  current  study  consid¬ 
ers  only  the  key  roll-to-pitch  control  crossfeed  (referred  to  herein  as  "pitch  axis  crossfeed") 

and  pitch-to-roll  control  crossfeed  (referred  to  herein  as  "roll  axis  cros  ifeed”),  but  it  does 
account  foi‘  the  presence  of  the  yaw  feedback  compensation  (Gr).  The  method  can  be  extended  to 
include  yaw  axis  crossfeeds,  in  which  case  the  full  3-input/3-output  architecture  would  require  6 
crossfeeds  (ref  1 1).  Using  the  robust  techniques  discussed  in  this  paper,  the  crossfeeds  are  opti¬ 
mized  for  effectiveness  in  the  frequency  range  of  2-10  rad/sec  (at  and  above  the  crossover  fre¬ 
quency),  which  will  reduce  the  fe^back  load  associated  with  the  decoupling  requirement.  The 
crossfeed  designs  of  this  study  are  included  in  the  bare-aiiframe  dynamics  to  yield  the  "compen¬ 
sated  open-loop  response."  With  the  mid-  and  high-frequency  cross-coupling  now  effectively 
suppressed  by  the  crossfeeds,  QFT  techniques  can  then  applied  to  the  compensated  open-loop 
response  to  synthesize  feedback  and  prefilter  elements  of  the  conffol  system  that  satisfy  the 
remaining  design  specifications.  Cross-coupling  suppression  at  low  frequency  (i.e.  below  2 
rad/sec)  <^1  be  accomplished  in  the  completed  system  by  the  large  loop  gains  (feedback^plant) 
which  are  effective  below  the  crossover  range. 


Figure  2  -  Control  System  Block  Diagram 
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RotOEoaft  Models 

High-order  linear  models  of  the  UH-60  dynamics  near  hover  are  extracted  from  a  compre¬ 
hensive  nonlinear  simulation  program  (UMGENHEL-  ref  13).  UMGENKEL  is  a  methodically 
restructured  and  upgraded  version  of  the  original  GENHEL  helicopter  blade-element  simulation 
program  (ref  14).  ITie  UMGENHEL  linear  models  include  dynamics  of  the  fuselage,  rotor, 
airmass,  engine,  and  governor.  Also  represented  is  the  control  mixing,  which  provides  limited 
decoupling  through  static  crossfeeds.  Since  the  control  system  actuators  and  digital  component 
dynamics  are  symmetric  in  the  pitch  and  roll  axes,  they  do  not  affect  the  crossfeed  calculations 
and  therefore  are  not  included  in  the  model  at  this  stage  of  the  design. 

Results  presenteJ  this  paper  are  for  a  6  degree-of-freedom  (DOF),  reduced-order  (quasi¬ 
steady)  UMGENHEL  model.  The  use  of  the  complete  high-order  UMGENHEL  model  is  critical 
for  the  design  of  the  feedback-loop  elements  (ref  3)  but  is  of  less  importance  for  the  crossfeed 
design  at  this  stage.  The  simulation  is  capable  of  efficiently  generating  large  families  of  linear 
models  over  a  wide  range  of  flight  and  configuration  conditions.  The  current  study  includes  the 
nominal  hover  operating  point  plus  24  off-nominal  points.  Each  off-nominal  point  represents  an 
expected  near-hover  trim  condition  within  the  desired  operating  range  of  a  constant-gain  QFT 
controller.  The  24  configurations  include  variations  in  trim  airspeed  (longitudinal  and  lateral), 
rotor  RPM,  aircraft  weight  and  center  of  gravity,  turning  rate,  climb  speed,  and  descending  speed. 
For  this  paper,  only  four  off-nominal  conditions  were  considered: 

Config.#!:  (Nominal)  hover 
Config.#2:  15  kts  forward  speed 
Config.#3:  15  kts  rearward  speed 
Config.#4:  15  kts  right  sideward  flight 
Config.#5:  15  kts  left  sideward  flight 

The  final  crossfeed  design  will  be  based  on  the  complete  high-order  UMGENHEL  model  using 
the  entire  family  of  25  configurations. 

Decoupling  the  Pitch  and  Roll  A>.es. 

This  section  presents  the  crossfeed  methodology  for  pitch/roll  decoupling.  First,  the  ideal 
decoupling  relationships  for  full-order  crossfeeds  are  presented  and  illustrated  with  results  for  the 
UH-60  at  the  nominal  hover  condition.  Lower-order  approximations  to  these  ideal  crossfeeds  are 
shown  to  be  much  simpler  yet  still  effective  in  the  frequency-range  of  concern  (2-10  rad/sec). 
Then,  the  effect  of  variations  in  the  plant  dynamics  are  shown  on  the  decoupling  performance  of 
the  nominal  crossfeed.  A  new  graphical  method  based  on  the  QFT  concept  of  templates 
concludes  the  section. 


•Ideal”  decoupling  relationr.hips.  The  “ideal”  roll-to-pitch  and  pitch-to-roll  crossfeeds 


(G**"  and  G^"  )  are  determined  that  cause  the  off-axis  responses  ( and  — !— )  to  be  zero 

without  the  pitch  and  roll-rate  feedback  loops.  Although  the  pitch  and  roll-rate  feedback  loops  are 
dropped,  yaw-rate  feedback  is  included  and  accounted  for  in  the  crossfeed  calculation.  In  the 
development  that  follows,  the  prime  symbol  (')  denotes  that  the  yaw  loop  closure  is  included  in 
the  input-output  relationship. 
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The  oossfeed-compensated  off-axis  pitch  response 


follows; 
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is  determined  from  fig  2  as 
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The  "ideal  crossfeed”  exacdy  eliminates  the  off  •  axis  response  : 

=  0 

from  which  the  ideal  roll  -  to  -  pitch  crossfeed  is  obtained : 


/  V 

q 


Following  references  ( 10  - 1 2, 3) 

q  Y  _  +  G,  Nl^ 

j:)  A  +  C, 


(2) 


(3) 


where, 

A  =  denotes:  Oet(sI  -  A) ;  and  A  is  the  matrix  of  stability’  derivatives. 

denotes  the  "conventional"  numerator  obtained  by  subsisting  the  forcing  function  column 
for  lateral  control  input  (S^)  into  the  column  of  the  system  matrix  (si  -  A)  associated  with  the 
q  response  and  then  evaluating  the  determinant. 
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Ng^  g^  denotes  the  "coupling  numerator" obtained  by  simultaneously  subsitutingthe 
forcing  function  columns  for  lateral  and  pedal  control  inputs  (5^  and  5^)  into  the  columns  of  the 
system  matrix  (si  -  A)  associated  with  the  q  and  r  responses,  respectively,  and  then  evaluating 
the  determinant. 


When  the  yaw  feedback  is  tight ,  then  the  yaw  response  is  "constrained  "  to  zero,  and  the 
effective  cross  -  coupling  response  becomes : 


(4) 


Similarly,  the  effective  on  -  axis  pitch  response  with  the  yaw  response  constrained  by  the 
yaw  feedback  loop  is: 


(5) 


Subsituting  (4)  and  (5)  into  (2)  yields  the  final  rc'^ult  for  the  ideal  roll  -  to  -  pitch  crossfeed: 
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C'-  - 
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(6) 


Similarly,  the  off  -  axis  roll  response  with  the  yaw  response  constrained  is : 


V^io  y 


(7) 


The  on  -  axis  roll  response  with  the  yaw  constrained  is  : 


(8) 


and  the  pitch  -  to  -  roll  ideal  crossfeed  is  obtained  as  : 


(9) 
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Ideal  Deccupliny  for  the  Nominal  Configuration.  The  on-axis  frequency  responses 


!  and 


'la,  J 


are  shown  for  the  five  configurations  in  figures  3  and  4,  and  the 


uncompensated  off-axis  responses 


and  I j  in  figures  5  and  6.  Overall  variability  is 


signiHcantly  greater  for  the  off-axis  responses  than  for  the  on-axis  responses.  Variability  in  all 
responses  is  greatest  at  the  lower  frequencies  (below  1  rad/sec),  due  to  the  sensitivity  of  the  speed 
dynamics  (e.g.  phugoid  mode)  to  trim  rotor  flapping  angles. 


m 

ui 

o 

3 

H 

Z 

o 

< 

s 


107 


Figure  6  •  Uncompensated  Qff>axis  Pitch  Rate  Frequency  Response 


The  on-axis  and  off-axis  time  responses  {yaw  constrained)  for  configuration  1  (nominal), 
following  a  doublet  input,  are  depicted  in  figure  7.  The  doublet  was  tuned  to  a  natural  frojuency 
of  3  rad/sec  to  highlight  the  cross-coupling  dynamics  at  and  above  the  crossover  fi^uency  range, 
where  the  crossfeeds  must  be  effective.  As  seen  in  figure  7  for  the  nominal  configuration  with  no 
crossfeed,  the  magnitude  of  the  off-axis  coupling  responses  are  about  30-40%  of  the  magnitude  of 
the  on-axis  responses.  This  indicates  rather  significant  cross-coupling. 
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Figure  7  •  Time  Responses  for  Nominal  Connguration  with  Doublet  Input 


Using  the  coupling  numerator  relationships  (6)  and  (9)  above,  the  ideal  crossfeeds  for  the 
nominal  (#1)  configuration  are 


-  0.571(0..966X-503E-03)(-.695E-02)(.26X23.6) 
16.6(-.143E  -01,.519)(-.171E  -03)(-.:6E  -01)(.263)(4.06) 


C'"  (tfl)-  -2.98(.0541..833)(.0362)(.264)(-8.16)(0) 

"  N'  ;  65.6(-.253,.489)(.0222)(.264)(.949){0) 


which  were  obtained  using  the  LCAP  controls  analysis  program  (refs  3,15).  Note  that  these  "ideal” 
crossfeeds  have  unstable  poles,  and  so  are  not  practical.  Practical,  stable  dynamic  crossfeeds  are  ob- 
tainoi  by  approximating  the  ideal  crossfeeds  with  low-order  equivalent  transfer  functions  over  the 
frequency  range  of  interest  (2-10  rad/sec).  The  low-order  crossfeed  fit  results  obtained  from 
NAVFIT  (refs  16, 17)  are  summarized  for  the  nominal  configuration  in  table  1.  These  crossfeeds  are 
simple  first  and  second  order  functions  with  stable  (i.e.  physically  practical)  dynamic  modes. 

Note  that  static  crossfeeds  used  in  helicopter  flight  control  are  commonly  obtained  from  the 
high  frequency  gain  of  the  “ideal”  solutions  of  equations  10  and  11.  These  solutions  presume 
existence  of  a  closed  high-gain  yaw-rate  feedback  loop.  Another  common  alternative  is  to  use  the 
static  crossfeed  solutions  determined  by  inverting  the  control  distribution  matrix  (C*B).  In  that  case 
the  solutions  presume  an  open  yaw-rate  feedback  loop  (ref  4,5).  These  static  gains  were  obtained 
from  LCAP  and  are  shown  in  table  1 .  This  approach,  as  will  be  shown,  yields  solutions  that  arc  poor 
approximations  of  the  “ideal”  crossfeeds  in  die  2- 10  rad/sec  frequency  range  of  interest. 

In  QFT  loop-shaping  terminology,  the  performance  characteristics  of  a  crossfeed  apply  not 
only  to  a  single  design  configuration  but  to  a  “specified  set”  of  configurations.  This  single  crossfeed, 
appropriately  select^  for  a  set  of  configurations,  is  called  in  this  study  the  “target”  compensation, 
and  the  low-order  (LO)  approximation  to  this  “target”  is  called  the  “achieved”  compensation. 
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TABLE  1.  Approximations  to  the  Ideal  Crossfeeds  for  the  Nominal  Configuration 


Type  of  Fit 

(#l)  =  — ^ 

4m,  '  '  igf  » 

G(#1static) 

-2.35E-02 

-5.00E-02 

G(#lu)) 

-0.0275(29.7) 

49.5 

NAVFIT 
Ref  9 

(4.54) 

(0.351,  11.8X0.2) 

Figure  8  is  a  Bode  plot  for  configuration  #1  showing  the  accuracy  of  the  static  and  lower- 
order  dynamic  approximations  to  the  ideal  crossfeed  (#1).  The  static  crossfeed,  commonly 
used  because  of  the  simplicity  of  its  determination  and  implementation  (a  matrix  mixing 
function),  matches  the  ideal  result  only  at  very  high  frequency,  and  so  can  be  expeaed  to  perform 

poorly.  The  simple  low-order  dynamic  crossfeed  (#1^,)  matches  the  ideal  result  very  well 
over  the  frequency  range  of  concern  (2  to  10  rad/sec). 
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Nominal  Decoupler  Applied  to  Off-nominal  Configurations.  Consider  the  results  of 
using  the  low-order  crossfeeds  in  the  last  row  of  table  1  as  decouplers  for  ail  of  the  off-nominal 
configurations.  The  off-axis  responses  obtained  by  such  a  strategy  are  shown  in  figure  9.  The 
resulting  decoupling  performance  for  each  off-nominal  configuration  is  still  improved  relative  to 
the  uncompensated  cases.  Performaiice  between  2  and  10  ra^sec  as  shown  in  figure  9  may  be 
compared  with  figure  6  to  illustrate  tl'.is.  Note  that  perfonnancs  below  2  rad/sec  is  not  improved 
significantly  using  the  nominal  crossfeeds.  However,  it  is  presumed  that  pitch  and  roll  feedback 
loops  (not  presented  here)  will  accomplish  decoupling  at  the  lower  frequencies. 


Since  the  choice  of  an  “ideal”  crossfeed  so  far  has  been  arbitrarily  chosen  as  the 
mathematical  decoupling  solution  for  configuration  #1,  a  few  questions  now  arise.  First,  would  a 
design  based  on  the  “ideal”  crossfeed  solution  for  one  of  the  other  configurations  (#2  through  #5) 
result  in  more  "robust"  decoupling  for  the  entire  family?  “Robust”  here  implies  significant 
improvements  in  decoupling  across  lU  configurations.  For  example,  a  low-order  approximation 

for  configuration  #2,  (#2^,),  might  be  a  more  robust  solution  for  decoupling  the  entire 

family  of  configurations  than  is  (#1lo).  Crossfeed  templates  are  introduced  in  the  following 
section  to  better  visualize  the  range  of  possible  design  solutions. 

Graphical  Basis  for  Robust  Crossfeed  Design. 

The  strategy  developed  in  this  study  is  panemed  after  QFT  graphical  techniques  that  use 
the  Nichols  chan  for  presentation  of  "target”  compensation,  "achieved”  compensation,  and 
configuration  variations  in  gain  and  phase  ("templates").  For  example,  figure  10  compares  the 

Nichols  chart  representation  of  the  low-order  crossfeed  (#lijo)  with  that  of  the  “ideal” 
crossfeed  Gg^^  (#1)  for  the  nominal  hover  configuration.  This  figure  is  simply  a  re-plot  of  the 
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lower-oider  dynamic  crossfetd  results  from  fig  8  (including  the  phase  data).  The  "ideal”  crossfeed 
based  on  the  nominal  configuration  is  shown  with  the  symbol  "V  for  five  frequency  points  over 
the  2-10  rad/sec  frequency  range  of  interest  The  five  frequency  points  are  logarithmically-spaced, 

{(i)i)=  {2.0, 3.0, 4.47, 6.68,  lO.O  rad/sec).The  (small)  mismatches  of  the  ideal  and  lower-order 
cro^e.-^  are  clearly  visible  for  this  frequency  range.  Gain  and  phase  values  for  “ideal” 
crossfeeds  based  on  the  other  remaining  four  configurations  may  also  be  depicted  on  the  Nidtols 
Chart  at  each  of  the  frequency  points.  Figure  10  shows  the  result  for  a  frequency  of  2  rad/sec. 

This  collection  of  "ideal"  gain  and  phase  values  at  a  specified  frequency  is  called  a  “crossfeed 
template”  and  may  be  connected  with  lines  for  useful  visual  efriect. 


The  crossfeed  template  for  each  of  the  five  frequency  points  is  shown  in  figure  11.  Each 

template  depicts  the  variability  of  the  "ideal”  crossfeeds  over  the  family  of  plant  configurations.  In  the 
earlier  crossfeed  design,  the  "target”  gain  and  phase  values  used  in  the  low-order  fit  process  were  those 
associated  with  the  ideal  solution  for  the  nominal  configuration  (#1 )  denoted  with  the  symbol on 
each  template.  This  is  obviously  the  best  solution  for  decoupling  the  nominal  plant  dynamics. 
However,  an  inspection  of  figure  1 1  shows  that  a  design  that  closely  tracks  the  ideal  crossfeed  solution 

for  configuration  #1  (  G*^^  (#1) )  will  be  quite  f^u-  from  the  crossfeed  solution  for  configuration  S,  and 

may  in  fact  worsen  the  coupling  behavior  for  this  configuration.  Therefore,  the  question  now  is 
whether  there  is  a  bener  strategy  for  selecting  a  "target"  point  in  each  template  that  will  result  in 
improved  overall  decoupling  performance.  The 
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quality  of  overall  decoupling  for  the  family  of  configurations  is  assessed  via  the  decoupling 
performance  metric  discuss^  in  the  next  section. 

Decoupling  Performance  Metric 

If  a  crossfeed  is  doing  its  job  properly,  then  the  off-axis  frequency  responses  of  the  family 
of  configurations  will  be  substantially  anenuated  over  the  frequencies  of  concern  “toi"  The  array 
of  off-axis  response  magnitudes  for  each  of  the  “j”  configurations  are  obtained  at  these  "i" 
frequencies  and  denoted  by  Moff.i  j  i"  dB.  The  magnitude  of  the  off-axis  response  is  conveniently 
normalized  relative  to  a  baseline  on-axis  response  to  yield  a  measure  of  relative  decoupling.  The 
choice  of  wh’ch  configuration  to  use  for  this  baseline  is  arbitrary  since  we  are  mostly  concerned 
with  comparative  improvements  in  decoupling  fcr  various  strategies.  In  this  paper  the  nominal 
configuration  (#1)  is  established  as  the  baseline  configuration ,  and  is  denoted  by  Mon.i,i  dB  at 

each  frequency  “(Oj".  The  decoupling  at  each  of  the  five  frequencies  “averaged”  over  all  of  the 
configurations  is  expressed  (for  each  axis)  by  the  metric: 

i  dB  (12) 
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The  decoupling  performance  results  for  the  uncompensated  case  and  the  two  ciossfeeds 
of  tte  previous  secnon  (static  and  low-order)  are  shown  in  table  2.  The  baseline  pitch  decoupling 
for  lateral  inputs  with  no  crossfeed  is  obtained  by  using  the  data  from  figure  6  for  the 
mcompcfisa^  off-axis  response  Moff,i  j .  The  on-axis  roU  response  data  ^m  configuration  #1 
(Monj,!)  IS  obtamed  from  figure  3.  Using  these  data,  the  baselme  decoupling  widj  no  crossfeed  is 
"Avo.uMi»=29.8  dB,  or  a  linear  attenuation  faaor  of  roughly  30  dB.  In  other  words  with  no 
crossfe^,  the  pitchresponse  coupling  is  about  3%  of  the  on-axis  roll  response  in  the  frequency 
CT^of  concern.  This  high  level  of  decoupling  reflects  the  action  of  the  mixer  box  (included  in 
me  bare  airframe  model)  which  d^ouples  the  control  moments.  The  mixer  box  is  effective  for 
me  pitch  uu  which  has  low  relative  aerodynamic  damping  specific  moments  due  to  the  high 
relative  pitch  mertia.  The  static  gain  crossfeed  G(#l  static)  docs  little  to  further  improve  the 

decoupling.  If  nominal  crossfeed  compensation  is  implemented,  then  the  Moffjj 

values  would  be  taken  from  the  plots  in  figure  9  instead  of  from  figure  6  to  corr^te 

dB.  There  is  a  large  improvement  in  decoupling  when  the  low  order  fit  to  the 
'ideal”  nominal  crossfeed  is  used. 


TTre  results  for  the  roll  axis  decoupling  for  longitudinal  inputs  are  also  shown  in  table  2 
mm  the  uncompensated  coupling  is  significant  (15.0  dB=18%)  due  to  the  lower  roU  axis  inertia. 
The  ^tic  crossfeed  solution  actually  worsens  the  overall  cross-coupling  (12.2  dB)  while  the 
nominal  lower-order  crossfeed  shows  an  improvement  in  decoupling  =  17i  dB  (13%) 
although  the  coupling  is  still  significantly  above  desired  levels  (25dBs5%). 

Table  2  -  Decoupling  Performance  Summary  Using  Approximations 
to  Ideal  Solution  for  Nominal  Configuration 


Pitch  Axis  Decoupling  for  Lateral  Input  Roll  Axis  Decoupling  tor  Long.  Input 


This  metric  is  easily  extended  for  a  large  number  of  configurations  and  strategies.  A 
cemputer  program  was  developed  to  automatically  scan  configuration  frequency  files  and 
mbulate  the  results.  A  single  value  of  the  metric  may  even  be  used  (cautiously!  to  summarize 
dccouplmg  performance  for  more  than  one  axis  (the  average,  for  example).  The  safest 
procedure,  however,  is  to  apply  the  metric  individually  to  each  degree  of  freedom. 
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Chnosiny  a  Strategy.  In  the  previous  examples,  the  “target”  crossfeed  values  used  in  the 
fitting  process  were  chosen  ba^  on  the  “ideaJ”  crossfeed  solutions  for  configuration  #1 
(ntmiinal).  The  average  decoupling  performance  metric  using  this  strategy,  Jav3,»i  lo  •  "'*5  im¬ 
proved  relative  to  the  static  crossfecd,  J^vo.#!  suuc  fo*"  P“ch  and  roll  cases.  Many  heuristic 

strategies  for  selecting  impropriate  target  values  were  also  considered  in  this  study.  Referring  to 
figure  1 1,  one  obvious  metht^  would  be  to  select  target  values  based  on  the  average  or  centroid  of 
each  crossfeed  template. 

The  heuristic  strategy  recommended  in  this  paper,  which  balances  simplicity  of 
implementation  with  excellent  decoupling  performance,  is  called  “mean-square  weighting”  (MSW) 
decoupling.  The  first  step  in  this  strategy  is  to  find  a  “target”  crossfeed  point  (gain/phase  location) 
on  each  template  that  is  a  weighted-average  which  favors  a  cluster  of  points  within  a  given 
template.  Then,  the  lower-order  fitting  technique  is  used  to  design  a  crossfsed  to  best  matcti  these 
target  points.  Weights  in  the  fitting  program  are  chosen  so  that  £e  crossfeed  design  matches  more 
closely  the  target  points  associated  with  the  templates  having  a  smaller  size  -  where  the  proper 
choice  of  desirod  target  value  is  well  defined  and  should  be  ensured.  When  the  template  is  large  in 
size,  the  weights  are  reduced  since  the  exact  location  of  the  crossfeed  is  not  as  well  defined.  This  is 
illustrated  in  figure  12  for  a  set  of  artificially  constructed  templates. 


\  • 
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To  implement  the  MSW  strategy,  first  determine  the  average  gain  and  phase  point  (dB  and 
degrees)  for  each  template  jG(avg)|  and  ZG(avg).  The  difference  between  the  average  gain  and 
phase  of  a  template  and  the  “ideal  crossfeed"  gain  and  phase  for  each  configuration  (j)  in  the  tem¬ 
plate  gives  the  gain  and  phase  deviations  for  the  template  "i".  Now  looping  over  all  the  template 
frequencies  gives  arrays  as  a  function  of  i  and  j: 

AM,j  =  {|G(#j)|-|G(avg)|),  dB  (13) 

=  {ZG(#  j)  -  ZG(avg)),  deg  (14) 

The  mean  square  weight  for  the  point  (ij)  is  defined  as; 

W  i  =  min[l.(-— T - - - r)]  (15) 

AM,/  +  O.O1745(A0,j)'" 

where  the  weighting  of  7.6  deg  of  phase  to  IdB  is  adopted  as  recommended  in  practice  (ref  17). 
The  MSW  “target”  crossfeed  point  for  the  template  “i”  is  defined  as: 


M 


MSW.i 


Zw,.,|G(#j)l 

=  -  and  <l> 

Coni  j 


MSWJ 


ZG(#j), 

«  Confj 


Contj 


(16) 


The  lower-order  “fit”  to  the  above  “target”  crossfeed  points  is  found  by  using  the  following 
weights  in  the  NAVFIT  program  at  frequency  “i”; 


W, 


NAVFrr.i 


=  min{l,| 


1 


+0.01745({T^  Mhxel) 


•)] 


(17) 


where 


mag,! 


=  T  Shase.(^=-^  ]^{ZG(#  j)- ZG(avg))f 

^  Con(j>i.3 


(18) 


’Contj.|,5 


A  sample  calculation  of  weights  is  provided  in  table  3  for  the  artificial  data  in  figure  12. 

Template  2  has  the  highest  relative  weighting  because  the  template  points  are  more  highly  clustered 
than  the  other  templates. 


Table  3  •  Sample  Target  Crossfeed  Values 


Template  "i" 

|G<avg)| 

ZG(avg)j 

M 

*  *MSWj 

•^MSW.l 

^NAVFrr.i 

1 

-3.33 

-39.0 

-2.52 

-39.5 

.51 

2 

-6.67 

-60.0 

-6.42 

-59.6 

LOO 

3 

-12.67 

-69.0 

-12.50 

-666 

.92 

V.  ANALYSIS 


Mean-Souare  Weighted  Decoupling  Improvement. 

The  “mean-square  weighting”  (MSW  strategy)  was  applied  to  design  pitch  and  roll  cross¬ 
feeds  which  are  robust  for  all  five  configurations.  The  following  low-order  MSW  crossfeeds  are 
obtained: 


(MSW^^) 


-0.0272(24,5) 

(4.62) 


gJ;;/msw^) 


0.275(1.61) 

(2.51X0.292) 


(19) 


(20) 


These  crossfeeds  may  be  compared  with  those  in  table  1  which  approximated  only  the 
nominal  “ideal”  crossfeed.  The  weighting  did  not  change  the  pitch  decoupling  crossfeed  signifi¬ 
cantly,  which  already  exhibited  satisfactory  decoupling.  The  MSW  roll  decoupling  crossfeed  has 
been  considerably  adjusted  relative  to  the  earlier  result. 


The  performance  improvement  of  the  three  crossfeed  approaches  (static,  nominal,  MSW) 
are  compared  in  table  4.  Here  the  results  are  referenced  to  the  uncompensated  decoupling  perfor¬ 
mance  to  higjilight  the  differences  between  the  decoupling  strategies.  In  table  4  a  value  of  *0  dB 
would  indicate  no  relative  improvement  over  the  uncompensated  case.  As  shown  before,  the  static 
crossfeed  slightly  improves  the  robust  decoupling  in  the  pitch  axis,  but  degrades  the  decoupling  in 
the  roll  axis.  With  the  MSW  crossfeeds,  significant  performance  improvements  are  achieved.  The 
pitch  rate  decoupling  improves  by  4.6  dB  relative  to  the  nominal  crossfeed,  yielding  an  overall 
relative  attenuation  of  18.6  dB.  An  even  larger  improvement  in  roll  rate  decoupling  is  shown.  The 
MSW  result  is  8  J  dB  improved  over  the  nominal  crossfeed  for  an  overall  relative  anenuation  of 
11.3  dB.  Absolute  decoupling  of  both  axes  (pitch  axis  decoupling  =48.4  dB;  roll  axis  decoupling 
=26.3  dB)  is  well  within  the  desired  goal  of  25  dB. 


Table  4  •  Decoupling  Performance  Improvement  Summary 


Pitch  Axis  Decoupling  Improvement  Roll  Axis  Decouplitig  Improvement 
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MAGNITUDE  (dB)  MAGNITUDE  (dB) 


Hgures  13  and  14  show  a  carpet  plot  of  the  off-axis  longitudinal  and  lateral  frequency 
responses  for  all  five  configurations  using  the  MSW  crossfeeds.  In  both  axes,  the  improved 
perfcHinance  of  the  MSW  crossfeeds  are  clearly  apparent.  Most  of  the  improvement  is  gained  for 
frequencies  of  1-3  rad/sec  which  is  the  critical  range  for  reducing  the  cross-coupling  impact  on  the 
bandwidth  of  the  feedback  loops.  The  improvement  in  roil  axis  decoupling  is  especially  significant 
(20  dB)  in  the  crossover  frequency-range  (1-3  rad/sec). 


Figure  13  •  Comparison  of  Frequency  Response  Bounds  for  Nominal  and 
MSW  Compensation  •  Longitudinal  Axis 


Figure  14  -  Comparison  of  Frequency  Response  Bounds  for  Nominal  and 
MSW  Compensation  -  Lateral  Axis 
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OUTPUT  RESPONSE  (  5lon  OR  Slat,  in.) 


Figure  15  •  MSW  Crossfeed  Time  Responses  with  Doublet  Input 


Off-axis  control  activity  commanded  by  the  MSW  crossfeed  is  shown  in  figure  15  for  the 
doublet  input  to  the  prima^  axis.  The  MSW  crossfeeds  arc  seen  to  command  smooth  and  low 
bandwidth  cross-coupled  inputs.  These  commands  would  be  practical  for  implementation. 


Metric  Robustness. 

The  average  perfonnance  metric  presented  previously  does  not  contain  information  about 
the  decoupling  achievable  for  a  specific  configuration.  It  would  be  undesirable,  for  example,  for 
average  improvement  to  be  achieved  at  the  expense  of  severe  degradanons  in  specific  configura¬ 
tions.  To  evaluate  the  extent  that  this  may  be  a  problem,  let  the  off-axis  magnitude  response  of  the 
most  improved  or  “best”  configuration  be 

■^BEST.  SlT«egy  ~  (^on.i.l  “  off.i ^  ^  ^  (21) 

and  the  least  improved  or  “worst”  configuration  be 

5 

WORST,  Straiegy  ~  S  i  ,  -  j )  /  5  dB  (22) 

01,  *1 

where  Mb  and  Mw  are  the  dB  values  from  the  off-axis  performance  curves  for  the  best '  (most  im¬ 
proved)  and  "worst”  (least  improved)  configurations,  respectively.  These  metrics  for  specific  con¬ 
figurations  should  be  compared  with  the  average  improvement  over  all  of  the  configurations  as  a 
check  for  relatively  uniform  improvement.  This  check  was  done  for  all  the  crossfeed  strategies  de¬ 
scribed  in  this  paper  and  no  anomalies  were  observed  in  any  of  the  data  sets. 


VI.  CONCLUSIONS 


1.  A  new  method  for  the  design  of  robust  crossfeeds  for  rotorcraft  flight  control  systems  has  been 
developed.  The  objective  of  the  design  approach  is  to  decouple  the  family  of  anticipated  dynamic 
responses  over  the  frequency  range  of  2-10  rad/sec.  This  reduces  the  load  on  the  feedbacks  at  mid 
and  high-frequencies,  and  thereby  allows  a  d  sired  reduction  in  feedback  loop  bandwidths. 

2.  The  design  method  makes  extensive  use  of  frequency-domain  graphical  techniques  (Bode  and 
Nichols  plots  analysis)  which  lends  significant  physical  insight  to  the  design  procedure.  The  ap¬ 
proach  easily  lends  itself  to  computational  imolementadon  and  computer  graphics  tools. 

3.  The  method  was  applied  to  a  reduced  order  model  of  the  UH-60  Black  Hawk  helicopter  in  near- 
hover  flight.  Reduced-order  (quasi-steady)  models  and  a  limited  set  of  configurations  (5)  were  ex¬ 
amined.  Crossfeed  were  designed  to  attenuate  the  pitch/roll  coupling.  The  new  robust  crossfeeds 
were  found  to  provide  a  significant  improvement  in  liie  roll  coupling  from  longitudinal  inputs  as 
compared  to  static  or  fixed  operating  point  dynamic  crossfeeds. 

Future  work  will  expand  the  present  analysis  to  include  all  24  cff-nominal  configurations 
for  near-hovering  flight  and  will  also  include  the  full-order  helicopter  dynamics.  Crossfeed  con¬ 
nections  to  the  yaw  and  heave  channels  will  also  be  included.  Final  crossfeed  design  will  be 
included  in  the  UH-60  dynamic  response  as  a  precompensator  for  a  RASCAL  QFT  control  law 
design. 
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Abstract 

Quantitative  Feedback  Theory  was  used  to  design  a  control  system  for  arc  weld 
penetration  control.  The  feedback  signal  is  obtained  by  measxuing  the  amount  of  visible 
and  near-infrared  light  emitted  from  the  back  side  of  the  weld.  The  system  is  sensitive 
enough  to  use  a  fiber-optic  cable  for  transmitting  the  light  from  the  weld  to  the  sensor. 
This  facilitates  welding  assemblies  with  limited  access  to  the  underside  of  the  weld. 
Welds  of  constant  penetration  have  been  demonstrated  in  tests  with  travel  speeds  varying 
from  1,5  to  6  inches  per  minute  (0.64-2.54  millimeters  per  second),  and  with  200  per¬ 
cent  changes  in  part  thickness.  The  sj^tem  also  compensates  for  sharp  discontinuities  in 
heat  sinking  and  arc  length. 


Introduction 

Arc  welding  encompasses  a  group  of  several  joining  techniques  that  use  an  electric 
arc  to  melt  and  join  metds.  The  arc  is  established  between  the  workpiece  and  the  tip  of 
an  electrode,  which  can  be  either  a  consumable  wire  or  a  nonconsumable  carbon  or 
tungsten  rod.  When  a  nonconsumable  electrode  is  used,  filler  metal  can  be  added  by  a 
separate  wire  not  carrying  the  welding  current.  Shielding  gases  (usually  inert)  are  often 
added  to  protect  the  arc  and  weld  zone  from  oxidation,  and  provide  the  desired  arc 
characteristics^. 


1.  American  Welding  Society,  Welding  Handbook  Volume  1,  Eighth  edition,  edited  by  L.  P.  Connor, 
(American  Welding  Society,  Miami,  Florida,  1987),  pp  4-7. 
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The  feedback  technique  described  in  this  paper  was  developed  for  the  girth  weld  of 
a  stainless  steel  pressure  vessel  using  the  Gas  Tungsten  Arc  (GTA)  welding  process 
(shown  in  Figure  1) — since  GTA  welding  is  used  extensively  throughout  the  nuclear 
defense  industry.  However,  the  system  is  applicable  to  virtually  any  type  of  arc  welding, 
and  for  any  part  geometry,  provided  that  there  is  some  degree  of  access  to  the  back  side 
of  the  weld.  For  the  components  designed  at  Sandia  in  Livermore,  the  GTA  girth  weld  is 
one  of  the  most  complicated  and  critical  fabrication  processes.  If  ihe  bond  is  not  of  suffi¬ 
cient  quality,  often  the  entire  assembly  must  be  discarded. 

Modem  commercial  GTA  welding  equipment  operates  under  the  direction  of  a 
welding  operator  who  determines  proper  machine  settings.  In  more  advanced  systems, 
individual  weld  parameters  (weld  process  inputs)  such  as  arc  voltage,  weld  current,  travel 
speed  and  wire  feed  speed,  are  held  reasonably  constant  with  feedback  control  loops; 
however,  set  points  for  the  individual  weld  parameters  are  selected  based  on  the  results 
of  narrow  experimental  parameter  searches,  which  are  expensive  even  for  staristically 
designed  experiments.  Characteristics  of  the  back  side  of  the  weld  such  as  weld  width, 
depth  and  surface  appearance  are  used  as  acceptance  criteria  during  the  parameter  selec¬ 
tion  process.  In  this  case  however,  (since  visud  inspection  of  the  back  side  of  the  weld  is 
difficult)  these  visual  cues  are  supplemented  by  nondestructive  exammation  with  X-rays 
or  ultrasound,  and  by  destructive  sectioning,  tensile  testing,  and  bend  testing.  While 
these  methods  are  tiseful,  they  do  not  improve  quality,  but  simply  inspect  quality,  and 
in  the  process  add  tremendous  cost  to  the  product. 


Figure  1.  Gas  Tungsten  Arc  (GTA)  welding  parameters 


The  goal  of  this  work  is  to  reduce  the  need  for  post  weld  inspection  by  implement¬ 
ing  real  time  penetration  control.  This  can  be  viewed  as  replacing  destructive  testing 
with  in-process  nondestructive  testing.  That  is,  by  utilizing  feedback  control,  weld  quali¬ 
ty  variation  can  be  minimized  to  the  point  that  inspection  becomes  unnecessary.  Achiev¬ 
ing  this  requires  sensor  systems  capable  of  accessing  weld  quality  in  real-time.  As  noted 
by  Richardson  below,  there  is  currendy  enormous  effort  in  this  area  of  weld  penetration 
control,  yet  results  have  been  met  with  limited  success: 

Unfortunately,  the  development  of  reliable  penetration  sensors  cannot  at  this 
time  be  considered  to  be  broadly  successful.  This  is  certairtiy  related  to 
shortcomings  of  current  sensor  te^ologies  themselves,  but  also  to  the  lack 
of  knowledge  of  how  to  control  penetration  once  detected.  That  is,  we  do 
not  have  a  good  quantitative  understanding,  in  engineering  terms,  of  how 
control  is  achieved  by  manipulation  of  process  parameters  in  the  face  of  a 
multiplicity  of  disturbing  variables^. 

Since  visual  inspection  of  the  back  side  of  the  weld  is  often  impossible,  the  ideal 
weld  penetration  sensor  would  only  require-;  access  to  the  top  side  of  the  weld.  Currently 
sever^  top-side  penetration  sensors  have  been  investigated  by  other  researchers;  howev. 
er,  all  except  two  use  indirect  assessments  of  weld  penetration,  and  therefc.re  introduce 
uncertainty  into  the  feedback  measurement^. 

The  two  top  side  direct  penetration  measurement  methods  consist  of  ultrasonic 
sensing  and  a  newly  patented  method  involving  a  video  camera.  The  ultrasonic  method 
uses  shear  waves  ti^ugh  the  base  metal  to  determine  the  location  of  the  fusion  interface. 
This  method  is  difficult  to  implement  because  of  the  necessity  to  couple  the  transducers 
to  the  workpiece  and  synchronize  sensor  movement  with  the  electrode  motion'^.  The 
second  method  is  used  in  the  joining  of  metal  pipes.  A  small  gap  is  left  betv/een  the  two 
pipes  and  a  video  camera  is  positioned  ahead  of  the  electrode,  almost  tangent  to  the 
workpiece  at  the  weld  pool®.  This  gives  a  "side  view"  of  the  weld  and  allows  tiie  control¬ 
ler  to  actually  "see"  the  depth  of  penetration  for  the  first  weld  pass.  It  works  well  for  the 
root  pass,  but  gives  no  penetration  information  for  the  remaining  fill  passes.  One  prob¬ 
lem  we  have  encountered  in  the  fabrication  of  pressure  vessels  is  called  "double-drop- 
through",  when  full  penetration  occurs  on  a  fill  pass.  This  is  imdesirable  because  it  has 
been  found  to  cause  hot  cracking  in  some  aUoys  and  may  also  produce  a  concave  under¬ 
bead  stirface.  Thenafore,  for  oiu*  application  it  was  necessary  for  the  penetration  assess¬ 
ment  to  apply  not  only  to  the  root  pass,  but  to  the  fill  passes  also. 


2.  Richard  W.  Richardson,  Paul  Taylor,  "An  Experimental  System  for  Full-penetration  Gas  Timgsten-Arc 
Welding",  Edison  Welding  Institute  Research  Brief,  B9007,  September  19W,  p  1.  (Emphasis  Added.) 

3.  R.  B.  Madigan,  H.  R.  Castner,  "Survey  of  Weld  Penetration  Techniques",  Edison  Welding  Institute  Re¬ 
search  Report,  MR9002,  January  19W 

4.  Ibid.,  Page  4. 

5.  F.  Nadeau,  P.  Fafard,  G.  Patenaude,  J.  Tremblay,  "Method  and  Apparatus  for  Controlling  Root  Pass  Weld 
Penetration  in  Open  Butt  Joints",  United  States  Patent  number  4,733,051,  March  22, 1988. 
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For  our  purposes,  then,  the  ideal  feedback  technique  would  measure  penetration 
directly  (including  partial  penetration)  for  both  root  and  fill  passes.  Other  investigators 
have  explored  two  methods  for  direct  measurement  from  the  back  side  of  the  weld.  The 
first  uses  a  video  camera,  or  a  fiber-optic  bimdle  coupled  to  a  video  camera,  to  obtain  an 
image  of  the  underbead.  It  then  uses  elaborate  processing  techniques  to  determine  the 
fusion  zone  width.  This  not  only  requires  synchronization  between  the  optics  and  the 
electrode,  but  also  requires  enoug’h  access  to  the  back  side  of  the  weld  to  position  the 
camera  or  insert  and  position  the  fiber  bimdle^. 

The  other  back  side  measmement  technique  uses  a  simple  photo-sensor  to  measure 
radiation  which  is  related  to  penetration.  The  sensor  does  not  have  to  be  located  directly 
behind  the  weld  if  fiber-optic  cables  are  used  to  direct  the  light  to  the  photo-diode.  This 
is  the  method  that  was  used  for  this  study  since  it  has  the  advantage  of  being  the  simplest 
technique  to  implement,  and  yet  is  considered  a  direct  measurement  of  penetration^.  The 
high-temperature  fiber  optic  cable  used  is  only  one  sixteenth  of  an  inch  in  diameter  so  it 
can  be  inserted  into  the  presstire  vessel  through  the  fill  tube.  (See  Figure  2.)  Also  note 
that  the  vessel  doubles  as  an  "integrating  sphere"  so  that  the  cable  does  not  have  to  be 
aimed  at  the  weld.  This  improves  reliability  and  greatly  decreases  measurement  complex¬ 
ity  by  eliminating  the  need  for  alignment  and  synchronization  with  the  electrode. 


6.  Madigan,  Ibid.  pp.  3-4. 


At  Sandia  National  Laboratories,  this  technique  was  pioneered  by  Marburger®. 
Initial  results  were  extremely  encouraging.  The  empirically  designed  feedback  system 
was  able  to  make  real-time  corrections  for  large  variations  in  weld  parameters  to  achieve 
welds  of  constant  penetration.  It  was  found,  however,  that  the  relationship  between 
penetration  and  radiation  changed  as  a  function  of  travel  speed.  This  was  attributed  to 
the  change  in  width  to  length  ratio  of  the  molten  pool  for  different  travel  speeds. 

This  present  study  more  clearly  defines  the  correlation  between  back-side  radiation 
and  weld  penetration,  and  accounts  for  the  efiiect  of  travel  speed  on  the  penetration 
meastuement.  Also,  vrith  the  redesigned  feedback  control  system,  welds  of  more  consist¬ 
ent  penetration  were  produced  with  wider  variations  in  weld  parameters  including  travel 
spe^. 

Welding  systems  are  inherently  uncertain,  nonlinear,  and  time  varying  in  their 
mput/output  relationships.  HistoricaUy,  controls  have  been  designed  by  linearization  of 
system  behavior  over  a  narrow  range  about  some  operating  point.  TMs  has  produced 
controllers  that  are  not  optimized  or  even  unstable  away  from  the  linearization  point.  To 
avoid  instabilities  away  tom  the  linearized  region,  designers  often  settle  for  a  reduction 
in  open  loop  gain — not  realizing  the  maximtim  benefits  of  feedback.  For  this  work,  the 
control  algorithms  were  developed  using  Quantitative  Feedback  Theory  (QFT)  that  does 
not  require  linearization^  and  is  the  ideal  tool  for  design  of  highly  uncertain  systems  such 
as  welding. 

Quantitative  Feedback  Theory  easily  handels  the  design  of  systems  with  multiple 
transfer  functions  describing  the  uncertain  dynamic  charateristics  of  the  process  under 
control.  Thus  input/output  information  obtained  under  a  wide  variety  of  weld  process 
conditions  to  characterize  the  static  as  well  as  dynamic  behavior  of  the  welding  process, 
was  used  in  the  design.  This  charaterization  encompasses  the  welding  system  as  a  whole, 
not  just  the  arc,  weld  pool,  power  supply  nor  any  state  variables  within  the  process.  This 
global  approach  yields  a  controller  that  is  optimized  over  the  entire  range  of  weld  per¬ 
formance  explored  during  the  process  characterization  phase,  and  has  proved  able  to 
control  well  beyond  the  optimized  range. 


8.  S.  J.  Marburger,  'Feedback  Control  of  Penetration  in  Gas  Tungsten  Arc  Welding*,  Master  of  Science 
Project  Report,  Spring  Quarter  1983,  Department  of  Mechanical  Engineering  at  University  of  California 
at  Bericeley. 

9.  Isaac  Horowitz,  "Application  of  Fixed  Point  Theory  To  Uncertain  Nonlinear  and  MIMO  Feedback  Prob¬ 
lems",  Dynamic  Systems  and  Control  Division.  AS  ME.  Vol.  24,  [1990:ASME]  pp  45-49. 
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ProcesM  Characterixation 


A  simplified  block  diagram  for  the  control  system  is  shown  in  Figure  3.  The  ele¬ 
ments  in  the  diagram  are  shown  as  functions  of  V — ^impl>’ing  the  use  of  Laplace  trans¬ 
forms.  Laplace  domain  system  analysis  assumes  linearity  and  time  invariance,  yet  as 
stated  above,  the  welding  process  is  nonlinear  and  time-varying.  It  has  been  shown, 
however,  that  frequency  domain  techniques  (Such  as  Laplace)  can  be  successfully  applied 
to  a  large  class  of  nonliaear,  uncenain  and  time  varying  processes^®'^^. 
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Figure  3.  Block  diagram  of  feedback  syatem 


For  this  project  it  was  decided  to  use  weld  current  as  the  control  variable  X(s)  to 
compensate  for  process  disturbances.  Varying  only  the  weld  current  while  holding  all 
other  inputs  constant,  reduces  the  system  to  a  single-input/single-output  system  and  the 
transfer  function  becomes:  W(s)  =  Y(s)/X(s),  where  Y(s)  is  the  Laplace  transform  of 
penetration  (measured  in  volts  on  the  photo-diode)  and  X(s)  is  the  Laplace  transform  of 
the  weld  current  control  signal.  All  other  inputs  are  considered  to  be  process  disturb¬ 
ances — ^which  add  uncertainty  to  the  system  equation. 

To  our  knowledge,  the  transfer  ftmction  W(s)  is  not  available  in  the  welding  litera- 
tme,  but  it  can  be  estimated  by  calculating  the  ratio  of  input  to  output  signals  (weld 
current  to  light  reading.)  This  was  done  by  varying  the  weld  current  with  sinusoids  of 
various  frequencies,  and  recording  the  ratio  between  the  radiated  light*  and  weld  current 
command  signal.  (See  Figure  4.)  Collecting  this  information  at  several  different  frequen¬ 
cies'''  produces  a  Bode  plot  which  represents  a  transfer  function  of  the  welding  system. 


10.  Horowitz,  M.  Sidi,  "Synthesis  of  Feedback  Systems  With  Large  Plant  Ignorance  for  Prescribed  Time 
Domain  Tolerances’,  International  Journal  of  Control,  Vol.  16,  pp  287-309, 1972. 

11.  Horowitz,  "Synthesis  of  Feedback  Systems  With  Nonlinear  Time-varying  Uncertain  Plants  to  Satisfy 
Quantitative  Performance  Specifications",  Proceedings  of  IEEE,  Vol.  64,  No.  1,  January  1976. 

12.  Horowitz,  Synthesis  of  Feedback  Systems,  Academic  Press,  1963. 

*  Note:  The  object  of  this  project  is  to  control  penetration.  Since  no  purely  direct  measure  of  penetration 
exists,  we  measure  the  amount  of  light  from  the  back  side  of  the  weld.  This  light  is  measured  by 
amplifying  the  voltage  on  the  photo-diode — no  attempt  was  made  to  correlate  that  voltage  to  units  of 
light  energy,  since  weld  penetration  is  the  really  the  variable  we  want  to  measure,  not  light  energy. 

-K  Figure  4  shows  the  input/output  information  for  a  single  fi^uency  and  is  not  actual  data.  The  actual 
input  data  used  to  test  the  system  was  a  waveform  consisting  of  several  frequencies  superimposed 
together  at  random  phase.  Frequency  correlation  was  used  to  separate  out  the  magnitude  and  phase 
information  for  each  frequency  individually. 
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Figure  4.  Arc  weld  input  (currrat)  and  output  (light)  data. 

Because  welding  processe.’s  are  uncertain,  each  test  (even  under  identical  conditions) 
will  produce  a  different  Bode  plot.  Nonlinearities  in  the  process  produce  further  uncer¬ 
tainties.  For  example,  in  arc  welding  the  amount  of  heat  produced  (and  consequently  the 
amount  of  glowing  metal)  is  roughly  proportional  to  tW  square  of  the  weld  current. 
Thus  the  back  side  radiation  R  «  o  •  I* .  Now  suppose  we  test  the  system  with  some 
current  waveform  whose  average  value  is  I,  and  then  repeat  the  test  with  the  same 
current  waveform  that  is  scaled  by  some  constant  6.  Then:  Ri  »  a •  i» , 
R2  «  a  •  B*  •  I  * ,  and  the  zero  frequency  magnitude  of  the  two  bode  plots  will  be: 

Bl  a  =r  a •  I  and  Ba  a  .ff s  a*0*I  »•  Bi 

Ii  I  l2  fl*I  Ix 

Were  the  welding  process  linear,  with  no  uncertainty,  then  the  two  teste  would 

have  produced  identical  results  that  is:  would  be  equal  to  5f.  But  since  it  is  not, 

Ix  l2 

each  test  will  produce  it’s  own  unique  representation  of  the  system  dynamics— its  own 
Bode  plot.  Thus,  the  system  nonlinearities  have  simply  increased  the  system  uncertainty. 
By  testing  the  system  over  the  entire  range  of  operation,  all  nonlinearities  can  be  ac- 
coxmted  for  as  increases  in  uncertainty.  However,  the  system  need  not  be  tested  for  each 
and  every  possible  condition — only  those  conditions  that  produce  acceptable  outputs. 
This  is  because,  if  the  system  is  designed  correctly,  only  acceptable  outputs  will  be  pro¬ 
duced  by  the  closed-loop  system — any  condition  which  causes  the  process  to  head  for  an 
unacceptable  output  will  be  avoided  via  feedback  control.  Therefore,  calculating  the 
Laplace  transform  of  all  acceptable  outputs,  and  dividing  those  by  the  Laplace  transform 
of  the  corresponding  input,  gives  a  set  of  transfer  functions  that  span  the  range  of  imcer- 
tainty  inherent  in  the  system. 
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Four  such  transfer  functions  are  represented  in  the  Bode  plots  shown  in  Figure  5. 
The  data  was  gathered  by  making  full  penetration  welds  on  1.5  inch  (3.8  cm)  outside 
diameter  stainless  steel  tubes*  while  modulating  the  weld  ciurent  at  various  frequencies. 
The  datum  in  Figure  5  are  from  welds  made  on  tubes  of  three  different  wall  thicknesses. 
Note  that  while  the  phase  information  seems  to  be  independent  of  part  thickness  (possi¬ 
bly  due  to  the  fact  that  all  welds  were  full  penetration),  the  magnitude  changes  signifi¬ 
cantly.  This  is  because  it  takes  less  current  to  penetrate  the  tliinner  tubes — and  minor 
fluctuations  in  current  will  thus  yield  much  greater  variations  in  weld  penetration.  To 
fiuther  quantify  the  process  uncertainty,  more  frequency  data  was  obtained  for  welds 
made  with  fifty  different  combinations  of  the  parameters  shown  below: 


Weld  Parameter 
Transfonner  tap  setting 
Travel  speed  (inches/min) 
Part  thickness  (inches) 

Arc  length  (inches) 


Low  Setting 
Low 

2.5  (1  mm/s) 
1/32  (0.8) 

1/16  (1.6  mm) 


High  Setting 
Medium 
4.4  (2  mm/s) 
1/16  (1.6  mm) 
7/64  (2.8  mm) 


All  welds  were  autogeneous,  (with  no  filler  metal).  Material  composition  was  not 
varied  in  this  initial  experiment,  but  was  explored  later.  Data  was  taken  on  both  single 
and  multiple  pass  welds  of  full  and  partial  penetration.  The  fifty  Bode  plots  produced 
(shown  in  Figure  6)  constitute  a  set  of  weld  transfer  functions,  that  span  the  range  of 
uncertainty  in  the  welding  system.  (Each  weld  transfer  function  will  hereafter  be  referred 
to  as  a  "plant".)  The  goal  of  this  project  is  to  design  one  compensator,  G(s),  that  will 
produce  good  welds  for  any  plant  within  the  set  of  weld  ti  ansfer  functions.  That  is:  at 
any  time  the  weld  may  "take  on"  the  dynamic  characteristics  of  any  one  of  the  plants  in 
the  set,  and  the  feedback  system  must  adjust  the  current  to  maintain  constant  penetra¬ 
tion. 


*  The  tubes  used  were  readily  available  and  much  less  expensive  than  machined  pressure  vessels  of  Fig¬ 
ures  1  and  2.  The  dynamics  of  the  relationship  between  the  light  emitted  from  the  back  side  of  the 
molten  pool  and  the  radiation  measured  at  the  sensor  is  the  same  for  welds  made  on  the  pipes  as  on 
the  actual  pressure  vessels.  The  only  difference  between  the  two  is  in  the  reflections  of  the  light  inside 
the  vessel — a  ftmction  of  vessel  or  tube  geometry— resulting  in  a  steady  state  shift  in  the  light  reading. 

+  Oianging  the  transformer  tap  setting  from  low  to  medium  results  in  twice  as  much  arc  current  and  four 
times  as  much  power  for  the  same  input  signal. 
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Magnitude  (dB) 


i>e»ign  Procedure 

The  feedback  system  was  desi|ned  for  maximum  disturbance  attenuation,  and 
minimum  response  time,  overshoot  and  complexity.  The  ideal  tool  for  designing  a 
control  system  to  the  above  specifications  is  the  Nichols  chart.  The  Nichols  chart  pro¬ 
vides  a  convenient  way  to  graphically  "close  the  loop"  on  a  feedback  system.  The  straight 
horizontal  and  vertical  lines  on  the  Nichols  chart  are  lines  of  constant  magnitude  and 
phase  for  the  open  loop  system,  and  the  curved  lines  represent  contours  of  constant 
magnitude  for  the  closed  loop  system.  Thus  one  can  quicMy  get  an  idea  of  the  relation¬ 
ship  between  the  open  and  closed  loop  S3rstem  response  from  the  Nichols  chart. 

The  frequency  information  for  the  fifty  welds  can  easily  be  plotted  in  Nichols  chart 
form  for  a  discrete  set  of  frequencies.  This  produces  a  set  of  plant  "templates",  three  of 
which  are  shown  in  Figure  7.  These  templates  give  a  quantitative  measure  of  the  amount 
of  uncertainty  in  the  plant  W(s).  For  each  frequency,  there  are  fifty  points  plotted  (one 
for  each  plant  in  the  set),  and  they  are  connected  by  straight  lines.  Any  plant  not  repre¬ 
sented  by  one  of  the  fifty  points,  but  within  the  r^nge  of  weld  uncertainty  tested,  should 
fall  inside  the  area  botmd^  by  the  lines  connecting  ^e  fifty  points. 


•360  -300  -260  <200  -160  -100  -60  0 


Phase  (degrees) 

Figure  7.  Plant  Templates  for  f  s  o.Ol,  0.2  and  2  Ha. 


*  As  matenai  is  melted,  a  pennanent  change  in  the  microstructure  and  geometry  occurs.  Therefore,  the 
weld  underbead  is  only  controllable  in  the  positive  direction — there  is  no  mechanism  for  causing  die 
fusion  zone  to  "un-melt*.  Because  of  this  nonlinearity,  overshoot  must  be  minimized. 
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If  the  plant  templates  are  printed  on  transparent  paper,  and  superimposed  onto  a 
Nichols  chart  of  the  same  scale,  the  magnitude  and  phase  of  the  closed-loop  trar^sfer 
functions  T(f)  can  be  read  directly  from  the  Nichols  chart.  This  makes  it  possible  to 
design  for  all  plants  in  the  set  at  the  same  time.  Any  compensation  added  to  the  system 
from  G(s)  will  affect  all  plants  equally,  and  thus  translate  the  plant  template  to  another 
location  on  the  Nichols  chart.  To  guarantee  closed-loop  stability,  it  is  necessary  to  ensure 
that  the  compensated  plant  L(f)  [  where:  L(f)  =  G(f)  •  W(f)  ]  stays  away  from  the  region 
on  the  Nichols  chart  about  -180®,  until  the  gain  is  well  under  0  dB.  The  closer  a  system 
comes  to  this  area  of  instability,  the  more  overshoot  the  closed-loop  system  will  have. 

By  insuring  that  the  magnitude  of  the  closed-loop  transfer  fimction  |  Tff)  |  (where: 
T(f)  =»  L(f)  /  [1  +  L(f)])  is  less  than  some  value  7  for  ^  plants  in  the  set,  one  can  control 
the  amount  of  overshoot  in  the  output  responses.  A  typical  practice  is  to  design  for 
7=2.3  dB— which  is  associated  with  minimum  overshoot  and  optimum  response  times. 
The  frequency  bounds  for  the  compensator  G(s)  (which  guarantee  a  stable  closed-loop 
system  with  |  T(f)  |  i  7  for  all  plants  in  the  set)  can  be  determined  by  moving  the  tem¬ 
plate  over  the  range  of  the  Nichols  chart. 

Shown  in  Figure  8  are  the  Nichols  chart  frequency  bounds  in  dashed  lines.  To 
determine  the  bounds,  one  of  the  plants  was  chosen  as  the  "nominal”,  and  a  hole  was 
made  in  each  template  at  the  location  of  the  nominal.  Each  template  was  then  moved 
around  the  Nichols  chart  (taking  care  to  keep  the  template  square  with  the  coordinate 
axes)  and  the  regions  were  found  where  aU  of  the  plants  on  the  template  satisfied  the 
criteria:  I T(f)  I  ^  7  The  boundary  where  |  T(f)  |  =  7  is  marked  on  the  Nichols  chart 
(through  the  hole  at  the  nominal)  so  that  if  the  compensated  nominal  plant  falls  above 
and  to  the  right  of  the  bound,  then  |  T(f)  |  <;  7  for  all  plants  in  the  set. 

Assuming  the  significant  process  disturbances  are  primarily  low  frequency,  insensi¬ 
tivity  to  process  disturbances  is  maximized  by  minimizing  steady  state  error — that  is: 
minim  variation  in  magnitude  of  the  closed-loop  transfer  functions  a  |  T(f)  |  at  zero  fre¬ 
quency.  The  smallest  frequency  for  which  the  input/output  data  was  collected  was  0.01 
Hz,  so  the  system  was  designed  for  a  maximum  error  of  1  dB  at  f=0.01  Hz.  That  is: 
a|T(0.01)|  5  IdB. 

Also  shown  in  Figure  8  is  the  "trajectory"  of  the  uncompensated  nominal  plant 
Wjj(f)  (shown  in  solid)  as  the  frequency  is  varied  from  0.01  to  1  Hz.  The  uncompensated 
system  is  stable  and  satisfies  all  of  the  bounds  except  at  f=0.01  Hz.  It  would  therefore 
not  provide  the  desired  level  of  disturbance  attenuation.  If  the  gain  were  raised  to  satisfy 
the  bound  at  f=0.01  Hz,  then  it  would  violate  the  higher  frequency  bounds  and  become 
unstable.  The  purpose  of  G(s)  is  to  "shape"  or  compensate  the  open  loop  system  response 
so  that  the  closed-loop  system  meets  all  design  objectives.  The  trajectorj'  of  the  compen¬ 
sated  nominal  plant  Ljj(0  is  also  shown  (in  solid)  in  Figure  7  where: 

G(s)  =  53.4  fs  0.61  fs  2.2)  (1) 

(s  -I-  0.016)  (s  +  1.3)  (s  +  36) 

The  compensated  system  meets  the  stability  bounds  comfortably.  The  Bode  plot  of 
the  compensator  G(s)  is  shown  in  Figure  9  and  that  of  the  compensated  nominal  plant 
Lj(s)  in  Figure  10.  The  closed-loop  Bode  plot  for  the  fifty  welds  is  shown  in  Figure  11. 
Note  that  both  design  criteria  were  satisfied. 
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0.01  0.1  1 
Frequency  (Hz) 

Figure  11.  Closed  loop  Bode  plots  of  welds  in  Figure  6 


The  design  so  far  has  considered  only  those  control  elements  needed  to  minimize 
system  sensitivity  to  outside  disturbances.  We  now  turn  our  attention  to  those  special 
provisions  needed  to  establish  a  stationary  full  penetration  weld  and  transition  into  a 
moving  weld  while  maintaining  constant  penetration.  These  provisions,  namely  the  Pre¬ 
filter  F(s),  the  Set  Point  Feed  Forward  loop,  the  Travel  Speed  Feedback  loop,  and  the 
Start  Travel  Comparator  (see  Figure  12),  also  expand  the  range  of  disturbances  over 
which  the  controller  can  maintain  consistent  weld  quality.  The  design  and  operation  of 
these  special  provisions  is  best  explained  by  detailing  their  operation  in  the  complete 
control  system. 

In  manual  welding,  the  operator  first  establishes  a  weld  pool,  then  starts  the  part 
rotating,  whilst  increasing  weld  current  to  maintain  the  pool  size.  This  is  emulated  by 
the  expanded  control  system  shown  in  Figure  12.*  Notice  the  addition  of  a  set  point  feed 
forward  loop  and  a  travel  speed  feedback  loop. 

The  system  works  as  follows:  At  the  start,  both  the  travel  speed  and  radiated  light 
signals  are  zero  (since  there  is  no  weld  to  emit  light  and  the  part  is  not  rotating.)  Tlie 
controller  initiates  the  weld  with  a  ’step  function’  change  in  weld  current — a  sharp 
change  from  zero  to  a  pre-defined  nominal  current.  Initially,  the  feedback  signals. 


*  Figure  12  is  an  expansion  of  Figure  3.  The  welding  system  WCs)  has  been  broken  up  into  four  compo¬ 
nents:  The  power  supply,  part  rotation  motor,  weld  process  uncertainty  (disturbances)  and  the  re¬ 
mainder  is  lumped  together  under  the  label  "weld  physics’. 

The  nominal  weld  current  can  be  predetermined  for  each  part  by  the  welding  operator,  or  if  desired, 
the  operator  could  guess  a  nominal  current  and  allow  the  controller  to  automatically  adjust  to  the  true 
nominal  setting. 
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along  with  the  start-up  filter  output,  arc  zero,  so  the  Step  Function  Input  drives  the 
power  supply  with  the  nominal  current  and  the  weld  pciol  begins  to  form.  As  the  weld 
penetrates  the  joint,  the  photometer  begins  to  register  light.  This  signal  is  fed  back  and 
compared  to  the  output  of  the  start-up  filter  F(s).  The  start-up  filter  smooths  the  Step 
Ftmction  Input  to  a  signal  that  more  dosely  approximates  the  process  of  an  establishing 
and  growing  weld  pool.  The  difference  between  the  approximated  start-up  signal  and  the 
actud  Radiated  Li^t  is  called  the  error  signal  and  is  processed  by  the  compensator  G(s) 
and  added  to  the  nominal  current  setting  to  adjust  the  weld  current  control  signal.  If  die 
weld  is  responding  nominally,  the  error  signal  will  be  small,  and  the  controller  will  con¬ 
tinue  to  weld  at  the  nominal  cunent.  Chmges  are  made  to  the  weld  current  only  when 
there  is  a  difference  between  the  actual  and  desired  penetration. 

When  weld  jeretration  reaches  the  appropriate  depth,  the  controller  should  start 
the  part  rotating  .  This  is  accomplished  by  the  Start  Travel  signal  and  Travel  Speed 
Feedback  loop.  When  the  light  reading  reaches  60%  of  the  set  point,  the  Comparator 
starts  the  part  rotating,  and  the  Travel  Speed  Feedback  increases  the  set  point  (thereby 
increasing  weld  current)  to  maintain  penetration.  The  magnitude  of  this  adjustment  was 
determined  empirically,  and  is  proportional  to  travel  speed.  Travel  speed  variations 
during  welding  are  also  handled  in  the  same  maimer. 


Figure  12.  Expanded  block  diagram  of  feedback  system 


*  However,  the  widdi-to-length  ratio  of  the  molten  region  decreases  as  travel  begins.  That  is:  a  traveling 
weld  will  produce  a  molten  region  that  is  longer  and  narrower  than  a  stationary  weld.  The  light  signal 
may  be  the  same,  but  the  weld  will  be  narrower.  To  maintain  constant  underbead  width,  the  controller 
must  increase  the  set  point  for  traveling  welds. 
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Ejqperimental  Remits 


The  system  was  tested  with  various  disturbances  to  the  welding  process  to  deter¬ 
mine  how  well  the  controller  would  be  able  to  maintain  penetration.  Figure  13  shows 
two  welds  made  with  a  step  change  in  travel  speed  from  1.5  to  6  inches  per  minute  (0.64 
to  2.54  mm/s).  (All  of  the  test  welds  were  made  on  tubes.  After  welding,  the  tubes  were 
cut  longitudinally  and  flattened-out.)  Figure  14  shows  that  the  controller  had  no  prob¬ 
lem  compensating  for  step-changss  in  heat-sinking,  while  this  disturbance  caused  large 
variations  in  the  welds  made  without  feedback.  Figure  15  shows  the  end  view  of  a  pipe 
that  was  welded  to  test  the  system  tolerance  to  changes  in  part  thickness.  The  system 
had  no  trouble  welding  this  part,  so  in  order  to  further  disturb  the  system,  step-cb^ges 
in  heat-sinking  was  also  added.  (See  Figtue  16.) 

The  system  was  next  tested  on  the  tube  shown  in  Figure  1 7,  which  not  only  intro¬ 
duces  step-changes  in  part  thickness,  but  also  step-changes  in  arc  voltage— which  is  relat¬ 
ed  to  arc  length.  (An  Arc  Voltage  Controller  [AVC]  is  normally  used  that  adjusts  the 
position  of  the  electrode  up  and  down  to  maintain  constant  arc  voltage.  The  AVC  was 
not  used  in  this  test.)  The  tube  was  difficult  to  flatten  out,  so  the  results  are  shown  with 
two  photographs  of  the  same  part,  talten  at  different  angles.  See  Figures  18  and  19.  The 
first  weld  (Weld  A  in  Figures  18  and  19)  compensated  remarkably  well,  except  when  the 
weld  was  coming  off  the  bottom  plate  where  it  pulled  away  from  the  tube  causing  light  to 
come  from  between  the  bottom  plate  and  the  tube,  and  be  interpreted  as  penetration. 
The  next  weld  (Weld  B)  did  much  better,  because  the  first  weld  had  sealed  the  bottom 
plate  to  the  tube,  thus  preventing  the  above  mentioned  problem.  Weld  C  was  made 
without  feedback  control. 

In  order  to  assess  the  system  sensitivity  to  sensor  positioning,  twelve  welds  were 
made,  on  the  same  tube,  at  the  same  set-point,  but  at  difterent  distances  from  the  light 
cable.  The  width  for  each  weld  was  measxired  and  is  plotted  verses  distance  in  Figure  20. 
Although  the  underbead  width  variation  as  a  function  of  distance  from  the  fiber  cable 
was  significant,  it  is  clear  that  positioning  the  sensor  accurately  enough  to  maintain 
constant  penetration  will  not  be  difficult.  Also  note  that  there  is  an  optimum  distance  for 
maximiim  sensor  input,  at  about  three  inches  (7.6  cm)  from  the  end  of  the  light  cable. 

Originally  there  was  some  concern  that  with  open  groove  butt  welds,  the  arc  light 
would  shine  tiuough  and  be  interpreted  as  penetration.  To  address  this  question  several 
welds  were  made  on  tubes  with  open  grooves  from  0.03  to  0.09  inches  (0.76  to  2.3  mm) 
wide.  For  the  tubes  with  the  0.03  inch  gap,  weld  penetration  was  unaffected  by  the 
presence  of  the  gap.  This  L  most  likely  because  any  light  coming  through  the  gap  enters 
the  vessel  at  a  right  angle  to  the  fiber  cable — and  therefore  is  not  well  coupled  to  the 
photo-diode.  The  system  did  have  trouble  keeping  constant  penetration  with  larger  gaps 
because  a  greater  portion  of  arc  light  was  being  picked  up  by  the  sensor. 
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Figure  13.  Welds  made  writh  step  changes  in  travel  speed  from 
l.S  to  6  inches  per  minute  (0.64'2.54  mm/sec) 


Figure  i4.  Welds  made  with  sudden  changes  in  heat  sinking 
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Figure  15.  End  view  of  triable  thickness  tube 


Edge  View  of  Flattened  Tube 


Feedback 


W/0  Feedback 


Figure  16.  Welds  made  on  Figure  15  tube  with  changes  in  heat  sinking 


Figure  17.  Tube  with  step  changes  in  thicloiess  and  arc  length 


Figure  18.  Welds  on  Figm-e  12  tube  (A  &  B  with — C  without  feedback) 


Undarbead  Width  (inchat) 


Figure  19,  Welds  on  Figure  12  tube  (A  &  B  with— €  without  feedback) 


Distance  of  Weld  From  End  of  Light  Cable  (inches) 

Figure  20.  The  effect  of  distance  on  light  reading 


OmtroUer  R^inements 

Once  the  control  system  was  built,  it  was  possible  to  make  welds  of  constant  back¬ 
side  radiation,  and  the  i^ationship  between  travel  speed,  radiation  and  underbead  width 
was  more  accurately  quantified.  As  would  be  expected,  travel  speed  has  a  nonlinear 
efiect  on  the  penetration  measurement.  This  is  illustrated  in  Figure  21.  Figure  21  plots 
underbead  width  verses  back-side  radiation  for  three  different  travel  speeds.  Assuming 
t^t  radiation  is  proportional  to  the  area  of  the  molten  pool,  the  effect  of  travel  speed  on 
this  relationship  can  be  modeled.  Since  the  area  of  an  ellipse  is  proportional  to  the 
width  "W"  times  the  length  "L",  the  radiation  "R"  is  also  proportional.  Ihe  width  can  be 
measured  after  the  weld  is  made,  but  the  length  must  be  calt^ated.  For  zero  travel  speed 
the  length  is  equal  to  the  width,  and  increasing  the  travel  speed  will  cause  the  length  to 
increase  proportionally  to  the  widtL  Therefore: 

L  =  6*W  (2) 

Where  6  is  greater  than  or  equal  to  one,  and  is  a  function  of  travel  speed.  Then  the 
area  (and  thus  the  radiation)  is  proportional  to  the  width  squared.  That  is: 

R»a‘W»  (3) 

Ihe  solid  lines  in  Figure  21  are  the  result  of  a  least-mean-square  fit  of  Equation  3  to 
die  data  from  several  welds  made  at  1.5,  3  and  6  inches  per  minute  (0.64, 1.3  and  2.54 
mm/s).  The  set  point  adjustment  needed  to  maintain  constant  penetration  with  varia¬ 
tions  in  travel  speed  is  different  depending  on  the  desired  imderbead  width,  and  is  not 
simply  proportional  to  travel  speed. 


Figure  21.  Effect  of  travel  speed  on  die  light  reading 
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The  Nature  of  Underbead  Light 

All  of  the  above  mentioned  test  welds  were  made  on  stainless  steel.  The  original 
system  utilized  an  opaque  filter  between  the  end  of  the  fiber  cable  and  the  photo-diode  to 
attenuate  visible  light,  and  pass  infrared.  This  was  done  to  remove  ambient  light  from 
the  penetration  reading,*  and  worked  well  until  a  new  application  arose  for  welding  on 
carlwn  steel.  A  large  difference  was  observed  in  the  relationship  between  backside  radia¬ 
tion  and  penetration  for  the  two  different  steels.  In  order  to  understand  this  difference 
an  infrared  imaging  system  was  set  up,  as  shown  in  Figure  22,  to  determine  what  the 
sensor  was  actuSly  seeing.  The  infrared  images  for  two  '.velds  made  on  the  two  different 
steels,  but  with  identical  weld  parameters  are  shown  in  Figures  23  and  24.  Note  that  for 
the  carbon  steel  weld,  a  much  greater  portion  of  the  back-side  radiation  is  coming  from 
the  area  surrounding  the  fusion  zone  tl^  for  the  stainless  steel  weld.  Figure  25  shows 
the  image  from  a  regular  video  camera  on  the  same  carbon  steel.  Note  that  the  visible 
underbead  radiation  is  concentrated  in  the  weld  puddle — and  thus  for  controlling  weld 
underbead  width,  visible  radiation  is  a  better  feedback  parameter  than  infrared,  yet  for 
partial  penetration  welds,  infrared  is  more  significant.  For  this  reason,  the  opaque  filter 
was  removed  to  allow  all  available  light  to  pass  on  to  the  photo-diode. 


Figure  22.  Set-up  for  monitoring  input  to  fiber  optic  sensor 


*  It  was  later  discovered  that  the  ambient  radiation  read  by  the  sensor  was  negligible  compared  to  the 
radiation  (both  visible  and  infrared)  coming  from  the  back  side  of  the  weld.  (Unless,  of  course,  the 
ambient  light  was  aimed  directly  at  the  sensor  or  fiber  cable.) 
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Figure  23.  Infrared  video  image  of  stainless  steel  weld 


Figure  25.  Visible  video  image  of  carbon  steel  weld 


Conclusions  and  Future  Work 

Overall,  the  back-side  radiation  feedback  system  worked  well  in  reducing  the  proc¬ 
ess  sensitivity  to  changing  weld  parameters  and  disturbances.  It  has  been  tested  with 
travel  speeds  ranging  from  1.5  to  6  inches  per  minute  (0.64  to  2.54  mm/s)  and  with 
-H00%  to  -50%  step  changes  in  part  thickness.  It  also  compensates  for  sharp  discontinu¬ 
ities  in  heat  sinking  and  arc  length.  Furthermore,  the  process  was  foimd  to  be  reasonably 
insensitive  to  fiber-optic  cable  alignment  and  position  (as  long  as  the  cable  is  not  aimed 
directly  at  the  weld). 

The  next  step  will  be  to  use  the  feedback  system  for  welding  actual  pressure  vessels. 
This  will  require  penetration  control  for  not  only  the  root  pass  but  also  the  fill  passes. 
Arc  welding  systems  are  inherently  noisy  (electrically),  and  are  notorious  for  causing 
digital  electronic  equipment  to  "crash".  To  eliminate  the  possibility  of  the  s>'stem  "crash¬ 
ing"  during  a  weld,  the  prototype  controller  was  implemented  in  analog  hardware.  An 
electrically  shielded  personal  computer  will  be  used  in  future  work  to  implement  the 
control  laws.  This  will  facilitate  multipass  weld  control  and  more  accurate  compensation 
for  variations  in  travel  speed.  It  will  also  make  the  system  more  flexible  and  "user  friend¬ 
ly".  Eventually  the  user  will  be  able  to  specify  the  part  geometry,  material  composition 
and  desired  penetration  for  the  root  and  fill  passes  and  then  use  the  computer  to  calculate 
the  corresponding  set  points  that  will  be  needed  to  make  the  entire  part.  It  will  also  be 
necessary  to  determine  the  effects  of  other  disturbances  to  the  system.  Specifically:  what 
would  be  the  effects  of  variations  in  wire  feed  rate,  material  composition,  surface  prepa¬ 
ration,  joint  geometry,  cleanliness,  and  electrode  angle  and  composition. 
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Many  of  the  problems  encountered  in  welding  are  related  to  variations  in  tempera¬ 
ture  caused  by  changes  in  energy  input,  heat  sinking,  misplacement  of  energy  source,  etc. 
This  feedback  control  technique  h^  the  potential  to  reduce  or  eliminate  a  number  of 
these  and  other  problems  because  it  tends  to  maintain  the  fusion  zone  at  a  constant  size 
and  temperature.  However,  additional  studies  are  required  to  determine  what  effect  the 
control  technique  will  have  on  internal  voids,  the  propensity  for  cracking,  cold  shunts, 
and  other  welding  problems. 
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Abstract 

. » system  based  on  electrode  displacement  feedback  is  developed  that  greatly  im¬ 
proves  quality  control  of  the  pinch  welding  process.  A  correlation  between  weld  quality 
and  electrode  displacement  is  established  for  constant  force.  The  system  is  capable  of 
producing  repeatable  welds  of  consistent  thickness  (and  thus  consistent  quality),  with 
wide  variations  in  weld  parameters.  This  is  the  first  time  feedback  control  has  been 
successfully  applied  to  pinch  welding.  Quantitative  Feedback  Theory  (QET)  was  used  to 
design  the  control  laws. 


Introduction 

Pinch  welding  is  a  resistance  welding  process  used  to  seal  stainless  steel  tubes.  It  is 
the  last  step  in  the  fabrication  of  complicated  pressure  vessels  that  must  be  highly  reli¬ 
able.  Since  there  are  currently  no  nondestructive  evaluation  techniques  available  to 
completely  verify  weld  quality,  the  welds  must  be  cut  open  and  evaluated  under  the 
microscope.  However,  total  bond  length  and  the  shape  of  the  end  regions  at  the  inter¬ 
face  can  be  determined  (non-destructively)  after  a  weld  is  made,  from  an  x-ray  radio¬ 
graph.  Weld  quality  can  be  estimated  from  this  information.  If  the  total  bond  length 
doe.s  not  significantly  exceed  0.1  inch  or  the  shape  of  the  end  regions  show  excessive 
extnision,  the  entire  assembly  must  be  discarded.  Since  there  is  often  no  possibility  of  re¬ 
work,  quality  control  is  of  paramount  concern. 


238 


The  weld  (illustrated  in  Figure  1)  is  made  by  passing  a  high  current  through  the 
pan  to  be  welded.  Prior  to  the  flow  of  current,  a  large  force  (typically  one  thousand 
pounds)  is  applied  by  the  welding  electrodes  to  the  tube.  Because  of  the  resistance  in  the 
steel,  current  flowing  across  the  tube  generates  heat.  The  combination  of  elevated 
temperature  and  electrode  force  causes  the  tube  to  collapse,  and  a  metallurgical  bond 
develops  at  the  surfaces  originally  on  the  inside  diameter  of  the  tubes  The  resulting 
weld  quality  is  a  complicated  function  that  depends  on  a  number  of  weld  and  tubing 
parameters,  the  most  significant  of  which  are:  current,  weld  duration  and  force. 

Modem  pinch  welding  equipment  operates  imder  the  direction  of  a  welding  opera¬ 
tor  who  determines  proper  machine  settings  based  on  the  results  of  narrow  experimental 
parameter  searches.  These  tests  are  expensive  even  for  statistically  desired  experiments. 
During  the  parameter  selection  process,  welded  tubes  are  slit  longitudinally,  etched  (to 
enhance  grain  boundaries)  and  classified  as  to  the  amount  of  grain  growth  across  the 
interface  (among  other  things).  An  ideal  weld  interface  (class  1  bond)  is  shown  at  500X 
in  Figure  2a  along  with  the  more  typical  interface  (class  2)  in  Figure  2b.  Poor  quality 
welds  are  either  class  3  or  4  (also  shown  in  Figure  2.)  Along  the  weld  interface  there 
typically  exists  bond  sections  of  all  four  classes  (with  class  3  or  4  at  the  ends  of  the  weld 
and  class  1  or  2  in  the  middle. 


Figure  1.  Schematic  illustration  of  Pinch  welding 


1.  T.  R.  Bieler,  J.  R.  Spingam,  W.  Jorgenson,  "V'oitage  Drr>-:>  and  Temperature  Measurements  During  Tube 
Closure  by  Resistance  Welding",  Report  #SAND82-802^.  Sandia  National  Laboratories,  Livermore,  CA, 
July  1982. 


a.  Class  1:  Interface  not  visible  when  etched— gram  growth  across  interlace. 


.....  y. 


b.  Class  2:  Discontinuous  interface  visible — grain  growth  across  interface. 


c.  Class  3:  Continuous  interface  when  etched — faintly  visible  unetched. 


d.  Class  4:  Interface  clearly  visible  unetched  condition — no  grain  growth. 


Figure  2.  Photomicrographs  (500X)  for  evaluating  pinch  weld  bond 
quality.  Specimens  etched  in  electrolytic  oxalic  acid. 
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The  challenge  associated  with  quality  control  of  pinch  welding  is  the  large  amotmt 
of  uncertainty  in  the  relationship  between  weld  quality  and  weld  parameters.  Prototype 
pinch  welds  are  developed  at  Department  of  Energy  design  laboratories,  but  weld  param¬ 
eters  cannot  be  successfully  transferred  to  the  production  agencies  because  of  the  diffi¬ 
cultly  in  calibrating  development  welding  equipment  with  production  equipment.  Fur¬ 
thermore,  calibration  between  production  welders  involves  a  tedious  process  of  making 
welds,  measuring  the  current,  and  adjusting  the  placement  of  power  cables  until  all 
equipment  receive  the  proper  amount  of  weld  current.  (See  Figures  3  and  4.) 

Once  a  S5rstem  is  properly  calibrated,  factors  such  as  electrode  wear  and  oxidation 
on  the  tubes  to  be  welded,  can  cause  the  rdadonship  between  weld  parameters  and  bond 
quality  to  shift  over  time.  Figure  5  shows  the  longitudinal  cross-sections  for  two  different 
welds  made  on  the  same  pinch  welder  with  the  same  control  parameters.  The  second 
weld  was  made  approximately  one  year  after  the  first.  Although  all  of  the  input  parame¬ 
ters  were  identic^  (within  measurement  imcertainty),  the  resulting  quality  was  dramati¬ 
cally  different.  From  these  figures  it  is  clear  that  there  are  large  variations  ui  weld  quality 
for  constant  weld  parameters  from  machine-to-machine,  and  over  time.  In  addition,  weld 
current  is  difficult  to  control  due  to  power  sxu-ges  and  dips  created  by  other  high-power 
equipment  on  the  same  circuit  and  is  also  difficult  to  accurately  measure  because  of  its 
non-sinusoidal,  large  magnitude. 

Once  the  weld  parameters  have  been  selected  dimensional  characteristics  of  the 
weld  such  as  bond  length,  can  be  estimated  through  nondestructive  examination  with  X- 
rays  or  ultrasound.  However,  the  only  way  to  completely  determine  pinch  weld  quality  is 
the  above  mentioned  microstructure  evaluation.  Production  welds  are  randomly  sampled 
and  destructively  tested  to  infer  weld  quality  of  the  unsectioned  parts.  WWle  these 
methods  have  allowed  the  production  facilities  to  successfully  produce  high  quality 
products  over  the  past  thirt>'  years,  they  do  not  improve  quality,  but  simply  inspect 
quality,  and  in  the  process  add  tremendous  cost  to  the  product. 

The  goal  of  this  work  is  to  reduce  the  need  for  post  weld  inspection  by  implement¬ 
ing  automatic,  real-time  quality  control.  That  is,  by  utilizing  feedback  control,  weld 
quality  variation  can  be  minimized  to  the  point  that  inspection  becomes  unnecessary. 
Achieving  this  requires  sensor  systems  capable  of  accessing  weld  quality  in  real-time. 
Although  several  methods  have  been  investigated  for  real  time  quality  assessment  and 
feedback  control  of  other  resistance  welding  processes,  none  are  directly  applicable  to 
pinch  welding^.  However,  recent  tests  at  Sandia  demonstrated  a  correlation  between 
pinch  weld  quality  and  electrode  displacement  during  the  weld,  and  suggested  that  dis¬ 
placement  could  be  used  as  a  quality  measurement  for  feedback  control.  The  objective  of 
the  study  reported  herein  was  to  more  clearly  define  the  correlation  between  electrode 
displacement  and  weld  quality,  and  develop  a  feedback  control  system  to  produce  pinch 
welds  of  consistent  weld  quality,  with  wide  variations  in  input  power. 


2.  C.  W.  Pretzel  and  A.  G.  Beattie,  'Acoustic  Emission  Characterization  of  Pinch  Welds",  Report  #SAND85- 
8890,  Sandia  National  Laboratories,  Livermore,  CA,  May  1986. 
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Figure  5.  Two  pinch  welds  made  with  identical  parameter  settings.  (14X) 


Experimental  Procedures 

A  typical  electrode  displacement  cur/e  for  a  nominal  weld  is  shown  in  Figure  6 
superimposed  with  the  current  waveform  used  to  make  the  weld.  Weld  time  is  specified 
in  cycles — meaning  the  number  of  60  Hz  current  cycles  used  to  make  the  weld.  The 
amount  of  current  is  controlled  by  modulating  the  duty-cycle  of  the  60  Hz  current  wave. 
The  duty-cycle  is  specified  in  units  of  "percent  heat".  That  is,  a  50  percent  heat  setting 
delivers  half  of  the  available  power  to  the  part.  (See  Figure  7*.)  Weld  current  is  there¬ 
fore  a  function  of  the  primary  line  voltage  and  the  percent  heat  setting. 

At  the  commencement  of  this  study,  welds  of  ideal  quality  were  produced  with  the 
following  parameters:  primary  voltage  of  240  volts  (rms),  a  heat  setting  of  45  percent, 
weld  duration  of  12  cycles  and  900  pounds  force.  The  above  settings  will  hereafter  be 
referred  to  as  the  nominal  settings,  and  the  weld  produced  by  these  settings,  the  nominal 
weld.  A  new  controller  was  purchased  for  the  welder  that  ^owed  the  percent  heat  and 
weld  duration  to  be  externally  controlled  in  real  time.  After  the  new  controller  was  in¬ 
stalled  the  heat  setting  required  to  make  the  nominal  weld  changed  to  36  percent,  later  it 
changed  to  40,  and  finally  returned  to  45  percent.  The  reasons  for  these  shifts  have  not 
yet  been  determined  but  their  effects  can  be  eliminated  through  the  feedback  control 
technique  described  in  this  paper, 

*  Note:  Figure  7  shows  the  fire  pulses  delivered  to  the  SCH’s  to  initiate  current  flow.  The  SCR’s  are 
turned  off  when  the  current  through  the  SCR’s  crosses  zero.  Since  the  voltage  and  current  are  out-of¬ 
phase,  (with  the  voltage  leading  the  current)  the  SCR’s  continue  to  conduct  current  for  a  shon  time 
after  the  voltage  has  crossed  zero. 


Time  (cyctes) 

Figure  6.  Pinch  weld  input  (current)  and  output  (displacement)  curves 
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Figure  7.  Percent  heat  control  scheme  used  in  pinch  welding. 


The  open-loop  sensitivity  of  weld  quality  to  each  of  the  above  welding  parameters 
was  assessed  in  the  following  manner:  A  series  of  52  pinch  v/elds  were  made,  with  varia¬ 
tions  in  voltage,  percent  heat,  and  force.  The  welds  were  examined  using  radiography 
and  metallography  to  discover  that  in  order  to  produce  welds  of  consistent  bond  qu^ty 
the  voltage  had  to  be  held  constant  to  ±0.75  percent,  the  percent  heat  constant  to  ±1.5 
percent  and  the  electrode  force  to  ±3.5  percent  of  the  nominal  settings. 

Twenty  one  welds  were  made  at  nominal  voltage,  time  and  force  settings,  but  the 
percent  heat  was  varied  in  equal  increments  from  -22%  to  +22%  of  the  nominal.  The 
electrode  displacement  curve  for  each  weld  was  recorded  on  a  storage  scope  and  the  final 
displacement  values  were  foimd  to  vary  linearly  with  percent  heat.  Hie  welds  were  then 
cut  open,  and  classified  into  four  classes  of  bond  quality  along  the  length  of  the  bond. 
The  specification  requires  a  minimum  of  one  tenth  of  an  inch  in  Class  I  or  II  bond  to  be 
acceptable.  Figure  8  shows  the  bond  quality  data  for  the  21  welds  as  a  function  of  elec¬ 
trode  displacement.  Five  of  the  displacement  curves  are  shown  in  Figure  9.  The  five 
welds  in  Figure  9  have  been  numbeied  for  future  reference.  Also  shown  on  Figure  9  are 
the  ranges  of  acceptable  and  not  acceptable  virelds  based  on  weld  geometry.  The  unac¬ 
ceptable  welds  are  broken  up  into  tivo  categories:  hot  and  cold. 

Cold  welds  do  not  have  enough  heat  to  produce  a  quality  bond  of  sufficient  length, 
creating  a  potential  for  the  weld  to  eventually  leak.  Conversely,  hot  welds  have  too  much 
heating  causing  excessive  melting  to  occur.  As  shown  in  Figure  10,  there  is  an  upper 
limit  in  bond  length  when  expulsion  may  occur  (when  molten  metal  is  ejected  firom  the 
weld  interface  into  the  tube).  Figures  10a  though  lOe  show  the  metallographic  cross- 
sections  of  each  of  the  welds  represented  on  the  displacement  graph  of  Figiure  9.  The 
weld  in  Figure  lOf  was  made  with  slightly  less  heat  than  weld  lOe,  and  had  less  dis¬ 
placement,  yet  showed  expulsion.  Thus  the  midpoint  of  the  two  acceptance  limits  shown 
in  Figure  8  was  chosen  for  the  ideal  (or  nominal)  pinch  weld. 

Another  series  of  twenty  two  welds  was  made  with  nominal  percent  heat,  time  and 
force,  but  the  primary  line  voltage  was  varied  ±12%  of  the  nominal.  This  produced  a 
family  of  curves  identical  to  that  of  Figure  9.  Finally,  another  set  of  9  welds  were  made 
at  nominal  percent  heat,  voltage  and  time,  but  the  electrode  force  was  varied.  These 
welds  showed  that  the  electrode  force  coidd  be  varied  ±18%  of  the  nominal  and  still 
produce  welds  of  acceptable  quality.  Furthermore  the  displacement  curves  of  all  9  welds 
fit  comfortably  into  the  "good"  range  of  final  displacement  values.  (See  Figure  11.)  Also 
note  that  the  welds  with  high  force  (corresponding  with  a  high  displacement)  are  the 
coldest  welds,  and  the  low  force,  low  displacement  welds  are  the  hottest  of  the  welds.  ' 

The  weld  quality  vs.  displacement  correlation  is  shifted  when  the  electrode  force  is 
varied — hence  a  single-input  single-output  displacement  feedback  system  would  not  be 
able  to  account  for  variations  in  both  current  and  force  at  the  same  time.  However,  this 
is  not  of  ^eat  concern  since  the  weld  quality  was  foimd  to  be  less  sensitive  to  variations 
in  force  (for  the  range  used  in  this  study)  when  compared  to  variations  in  percent  heat  or 
line  voltage.  That  is,  at  the  nominal  settings,  the  electrode  force  must  vary  7  percent 
from  the  nominal  before  any  noticeable  changes  occur  in  the  geometry  of  the  weld,  while 
the  percent  heat  need  only  vary  3  percent,  and  the  primary  voltage  1 .5  percent  before 
effecting  the  weld  geometiy. 
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gure  8.  Pinch  weld  bond  quality  Vs.  Displacement 


Figure  9.  Pinch  weld  electiwle  displacement  curves 


(c)  Weld  #  3  (nominal) 


(f)  Hot  weld  with  Expulsion 
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Figure  10.  Longitudinal  cross  sections  for  each  weld  in  Figure  9  (14X) 


Therefore  the  control  system  designed  in  this  paper  does  not  compensate  for  varia¬ 
tions  in  electrode  force,  however,  it  does  measure  electrode  force,  and  waits  for  it  to 
reach  the  preset  value  before  starting  the  weld,  thus  ensuring  that  all  welds  are  initiated 
at  the  correct  force.  The  pinch  welder  used  in  this  study  uses  a  pneumatic  force  system 
and  is  therefore  extremely  slow  in  response  time.  Because  of  the  inherently  slow  re¬ 
sponse,  electrode  force  does  not  change  significantly  during  the  course  of  the  weld,  even 
if  the  force  has  not  yet  reached  steady-state.  Since  most  pinch  welds  only  last  two  tenths 
of  a  second,  and  the  force  system  has  a  response  time  on  the  order  of  seconds,  the  force 
can  be  adequately  controlled,  (assuming  that  the  input  air  pressure  is  set  to  overshoot  it’s 
nominal  value  by  some  moderate  amount)  simply  by  w  '.ting  for  the  force  to  reach  the 
preset  value  before  applying  the  weld  current. 


Figure  111.  Pinch  weld  displacement  ciuves  Vs.  electrode  force 
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Process  Characterisation 

A  simplified  block  diagram  of  the  control  system  is  shown  below  in  Figure  12.  The 
elements  in  the  diagram  are  shown  as  functions  in  V — ^implying  the  use  of  Laplace  trans¬ 
forms.  Laplace  domain  system  analysis  greatly  simplifies  the  design  of  feedback  systems, 
but  it  assumes  linearity,  and  a  quick  observation  of  the  input-output  waveforms  of 
Figure  6,  reveals  that  the  welding  system  is  highly  nonlinear.  However,  it  has  been 
shown  that  frequency  domain  techniques  can  be  successfully  applied  to  a  large  class  of 
nonlinear,  uncertain  plants^"^. 


Pre-Filter  Compensator  Controller  Welder 


Figure  12.  Block  diagram  of  feedback  system 

The  next  task  was  to  determine  the  transfer  functions  for  each  of  the  components 
in  Figure  12.  In  this  configuration,  the  feedback  loop  is  used  to  reduce  the  process  sensi¬ 
tivity  to  parameter  variations.  Thus  G(s)  must  be  designed  so  that  the  closed-loop  system 
reduces  the  uncertainty  to  acceptable  levels.  However,  this  will  also  change  the  band¬ 
width  of  the  system.  Both  a  compensator  and  pre-filter  must  be  used  in  order  to  inde¬ 
pendently  control  bandwidth  (time  response)  and  sensitivity^.  Therefore  F(s)  must  be 
designed  to  provide  the  desired  time  response  for  the  over-all  closed-loop  system  (ideally, 
this  would  be  the  same  as  the  nominal  weld  #3  shown  in  Figure  9). 

The  weld  controller  H(s),  controls  the  triggering  of  the  SCR’s  which  provide  current 
to  the  weld  transformer,  as  shown  in  Figiu^  7.  The  outputs  of  the  controller  are  the  SCR 
firing  pulses,  while  the  input  is  the  percent  heat  control  signal  X(s).  Varying  only  the 
percent  heat  while  holding  all  other  inputs  constant,  reduces  the  system  to  a  single- 
input/single-output  system  and  the  transfer  function  becomes:  P(s)  =  y(s)/X(s),  where: 
Y(s)  is  the  Laplace  transform  of  the  displacement,  X(s)  is  the  Laplace  transform  of  the 
percent  heat  signal,  and  P(s)  =  H(s)  •  W(s).  All  other  inputs  are  considered  to  be  process 
dismrbances — ^which  add  xmcertainty  to  the  system  equation. 


3.  I.  Horowitz,  M.  Sidi,  "Synthesis  of  Feedback  Systems  With  Large  Plant  Ignorance  for  Prescribed  Time 
Domain  Tolerances’,  International  Journal  of  Control,  Vol.  16,  pp  287-309, 1972. 

4.  I.  Horowitz,  "Synthesis  of  Feedback  Systems  With  Nonlinear  Time-vaiying  Uncertain  Plants  to  Satisfy 
Quantitative  Performance  Specifications",  Proceedings  of  IEEE,  Vol.  64,  No.  1,  Jan.  1976. 

5.  I.  Horowitz,  "Notes  for  course  EEC152’,  University  of  California,  Davis,  Department  of  Electrical  Engi¬ 
neering  and  Computer  Science,  Fall  1988. 
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Since  any  wave  form  can  be  modeled  as  a  sum  of  sinusoids  and  exponentials.  The 
weldii^  system  (here  after  referred  to  as  the  "plant")  P(s),  was  characterized  as  follows: 
T^e  displacement  data  for  the  nominal  weld  was  read  into  a  sptv'adsheet  program,  and 
time  domain  equations  were  manually  generated  by  the  author,  tc  fit  the  output  (dis- 
placemenO  data.  This  produced  the  following  model  of  the  output  for  the  nominal  weld 
as  s  function  of  time: 

y(t)  «  yjCt)  +  yjCO  +  y3(t)  +  y^(t)  (1) 

Where: 

y^CO  =  0.361  (  1  +  0.2  e*^  *  - 1.2  e'^^  * ) 
y2(0  =  -0.02  e'^  *  Sine(  14t ) 
yjCt)  =  0.02  e'®  *  Sine(  33t  +  45") 
y4(t)  =  -0.03e-50tSine(100t  4- 135") 


The  plot  of  the  above  equation  (lite)  along  with  the  actual  displacement  data 
(heavy  line)  is  shown  in  Figure  13a.  The  difference  between  the  actual  and  model  data  is 
also  plowed  on  the  same  graph  in  heavy  line.  Notice  the  decaying  sine  wave  is  basically 
all  that  is  in  the  actual  data  that  is  not  included  in  the  model.  This  damped  wave  has  a 
frequency  of  120  Hz  and  is  due  to  thermal  expansion  and  contraction  in  the  tube  being 
welded,  produced  by  the  60  Hz  driving  current.  Each  time  a  current  pulse  is  delivered  to 
the  tube  it  begins  to  expand  slightly,  and  between  pulses  the  tube  continues  to  collapse. 
The  final  component  to  the  output  was  yjft)  =  0.009  e'®*  Sine(2Trft)  (f=:120Hz). 

The  resulting  plot  is  shown  in  Figure  13b.  The  remaining  difference  between  the 
model  and  actual  data  was  considered  to  be  noise,  since  it  was  undamped  and  consisted 
of  higher  harmonics  of  60  Hz  (that  is,  180  Hz,  240  Hz,  300  Hz,  etcetera). 

Transforming  y(t)  into  the  Laplace  domain  yields: 

Y(s)  »  Yjfs)  +  Y2(s)  +  Yjfs)  +  Y^fs)  +  Yjfs)  (2) 

Where: 

Yj(s)  =  _ 435 _  Y-fs)  «  -0.3 

s(s  +  14)(s  +  86)  (s -I- 3)*  +  14* 


Yjfs)  =  iL013s  +  9.5  Y.fs)  »  -0.022  s-t-  1.1 

(s  +  6)  -I-  33  (s  +  50)*  +  100* 

Yjfs)  =  0,009  s  +  0.1 

(S4-8)*  +  760* 
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Figure  13.  Displacement  curve  of  tkominal  weld — actual  and  model  data 


251 


The  input  to  the  welder  was  a  step  function  (since  the  data  gathered  was  made  at 
constant  input  parameter  settings — that  is  the  percent  heat,  voltage,  and  force  were  not 
varied  once  the  weld  had  begun).  Therefore  the  transfer  function  W(s)  is  simply  the 
output  Y(s)  divided  by  the  Laplace  transform  of  the  input  step  function.  Since  the  La¬ 
place  transform  of  the  unit  step  is  1/s,  then  W(s)  =  Y(s)  /  (1/s)  =  s*Y(s). 

Tne  controller  H(s)  provides  a  digital  input  signal  for  external  control  of  percent 
heat.  Since  the  SCR’s  can  only  be  fired  once  every  half-cycle,  the  welding  system  cannot 
change  percent  heat  more  often  than  8  milliseconds — the  controller  will  not  respond  to 
the  control  signal  X(s)  between  pulses.  This  was  characterized  as  time  delay  of  1 1  milli¬ 
seconds.  (The  actual  time  delay  ranges  from  2  to  11  milliseconds  depending  on  when  a 
change  in  X(s)  occurs  relative  to  the  timing  of  the  SCR  pulses.)  Thus  we  have: 


P(s)  =  W(s)*H(s)  =  s*Y(s)«e‘*’’  Where:  r  =  11  milliseconds  (3) 


This  process  was  repeated  for  all  five  of  the  displacement  cutvps  shown  in  Figure  9 
and  similar  equations  were  derived  for  each.  These  five  equations  now  ccnstitute  a  set  of 
plant  transfer  functions,  that  span  the  range  of  uncertainty  in  the  welding  system.  The 
goal  of  this  project  is  to  design  one  compensator,  G(s)  and  one  pre-filter,  F(s)  that  will 
produce  good  welds  for  any  plant  in  the  set.  That  is:  at  any  time  the  weld  may  "take  on" 
the  characteristics  of  any  one  of  the  plants  in  the  set,  and  the  feedback  system  must 
adjust  the  percent  heat  to  arrive  at  the  desired  displacement. 

Plotting  the  magnitude  and  phase  of  equation  3  for  s  =  jw  (where  j  =  /T  and 
w  =  2rrf)  as  a  function  of  frequency  w,  produces  a  Bode  plot.  The  magnitude  portion  of 
the  Bode  plots  of  each  of  the  five  welds  are  shown  in  Figure  14,  Note  that  up  until  about 
30  radians  per  second,  the  five  curves  are  fairly  "well  behaved" — that  is,  they  do  not  cross 
each  other,  and  one  can  differentiate  between  ‘he  five  curves  easily.  The  magnitude  for 
each  of  the  welds  ends  up  with  a  final  roll-off  of  -20  dB  per  decade,  while  the  phase  ends 
up  at  -450°  (before  addition  of  the  above  time  delay).  This  is  because  all  of  the  equations 
have  a  pair  of  complex  zeros  in  the  right  half  side  of  the  s-plane.  (This  wis  not  obvious 
from  the  equations,  since  they  were  expressed  as  sums  of  partial  fractions  rather  than  as  a 
product  of  zeros  over  a  common  denominator.)  This  complex  pair  of  zeros  is  a  result  of 
Yjfs) — the  term  containing  the  120  Hz.  oscillation. 

It  has  been  shown  that  if  a  system  is  minimum-phase  (no  zeros  in  the  right  half  of 
the  s-plane),  then  the  range  of  closed-loop  uncertainty  can  be  controlled  by  placing 
bounds  on  the  magnitude  of  the  frequency  response  without  restrictions  on  the  phase.® 
Although  the  plant  is  non-minimum  phase,  the  right-half-plane  zeros  have  little  effect  on 
the  Bode  plot  for  the  frequency  range  of  interest,  (zero  to  about  100  radians  per  second) 
and  the  above  simplification  can  also  apply  to  this  design. 


6.  I.  Horovvirz.  Synthesis  of  Feedback  Systems,  Academic  Press,  Orlando,  FL,  1963. 
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Figure  14.  Frequency  response  of  the  welds  in  Figure  9. 


Thus,  by  insuring  that  the  magnitude  of  the  closed-loop  transfer  function  follows 
that  of  the  nominal  in  Figure  14,  the  time-domain  responses  are  forced  to  follow  the 
output  of  the  nominal  weld  shown  in  Figure  9.  Since  the  displacement  curves  of  weld 
numbers  2,  3  and  4  were  all  produced  by  acceptable  welds,  we  will  assume  that  any 
displacement  ctuve  whose  frequency  response  lies  between  that  of  welds  number  2  and  4 
(at  least  for  frequencies  lower  than  30  radians  per  second)  will  also  produce  an  accept¬ 
able  weld  regardless  of  the  phase  characteristics  of  that  weld.  Ideally  we  would  like  all 
displacement  curves  to  exactly  follow  the  nominal,  however  some  tolerance  is  required 
for  a  finite  bandwidth  system.  Figure  14  also  shows  the  frequency  bounds  used  for  the 
design  of  the  compensator.  The  bounds  (shown  in  dashed  lines)  closely  follow  the 
nominal  weld  for  frequencies  less  than  3,  then  gradually  open  up.  If  there  exists  a 
compensator  G(s)  and  a  pre-filter  F(s)  that  maps  all  of  the  five  plant  transfer  functions  to 
lie  within  the  bounds  shown  in  Figure  14,  then  the  resulting  welds  should  produce  dis¬ 
placement  curves  that  will  lie  well  within  the  good  region  bounded  by  weld  numbers  2 
and  4  of  Figure  9,  and  the  final  displacement  values  \\H11  match  that  of  the  nominal  weld. 
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Design  Procedure 

The  width  of  the  bounds  in  Figure  14  will  hereafter  be  referred  to  as  aBCw),  and  is  a 
function  of  frequency.  The  purpose  of  the  feedback  loop  is  to  reduce  the  uncertainty  in 
the  system  so  that  a|T(w)  |  <  aB(w)  for  all  w,  where  T  =  L  /  (1  +  L)  and  L(jw)  = 
GCjw)  “PCjw) — is,  the  range  of  the  closed-loop  transfer  functions  must  be  smaller  than 
the  range  or  width  of  the  bounds  in  Figure  14.  Since  P(s)  is  fixed,  G(s)  must  provide  the 
necessary  compensation  to  ensure  that  the  closed-loop  system  meets  the  above  condition 
for  all  plants  in  the  set  at  all  firequencies.  The  Nichols  chart  is  the  ideal  tool  for  designing 
G(s)  to  the  above  specifications. 

Plotting  the  frequency  information  for  the  five  plants  in  Nichols  chart  form  (Phase 
Vs.  Magnitude)  for  a  discrete  set  of  frequencies  between  1  and  100  radians  per  second, 
gives  the  set  of  plant  "templates"  shown  in  Figure  15.  These  templates  give  a  quantitative 
meastire  of  the  amount  of  plant  uncertainty  at  each  frequency.  For  each  frequency,  there 
are  five  points  plotted  (one  for  each  plant  in  the  set),  and  they  are  connected  by  straight 
lines.  It  is  assumed  that  any  plant  not  represented  by  one  of  the  five  plant  equations,  but 
within  the  range  of  plant  uncertainty,  would  fall  somewhere  in  the  area  bounded  by  the 
lines  connecting  the  five  points. 


Phasa  (dagraaa) 


Figure  15.  Plant  templates  for  u  =  1  to  100  radians  per  second 
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These  plant  templates  can  then  be  printed  on  transparent  paper,  and  superimposed 
onto  a  Nichols  chart  of  the  same  scale.  This  allows  the  designer  to  read  the  magnitude 
range  of  the  closed-loop  transfer  function  a  |T(«)  |  directly  from  the  Nichols  chart.  Any 
compe  au  m  added  to  the  system  from  G(s)  will  affect  all  plants  equally,  and  will  thus 
trans?  itt  i  le  plant  template  to  another  location  on  the  Nichols  chart.  Therefore,  by 
moving  v*  emplate  over  the  range  of  the  Nichols  chart,  the  designer  can  accommodate 
all  plants  simultaneously  and  determine  bounds  for  the  compensator  G(s),  which  if 
satisfied,  will  guarantee  that  a|T(w)  j  for  the  closed-loop  system,  will  satisfy  the  bounds 
aB(«).  Also,  stability  bounds  can  be  derived  from  the  Nichols  chan,  by  insiuing  that  T(w) 
is  less  than  some  value  7  for  all  frequencies.  Since  7  is  also  related  to  the  amount  of 
overshoot  in  the  output  response,  it  was  decided  to  design  for  7=0 — thus  allowing  for  no 
overshoot  at  all.  This  was  done  because  the  electrode  displacement  is  only  controllable  in 
the  positive  direction.  That  is:  current  applied  to  the  tube  can  only  cause  the  tube  to 
collapse — ^there  is  no  mechanism  for  causing  the  tube  to  re-expand.  Therefore,  because  of 
this  non-linearity  (which  was  not  included  in  the  process  characterization),  overshoot  in 
displacement  can  not  be  compensated  for,  and  must  be  minimized. 

Figure  16  shows  (in  dashed  lines)  the  Nichols  chart  bounds  for  the  nominal  open- 
loop  transfer  function.  If  the  botmds  are  satisfied  for  the  nominal  case,  then  the  frequen¬ 
cy  bounds  in  Figure  14  will  be  satisfied  for  all  j.lants  in  the  set.  Figure  16  also  shows  (in 
solid  line)  the  "trajectory"  of  the  uncompensated  nominal  plant  PuO“)  frequency  is 
varied  fmm  1  to  150  radians  pc"  secc?td.  Qearly  the  uncompensated  system  violates  the 
low  frequency  bounds,  and  would  tlius  have  large  steady-state  errors.  Raising  the  gain  to 
reduce  steady  state  error  (without  adding  compensation)  would  drive  the  process  unsta¬ 
ble.  Therefore  the  compensator  G(s)  m'ost  not  only  have  a  large  gain,  but  must  provide 
the  necessary  phase  lead  to  stabilize  the  closed-loop  system,  and  meet  the  design  specifi¬ 
cations.  Figture  16  also  shows  (in  solid  line)  the  trajectory  of  the  compensated  nominal 
plant  Ljj(j«)  where:  Ljj(s)  =  G(s)  •Pjj(s).  The  compensated  system  meets  the  boimds 
comfortably.  The  compensator  G(s)  is  shown  below: 


G(s)  =  1600  fs^  27  s  19*)  fs  32)"  (4) 

s(s'  25  s  +  25')  (s  +  126)* 


Figures  17  and  18  show  the  Bode  plots  of  G(s)  and  Ljj(s)  respectfully.  Figure  19 
shows  the  Bode  plots  of  the  closed  loop  system  for  all  plants  in  the  set  along  with  the 
botmds  of  Figure  14.  The  purpose  of  the  pre-filier  F(s)  is  to  "shape"  the  closed-loop  re¬ 
sponses  to  achieve  the  de:.ired  bandwidth — that  is,  to  cause  the  closed-loop  responses  to 
"fit"  inside  the  bounds  of  Fij,aire  14 — and  thus  meet  the  time-domain  specifications  on  the 
output  response.  Ideally  we  want  all  outputs  to  match  that  of  the  nominal  weld,  and  so 
the  nomind  weld  transfer  function  Pjj(s)  is  included  in  F(s).  This  design  of  F(s)  deviates 
somewhat  from  the  classical  QFT  design  method  and  is  best  explained  later  on  in  the 
paper  by  detailing  its  operation  in  the  complete  control  system.  The  pre-filter  F(s)  is 
shown  below,  and  the  pre-filtered  closed -loop  transfer  functions  are  plotted  in  Figure  20. 


F(s)  =  P„(s)  -f  1/G(s) 


(5) 
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Figure  18.  Bode  plot  of  nominal  loop  transmission  Lj|(s) 
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[lire  19.  Bode  Plot  of  closeddoop  lystem  L(s)  /  [  1  +  L(«)  ] 


Fisure  20.  Pre-flltered,  closed-loop  system  F(s)  'Lfs)  /  [  1  +  L(s)  ] 
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Figure  21.  Block  diagram  of  expanded  control  system 


Experimental  Results 

Apphdng  equation  5  to  the  block  diagram  of  Figure  12  and  rearranging  yields  the 
feedbacK/feeo-forward  structure  shown  in  Figtore  21.  Note  that  the  welding  process  P(s) 
has  been  expanded  to  include  unknown  process  disturbances,  and  that  F(s)  has  been 
realized  with  the  equation  of  the  nominal  weld  Pjj(s)  and  a  feed-forward  signk. 

The  control  system  was  implemented  in  software  on  a  personal  computer.  It  works 
as  follows:  The  welding  operator  selects  the  desired  weld  parameters  (percent  heat, 
primary  line  voltage  and  electrode  force)  and  starts  the  welding  sequence  as  they  would  if 
there  were  no  feedback  system  connected.  Once  started,  the  controller  opens  a  valve 
allowing  pressurized  air  to  enter  the  pneumatic  cylinders  which  intern  apply  force  to  the 
electrodes.  As  the  pressure  builds,  the  electrode  force  is  monitored  by  the  computer. 
When  the  force  reaches  the  nreset  value,  the  computer  initiates  the  weld  with  a  step 
function  input  to  the  controller.  This  starts  the  weld  current  flowing  at  the  operator 
specked  percent  heat.  The  electrode  displacement  is  measured  and  compared  to  the 
nominal  displacement  profile  to  become  the  error  signal.  If  the  welding  process  is  re¬ 
sponding  nominally,  then  the  error  signal  will  be  small  and  the  compensator  will  not 
change  the  specified  percent  heat.  However,  when  process  disturbances  change  the 
behavior  of  the  welding  process,  the  compensated  error  signal  adds  an  offset  to  the 
controller  input  signal,  changing  the  percent  heat.  The  duration  of  the  weld  is  also 
shortened  or  mcreased  as  needed  to  drive  the  displacement  to  the  specified  value.  When 
no  disturbances  are  present  the  system  responds  the  same  as  it  did  without  feedback. 

Note,  the  computer  has  no  knowledge  of  the  primary  line  voltage  nor  the  operator 
specified  percent  heat — corrections  to  the  percent  heat  are  made  solely  on  the  displace¬ 
ment  error  signal.  An  obvious  improvement  to  the  robustness  of  the  process  would  be  to 
give  the  computer  access  to  the  percent  heat  and  primary  line  voltage  settings  and  use 
that  knowledge  to  modify  the  operator  specified  percent  heat  in  order  to  further  compen¬ 
sate  for  improper  settings.  However,  in  order  to  fully  test  the  feedback  capability  or  the 
system,  the  voltage  and  percent  heat  settings  were  left  as  unknowns  to  the  computer,  and 
were  varied  to  simulate  the  process  disturbances  D(s)  shown  in  Figure  21.  The  final 
application  would,  however,  incorporate  the  above  improvement. 
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The  system  was  tested,  and  found  capable  of  controlling  the  final  displacement  to 
±1.5  percent.  However,  after  cross-sectioning  the  welds  an  interesting  observation  was 
made;  although  the  final  displacement  values  for  all  welds  was  that  of  the  nominal  weld 
(weld  number  3  in  Figure  9),  the  weld  geometry  was  closer  to  that  of  weld  number  2  in 
Figure  10.  Although  all  welds  were  of  acceptable  bond  quality,  it  was  hoped  that  the 
geometry  would  be  closer  to  the  ideal.  The  reason  for  this  shift  in  the  quality  vs.  dis¬ 
placement  correlation  is  currently  unknown,  but  it  is  suspected  that  it  is  related  to  elec¬ 
trode  wear,  since  the  electrodes  were  changed  between  the  time  of  the  preliminary  exper¬ 
iments  and  the  final  system  tests — however,  this  cannot  be  fully  verified  since  the  old 
electrodes  were  discarded.  To  correct  for  this  sift,  the  nominal  weld  profile  was  scaled  up 
to  obtain  a  larger  final  displacement. 

The  system  had  no  trouble  compensating  for  input  voltages  ranging  from  the 
nominal  of  240  volts  down  to  205  and  up  lO  275  volts.  Encouraged  by  these  results,  the 
system  was  tested  for  disturbances  well  beyond  the  region  of  weld  uncertainty  used  for 
the  design,  to  include  welds  made  at  such  extremes  as  150  volts-46%  heat  and  240^volts- 
74%  heat.  Electrode  displacement  traces  foi  these  welds  are  shown  in  Figure  22*,  and 
the  corresponding  metallographic  cross-sections  in  Figtire  23. 


0  3  6  8  12  16  18  21 
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Figure  22.  Closed-loop  displacement  traces  w/wide  varladons  in  power 


*  The  150  volt-46%  hear  weld  continued  past  the  time  shown  in  Figure  22  until  it  reached  th»  correct  final 
value  after  about  24  current  cydes. 
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Figure  23.  Metallography  of  Figure  22  welds— plus  nominal  (at  14X) 


All  of  the  welds  in  Figure  23  were  acceptable  with  around  150  thousandths  of  an 
inch  of  high  quality  bond,  while  such  variations  in  weld  parameters  without  feedback, 
would  have  caused  disastrous  effects  on  weld  quality.  (See  Figure  24.)  In  order  to  fur¬ 
ther  test  the  system,  welds  were  made  with  several  different  combinations  of  line  voltage 
and  percent  heat  as  shown  in  figure  25.  The  input  voltage  was  varied  from  144  to  275 
volts,  and  the  percent  heat  all  the  way  from  5  to  99%.  In  each  case  the  controller  w  is 
able  to  bring  the  final  displacements  to  the  correct  value.  Figure  25  graphically  illus¬ 
trates  this  decrease  in  sensitivity,  by  showing  the  regions  of  allowed  variation  in  voltage 
and  percent  heat  for  consistent  bond  quality.  This  is  shown  for  both  with  and  without 
feedback.  Welds  made  with  feedback  but  outside  the  parameter  space  shown  in 
Figure  25  can  still  produce  acceptable  welds,  but  fall  slightly  under  (or  over)  the  desired 
displacement  and  corresponding  bond  quality.  The  system  could  not  be  tested  above  275 
volts  because  of  a  limitation  on  the  input  transformer,  and  therefore  the  portion  of  Fig¬ 
ure  25  that  is  above  275  volts  is  a  projection. 


Conclusions  and  Future  Work 

Overall,  the  feedback  system  worked  extremely  well  in  reducing  the  process  sensitivity  to 
weld  input  power  through  the  use  of  displacement  feedback.  Displacement  was  accurate¬ 
ly  controlled  and  bond  quality  maintained,  with  -40  to  -1-15  percent  variations  in  primary 
line  voltage  and  with  ±80%  disturbances  in  percent  heat.  The  next  step  will  be  to  deter¬ 
mine  the  effects  of  other  disturbances  to  the  system  and  the  ability  of  a  displacement 
based  control  system  to  compensate  for  them.  Specifically:  assess  what  would  be  the 
effects  of  variations  in  tube  hardness,  geometry,  cleanliness,  electrode  wear  and  align¬ 
ment,  etcetera.  Finally,  the  design  will  be  adapted  into  a  multiple  input,  multiple  output 
system  to  compensate  for  all  of  the  above  added  uncertainty,  and  also  for  variations  in 
electrode  force.  Quantitative  Feedback  Theory  has  also  been  used  to  apply  displacement 
feedback  to  the  resistance  upset  welding  process.  The  upset  welding  feedback  system  will 
be  implemented  and  tested  shortly.  This  promises  to  be  even  more  rewarding  than  pinch 
welding  and  will  find  greater  application  throughout  the  welding  industry. 
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Porcant  Heat 
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Figiire  24.  Bond  quality  vs.  weld  input  with  and  without  feedback  co.  trol 


Figiu*e  25.  Input  parameter  space  for  consistent  quality— w  &  w/o  feedback 
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Abstract:  Storage  vessels  are  used  extensively  in  the  process  industry  for  evening  out 
process  stream  fluctuations  between  adjacent  process  stages.  It  is  shown  here 
quantitatively,  that  the  product  between  vessel  size  and  flow  control  bandwidth  must  be 
about  four  times  the  operating  flow  rate  in  order  to  simultaneously  minimize  intersection 
disturbances  and  avoid  fluid  escaping  from  the  vessel.  A  higher  value  of  this  product  either 
means  unnecessary  process  disturbances  or  questionable  investment  for  an  oversized  vessel. 
A  lower  value  wiU  lead  to  occasional  spillages  with  the  associated  loss  of  production  and 
potential  environment  pollution.  This  formula  is  extended  to  the  safe  operation  of  larger 
processing  vessels  by  observing  that  the  product  between  the  reserve  volume  and  the  flow 
control  bandwidth  must  be  about  twice  the  operating  flow  rate. 


1.  INTRODUCTION 

Consider  the  typical  arrangements  of  an  evening  tank  control  problem  between  two 
adjacent  process  stages  in  Figure  1. 


(a)  Decoupling  from  upstream  (b)  Decoupling  from  downstream 

Figure  1:  Evening  tank  level  control.  LT  =  Level  Transmiiter/Sensor,  LC  =  Level 

Controller,  LCV  =  Level  Control  Valve,  LR  =  Levd  Reference, 

Vj  =  volumetric  fl&rf  rate  fr'im  stage  i,  =  volumetric  flow  rate  into 

stage  i+1. 
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The  control  system  configuration  in  Fig.  la  decouples  the  process  stage  i+1  totally  from  ’’j 

fluctuations,  if  the  tank  hydrostatic  pressure  does  not  influence  The  role  of  the 

control  system  is  to  avoid  over-  or  underflowing  of  the  storage  tank  despite  the 
fluctuations  (disturbances)  in 

The  control  system  configuration  in  Fig.  lb  decouples  the  process  stage  i  totally  from 
fluctuations.  The  role  of  the  control  loop  is  to  avoid  over—  or  underflowing  of  the  storage 
tank  despite  the  fluctuations  in  v.. 


2.  MODELLING 


Assume  incompre-sib'e  flows  ^without  significant  restriction  for  the  validity  of  the  general 
storage  control  analysis),  then  the  volume  V  of  the  stored  material  is  modelled  Dy 


dV 


(1) 


Assume  for  simplicity  vertical  side  walls  of  the  tank,  then  the  transmitted  level  signal  can 
be  scaled  to  represent  the  volume  V  directly.  Hence,  for  the  rest  of  this  paper,  we  assume 
that  LT  signal  represents  the  volume  in  the  range  of 


0  <  V  <  V 


max 


(2) 


'^max  **  vessel  size.  Let  us  use  v  for  the  measured  volume  (level),  u  for  the  controlled 

variable  (vj  in  case  of  Fig.  la  and  in  case  of  Fig.  lb),  and  d  for  the  disturbance  signal 

{^j+l  V.  in  case  of  Fig.  lb).  Using  the  corresponding  capital  letters 

for  Laplace  transforms  we  obtain  the  transfer  function  models 


Y  =  i(U-D) 

(3a) 

Y  =  -1(U-D) 

(3b) 

for  Fig.  la  and  lb  respectively.  Since  the  only  difference  is  in  the  sign  of  the  integrator,  we 
will  continue  with  eq.(3a)  (Fig.  la). 


3.  CONTROL  SYSTEM  ANALYSIS 

Denote  the  Level  Controller  transfer  function  with  0^(5),  the  level  (volume)  reference  with 

r  (R  in  the  Laplace  domain),  and  the  controller  output  to  flow  rate  transfer  function  with 
Gy(s).  The  resulting  control  block  diagram  is  displayed  in  Figure  2. 
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Figure  2:  The  1  degree— of-freedoir.  control  problem. 

Note  that  reference  preiiltering  is  not  considered  here  as  we  are  solving  a  regulating 
problem. 

The  primary  design  aim  is  to  avoid  disturbing  the  Tow  rate  U  too  much.  The  secondary 
objective  is  to  achieve  the  first  aim  whde  keeping 

That  these  objectives  are  contradictory  and  require  a  compromise  is  dear  '"om  the 
corresponding  transfer  functions: 


U 


=  = 
r=0 


Lfs 


and 


(5) 


=  Ty(s)  = 

r=0 


I  1 


(6) 


with  the  loop  transfer  function 

L(s)  =  G^(i)  G,(s)  i  (7) 

Low  gain  and  bandwidth  T^  is  achieved  with  low  gain  and  bandwidth  L.  This,  however, 
leads  to  high  (low-frequency)  gain  in  T^,. 

With  a  reasonably  practical  controller  design  T^  will  be  just  a  low-pass  sjrstem  with  unity 
low-frequency  gain  (or  very  close  to  it).  Hence,  the  only  sensible  way  to  limit 
U— fluctuations  is  to  limit  T^— bandwidth  to,  say,  0^  may  be  determined  (or  limited) 
by  the  control  system  bandwidth  in  the  pro^'ess  stage  i  of  Fig,  la. 


If  the  j— ^  ^  is  designed  with  at  least  2dB  majanium  "overshoot"  between  the  gain  and 

and 


phase  crossover  frequencies  then  the  frequency  fl^  for  the  maximum  value  of 
the  frequency  fl  for  the  maximum  value  of  |  ^~xj  (depending  on  the 

*  111  I  T  I 

)  is 


bandwidth  definition)  just  a  little  less  than  fl^.  Also  (max 
approximately  3  to  ?  dB. 


1 

L 

1  4-  L 

-max  ^  ^  1 
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The  above  is  based  on  the  elementary  comparison  of  reasonah  e  designs  On  the  background 
of  Nichols  and  Inverse  Nichols  Charts  and  the  assumption  o'  little  uncertainty  between 
gain—  and  phase-crossover  frequencies. 

The  author  of  this  paper  is  not  aware  of  any  storage  control  situation  where  a  P,  or  PI 
controller  with  some  low— passing  of  the  level  transmitter  signal  would  not  yield 
satisfactory  results,  because  is  essentially  a  gain  for  all  frequencies  up  to  The 

uncertainty  of  can  be  made  very  small  with  the  help  of  valve  positioners  or  with  fast 

local  flow  feedback  loops  (not  shown  in  Fig.  1).  If  this  (additioual)  instrumentation  is 
considered  too  expensive  tor  an  application  then  the  standard  QFT  design  of  Horowitz 
should  be  used,  although  designers  with  a  little  loop  shaping  experience  can  just  as  well  use 
the  highest  gain  of  G^  as  the  worst  case  for  high  frequency  and  the  lowest  gain  of  G^  as  the 

worst  case  for  low  frequency  loop  shaping.  The  lowest  gain  of  G^  is  relevant  for  the 

storage  size  calculations,  although  it  can  lead  to  some  overdesign. 


4.  STORAGE  SIZE 


Now  we  are  in  the  position  to  present  a  general  Bode  magnitude  plot  for 


1 

m: 


(8) 


in  Figure  3,  where  the  initial  20  roll-up  is  due  to  a  P-controUer  (G^(s)  =  Kp)  and  40 
dB 

is  due  to  a  PI  controller  (G^(s)  =  Kp(l  +  — ).  The  "overshoot"  of  A  dB  is  due  to 
additional  loop  dynamics,  such  as  transmitter  signal  filtering. 


267 


One  could  cow  take  the  measured  power  spectral  density  of  D  and  demand  that  the 

standard  deviation  of  y  be  for  example  3  times  less  than  i  V  {for  r  =  i  V  ): 

^  max '  2  max' 

'"mix  =  '"y  =  S  i  i  J^ITyl  (8) 

For  white  noise  D  we  can  calculate  approximately 


V 


max 


■6vnp^/  ^ 


for  "  ■*"  controller 

(10) 

for  "PI"  controller 


Another  computationally  useful  situation  arises  when  d  has  occasional  flow  rate  step 
disturbances  of  the  magnitude  6.  These  step  changes  will  cause  maximum  volume 
deviations  from  r  roughly  equal  to 

«V=|Ty(ny)M  (11) 

In  my  experience  the  actual  value  is  less  than  the  above  6y  but  not  by  much  see  the 
example  in  section  7.  Hence,  eq.  (11)  is  a  worst  case  boundary. 

From  Fig.  3,  approximately: 

,nA/20 

|Ty{npi=:l%_  (12) 

With  3dB  <  A  <  6dB,  1.4  <  10  <  2.  Using  the  larger  value,  we  obtain  for  the 

maximum  volume  deviation  from  eq.  (11) 

Vmax  =  ^ 

and,  with  r  =  j  the  storage  tank  size  is  given  as 


max 


4S 

rr 

y 


(14) 


where  is  the  storage  tank  volume,  i  is  upper  bound  for  flow  rate  step  disturbances 

and  fiy  (=  n^)  is  essentially  the  disturbance  bandwidth  transmitted  from  the  tank  into  the 

stage  i  (stage  i+l  in  Fig.  lb).  Obviously,  the  contiol  system  of  stage  i  must  have  at  least 
the  same  baindwidth  in  order  to  counteract  this  disturbance. 


In  badly  regulated  or  maintained  processes  sinusoidal  disturbances  can  be  observed.  This 
case  is  covered  exactly  by  the  above  equations  (11)  to  (14),  when  S  is  the  disturbance 
amplitude  and  fl^  is  the  disturbance  frequency  If  the  disturbance  frequency  is  not  equal 

to  n  ,  then  a  smaller  volume  V  is  neeaed  than  indicated  by  eq.  (14). 
y  max  .  ^  / 
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5.  UNSYMMETRICAL  USAGE  OF  EVENING  TANKS 

Most  well  engineered  systems  operate  the  flow  rates  dose  to  their  maximum  possible 
values,  so  that  positive  step  disturbances  in  d  can  only  have  very  small  magnitudes.  Hence 
the  maximum  possible  step  disturbance  is  bounded  by 

#<maxvj_j_j  (21a) 

for  Fig.  la  and 

6  <  max  Vj  (21b) 
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for  Fig  lb.  Uiually  max  V; .  ,  =  max  v.  = 

1-ri  I  XXIZX 


Correspondiagly,  a  symmetrical  r  =  j  does  not  make  sense.  Rather,  one  should  use 
an  unsymmetrical  reference,  e.g.  r  dose  to  0  for  Fig.  la  and  r  dose  to  for  Fig.  lb. 

Under  these  conditions  a  smaller  storage  capadty  is  required  —  approximately  equal  to  the 
maximum  volume  disturbance  in  eq.  (13).  Hence  eq.  (20)  can  be  replaced  by 


=  2v 

max  y  mar 


(22) 


There  is  a  caution  however:  starting-up  of  the  plant  with  this  design  mnst  be  slow, 
otherwise  large  magnitnde  positive  steps  in  v  may  be  caused. 


6.  OPERATION  OP  LARGE  PROCESSING  VESSELS 

As  opposed  to  evening  tanks,  most  processing  vessel  sizes  are  much  greater  than  V^^  in 

equation  (2?)  -  due  to  residence  time  calculations,  or  having  to  be  able  to  store  for 
example  2<  hor^s  of  process  stream,  and  so  forth.  In  these  cases  the  spare  volume  for 
regulating  purposes  is  ^  equation  (20)  must  be  modified  to 


Vmax^y  =  2v^ 


(23a) 


with 


—  V  —  r 
^max  ~  max 


(23b) 


In  case  of  the  processing  vessels,  keeping  the  vessel  level  undisturbed  (not  merdy  between  0 
and  Vjj^)  may  be  the  primary  objective  with  flow  disturbance  rednaion  being  of 

secondary  importance.  Therefore,  an  integral  controller  gets  pre&mnce  over  the 
proportional  controller. 


7.  A  HYPOTHETICAL  CALCULATION  EXAMPLE 

In  a  hypothetical  process  plant  with  very  realistic  data  poisonous  fluids  are  pumped  from  a 
production  stage,  i,  into  a  chemical  treatment  stage,  i+l,  at  a  full  load  operating  rate  of  2 
3  3 

m  /min.  A  clarifying  tank  of  150m  is  used  as  in  Fig.  la.  In  order  to  obtain  a  sufficient 
darification  effidency  (residence  time)  the  "levd”  reference  is  set  dose  to  the  maximum 
tank  capadty; 

r  =  130  m^  (24) 

Assuming  =  1,  what  is  the  "slowest"  filtered  PI  controller  needed  to  avoid  spilling 
poisonous  fluids  (into  a  nearby  river)? 

The  worst  case  disturbance  is  caused  by  blocking  the  treatment  stage  i+1: 
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The  maariniBm  aUoweble  level  deriation  is 


Vmar  “  '^max  —  ^ 
Hence  £ram  eq.  (23) 

O  -  rad 


m 


(26) 


(27) 


Let  Tis  ose  ibr  simplicity  a  first  order  low— pass  filter  with  the  conier  fiequency  of  then 


Using  elementary  loop  shaping  considerations  we  can  choose 

■^=L2Snj=0J5^  (23) 

Then  Kp  is  determined  approximately  fiom  the  requirement  of 


- i - <  3  dB  (30) 

I  I  " 

r  irr  +~s7ff:2Sj| 

on  the  Inverse  Nichols  Chart  in  Fig.  4  (L'  leaving  some  phase  reserve  for  low  fireqnency 
lag)  yielding 

Kp  =0.15  (31) 

The  choice  of  3dB  in  eq.  (30)  is  motivated  by  the  desire  to  avoid  oscillatory  behaviour  in 

the  disturbance  transfer  function  T„. 

n 

Lastly  (2j  is  chosen  so  that  |  T^  |  is  less  than  3dB.  Hence 

lJj-0.02^  (J2) 

or  smaller  suffices. 

Figure  5  shows  simulated  step  responses  of  volume  and  vessel  inflow  v..  Notice  that  with 

respect  to  the  step  disturbance  we  have  a  spare  volome  overdesign  by  about  40%. 

Neverthdess  I  would  not  change  the  tight  hand  side  of  eq.  (23a)  to  1.4  v^^^.  Any  tighter 

design  shonld  be  based  on  a  detailed  (simulation)  study  and  signed  approval  of  the 
responsible  process  engineer  with  t^  fall  knowledge  of  possible  consequences. 
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==  0.2S/[s(l+s/0.16)] 
iesigs  according  to  eq. 


For  demonstrative  purposes  this  design  is  repeated  by  allowing  6dB  in  eq.  (30),  instead  of 
3dB.  The  parameters 


o 

II 

(33a) 

Kp  =  0.25 

(33b) 

fij  =  0.035 

(33c) 

t 

yield  now  the  loop  transfer  functions  L  and  L  as  shown  in  Figure  6.  The  corresponding 
simulated  step  responses  are  shown  in  Figure  7. 


8.  CONCLUSION 

It  has  been  shown  quantitatively  here  that  the  product  between  the  reserve  volume 

and  the  level  control  bandwidth  fl^  must  be  twice  the  maximum  process  flow  rate  for 

safe  operation  of  the  vessel  and  for  minimizing  disturbance  coupling  between  the  process 
sections  up—  and  down-stream  from  the  vessel. 
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Abstract 

Thie  paper  presents  a  survey  of  the  QFT-based  robust 
controller  synthesis  work  done  at  the  Indian  Institute  of  Technology, 
Bombay,  in  the  area  of  chemical  process  control.  The  control  problems 
considered  are  representative  of  those  found  in  chemical  and  petroleum 
industries  and  fall  into  the  following  classes:  lumped  linear  SISO 

multiple  loop  (1),  lumped  linear  HIMO  (3),  lumped  nonlinear  SISO  (2), 
lumped  nonlinear  MIMO  (1)  and  distributed  linear  SISO  (2). 
Specifically,  problems  concerning  the  following  have  been  investigated: 
cascade  of  five  continuous  stirred  tank  reactors  (CSTRs),  2x2  high 
purity  binary  distillation  column,  2x2  fluidized  bed  catalytic  cracking 
unit,  3x3  continuous  distillation  column  with  sidestreams,  isothermal 
nonlinear  CSTR  with  second  order  reaction  kinetics,  exothermic  nonlinear 
CSTR  with  exotic  dynamics  (strong  parametric  sensitivity  and 
ignition/extinction  behaviour),  isothermal  fixed  bed  catalytic  reactor 
with  axial  dispersion  (distributed  system  with  pseudo-homogenous 
catalysis)  and  heat  equation.  In  every  case,  QFT  procedures  have  been 
used  to  synthesize  feedback  systems  that  satisfy  the  performance 
specifications  despite  the  considerable  plant  parameter  uncertainty. 

Introduction 

In  the  last  three  decades,  QFT  has  been  used  to  successfully 
design  feedback  systems  for  many  an  application  drawn  from  the 
aeronautical  and  electrical  fields.  It  seems  to  us  that  QFT's 
capabilities  have,  however,  hardly  been  tapped  by  process  control 
specialists.  Motivated  by  the  paucity  of  the  process  control 
applications  of  QFT,  the  control  group  at  the  Indian  Institute  of 
Technology,  Bombay,  set  forth  to  explore  the  power  and  capabilities  of 
QFT  in  tackling  seme  typical  control  problems  found  in  the  chemical  and 
petrochemical  industries.  This  paper  surveys  the  problems  solved  by  the 
group  in  this  area  during  the  last  one  year.  Efetailed  results  are 
available  in  the  theses  and  reports  cited  under  the  references. 

A  total  of  9  problems  falling  into  various  classes  have  been  • 
successfully  solved.  The  specific  problems  with  the  corresponding 
problem  classes  are  listed  in  Table  1.  In  Section  2,  a  short 

description  of  each  problem  is  given.  Sectior  3  contains  the  concluding 
remarks  along  with  a  summary  of  very  recent  activities  in  this  area. 
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2.  ProbleMs  Solved  Using  OFT 
2.1  Linear  Plants 


Problem- 1  (SISO)  :  The  syetem  ia  a  battery  of  five  continuous  stirred 
tank  reactors  (CSTRs)  in  each  of  which  a  first  order  irreversible 
reaction  occurs.  The  first  CSTR  has  a  cooling  coil  through  which  the 
coolant  flows.  The  problem  is  to  control  the  concentration  in  the  last 
CSTR  using  the  coolant  flow  rate,  despite  feed  concentration 
disturbances  and  the  very  large  (±  100%)  uncertainty  in  several  basic 
reactor  parameters.  The  performance  specs  are  given  in  Table  2. 

For  the  given  uncertainty  and  performance  specs,  the  standard 
SISO  QFT  procedure  [Horowitz  and  Sidi,  1972]  yields  a  design  that  gives 
large  sensor  noise  amplification  at  the  plant  input.  Using  the  design 
perspective  procedure  [Horowitz  and  Wang.  1979],  a  5-cascaded 
multiple-loop  feedback  system  giving  significant  reductions  in  sensor 
noise  amplification  (peak  reduced  by  a  factor  of  4),  is  synthesized. 

Problem-2  (MIMO):  The  3x3  distillation  column  with  sidestreams  model  is 
taken  from  Ray  [1981].  By  manipulating  the  rates  of  the  distillate  and 
two  sidestreams,  the  product  purities  in  these  streams  are  to  be 
controlled,  according  to  the  specs  given  in  Table  2.  A  basically 
non-interacting  system  (BNIS)  is  desired,  i.e.  the  closed-loop  system  is 
to  be  a  decoupled  one.  All  the  12  parameters  occurring  in  the  elements 
of  Ray's  transfer  function  model  are  assigned  ±  10%  uncertainty. 

The  third  MIMO  QFT  technique  [Horowitz,  1979]  is  used  to 
successfully  synthesize  a  2-matrix-DOF  feedback  system. 

Problem- 3  (MIMO):  Catalytic  cracking  is  a  very  important  process  in  the 
petroleum  industry.  Mostly,  fluidized  bed  catalytic  crackers  (FCC)  are 
tised  to  carry  out  the  cracking  process.  In  our  problem,  the  controlled 
variables  are  taken  as  the  regenerator  temperature  and  amount  of  carbon 
on  the  regenerated  catalyst,  with  the  air  rate  and  catalyst  circulation 
rate  as  the  manipulated  variables.  A  linear  five  state  FCC  model  [Denn, 
1986]  is  first  reduced  to  a  second  order  model  using  the  balanced 
truncation  procedure  [Moore,  1981].  All  ten  parameters  of  the 

corresponding  transfer  function  matrix  elements  are  then  assigned  ±  5% 
uncertainty.  Again,  a  BNIS  system  is  desired,  with  the  specs  given  in 
Table  2.  The  third  MIMO  QFT  technique  is  adopted  here  too,  to  solve  the 
problem.  The  design  is  found  to  be  satisfactory  even  for  the  original 
five  state  model  of  Denn. 

ErQblem-4  (MIMO):  A  2x2  ill-conditigned  high  purity  distillation  column 
model  has  been  analyzed  in  the  H  /SSV  framework  by  Skogestad  et  al 
[1983].  Although  a  similar  example  (an  extra  time  delay  is  present)  is 
solved  using  QFT  by  Yaniv  and  Bariev  [1990],  for  our  own  experience 
concerning  directionality  problems,  Skogestad  a  model  is  persisted  with 
and  solved  using  the  fourth  MIMO  OFT  technique  [Yaniv  and  Horowitz. 
1986].  The  performance  specs  are  those  of  Yaniv  and  Bariev  (see  Table  2). 
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E.  2  Nonlinear  Plants 


Problem  5  (SI SO):  Eaton  and  Rawlings  [  199v)  i  give  a  nonliru-ar  mixlel  of 
an  isothermal  CSTR  with  second  order  reaction  kinetics.  The  pl'ant  input 
and  output  are  the  flowrate  and  reactant  concentration.  Disturbances 
are  due  to  changes  in  operating  temperature  of  the  reactor.  Assuming  ± 
27%  ur  certainty  in  the  feed  concentration,  a  two- DOF  feedback  system 
cons' 1,'ing  of  LTI  controller  and  prefilter  elements,  is  synthesized 
using  the  nonlinear  OFT  technique  of  Horowitz  (19761.  The  design  is 
specif -c  to  a  0,05  step  in  reactor  concentration  setpoint.  The 
specified  performance  levels  (see  Table  2)  arc  attained  even  with  a 
slowly  time-varying  feed'  concentration  (not  originally  a  part  of  the 
problem  statement). 

Problem-S  (SISO):  An  exothermic  CSTR  is  usually  a  much  more  difficult 
candidate  to  control  than  its  isothermal  cfiunterpart .  The  exothermic 
model  discussed  extensively  by  (Jppal  et  al.  [19741  exhibits  exotic 
dynamics  such  as  strong  parametric  sensitivity  and  ignition/extinction 
behaviour,  over  a  range  of  parameter  values.  For  this  problem,  the 
controlled  and  manipulated  variables  are  chosen  as  the  reactor  and 
coolant  temperatures.  respectively.  Disturbances  in  the  feed 
temperature  in  turn  affect  the  reactor  temperature.  Three  dimensionless 
reactor  parameters  (dimensionless  heat  of  reaction,  Damkohler  number, 
and  dimensionless  cooling  rate)  are  assigned  uncertainties  ranging  from 
±  12.5%  to  ±  40%.  The  specified  command  input  is  a  unit  .step  in  the 
dimensionless  .-eactor  temperature.  The  nonlinear  QFT  technique  of 
Horowitz  [1976]  is  used  for  synthesis. 

Rcoblem.-'Z  (MIMO):  The  design  example  is  the  2.x2  MIMO  version  of  that  in 
problem  6.  The  controlled  variables  are  the  reactor  temperature  and 
concentration,  while  the  manipulated  variables  are  the  coolant 
temperature  and  feed  rate.  Uncertainty  is  assigned  to  the  same  three 
reactor  parameters  mentioned  above,  and  the  plant  set  again  includes  a 
case  having  an  unstable  steady  state.  The  nonlinear  MIMO  QFT  design 
procedure  used  is  quite  similar  to  that  presented  by  Yaniv  [1991]. 

2.3  Linear  Distributed  Plants 

Problem-fl  (SISO):  Chemical  processes  involving  solid  catalysts  are 
usually  carried  out  in  fixed  bed  reactors.  Some  examples  of  such 
processes  are  ammonia,  sulfuric  acid,  and  methanol  synthesis, 
hydrocracking,  and  polymerization.  If  axial  mixing  effects  are 
imp>ortant .  the  reactor  is  typically  described  by  a  second  order-  p.d.e. 
with  Danckwtrt's  bouridary  conditions.  The  chosen  process-,  is  a  .slightly 
modified  version  of  the  vapor  phase  ethylene  hydration  example  given  by 
Smith  [1981].  It  is  required  to  synthesize  a  one-point  feedback  Icop 
located  half-way  down  the  reactor  (x  =  0.5).  with  the  measured  and 
manipulated  variables  as  the  ethylene  concentration  at  x  =  0.6  and  the 
reactant  velocity,  respectively.  Only  sensitivity  reduction  at  point  :< 

=  0.6  is  sought  (the  same  spec  is  given  in  Table  2). 

A  localized  feedback  loop  is  sriocessiu]  ly  synt  hesized  using 
the  one-point  feedback  approach  of  Ke’eman  et  al.  []989i. 
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Problem- 9  (SISO):  The  distributed  plant  given  by  the  heat  equation  is 
taken  from  Keleman  et  al.  [1989],  However,  instead  of  only  one  feedback 
loop  placed  at  =  n/2  by  Keleman  et  al..  an  additional  loop  is  placed 

at  x^j,  =  2n/3.  The  synthesis  procedure  [Hegde.  ]992]  yields  a  closed- 

loop  system  having  much  less  sensitivity. 

Let  the  heat  equation  be  written  as  p  =  hp,  where  p  is  the 
partial  differential  operator  and  h  is  an  uncertain  real  parameter.  For 
h  €  [0.15,  1.5],  a  one-point  feedback  loop  is  synthesized,  as  per  the 
procedure  suggeste-J  by  Keleman  et  al. 

The  sensitivity  specs  for  both  cases  discussed  above,  are 
given  in  Table  2. 

3.  Concluding  Remarks 

The  above  problems  have  been  solved  by  graduate  students  using 
an  IBM-compatible  Pr./AT-386  and  a  PC/AT.  Most  of  the  effort  has  gone 
into  development  of  software  in  the  MATLAB  environment.  However,  the 
whole  software  is  yet  to  be  integrated  into  a  suite  of  QFT  programs.  In 
passing,  some  useful  routines  developed  for  the  following  purposes,  are 
mentioned  : 


♦  Find  L^p^  using  interactive-graphics  [Gera  and  Horowitz,  1980]. 

♦  Find  LTIB  plant  from  the  operating  jr«^ords  [Golubev  and 

.Horowitz,  1962],  - 

♦  Fit  a  rational  transfer  function  to  frequency  response  data. 

♦  Fit  a  2-D  rational  transfer  functiort\  using  optimization 

(useful  in  DPS).  ‘  "  t 

♦  Find  the  Laplace  and  inverse  Laplace  •llira^fol*^Bis ,  ntuBorically . 

♦  Perform  equilibriation/trade-offs  between  channels  (MIMO  QFT) 
[Horowitz  and  Sidi,  1980]. 

At  the  time  of  final  submission  of  this  paper,  seven  more  linear  SISO 
(NMP)  problems  have  been  solved.  Specifically,  the  systems  are: 
steani-water  heat-exchanger,  shell  and  tube  heat-exchanger,  furnace, 
catalytic  reactor,  blending  process  and  distilJation  column  (2  SISO 
loops).  Additionally,  two  ncn-linear  SISO  problem.s  -  pH  control  and 
problem  5  pertaining  to  the  isothermal  reactor  bxjt  with  nominal  p-lant 
cancellation  network,  have  also  been  tackled.  Two  linear  MIMO  (NMP) 
systems:  a  distillation  column  with  vapor  recompression  and  a  FCC  unit, 
are  currently  under  design  investigations. 

Abbreviations 


BNIS 
Concn . 
Di  st . 
Rec ire . 
Reg . 
Rej. 


Basically  non-interacting  system 

Concentration 

Disturbance 

Recirculation 

Regenerator 

Rejection 
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Resp.  ;  Responee 

Specs  :  Specifications 

Temp.  :  Temperature 
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Table  1 


Problems  Successfully  Tackled  Using  Various 
OFT  Techniques,  at  IIT  Bombay 


Problem 

No. 

System 

Problem 

Class 

OFT 

Technique 

Reference 

1 

Cascade  of 

5  CSTRs 

Lumped,  LTI , 

SI SO.  MP. 

Multiple-loop 

(si.x-DOF) 

Multiple-loop 
design  perspec • 
tive  [Horowitz 
and  Wang,  19791 

[Nagarkar  and 
Nataraj ,  1992 ] 

2 

Distillation 
coluunn  with 
sidestreams 
[Ray,  1981] 

Lumped,  LTI, 

3x3  MIMO,  MP 
( 2-matrix-DOF) 

Third  MIMO  QFl' 
[Horowitz, 1979] 

[Joshi,  19921 

3 

Fluidized 
bed  cataly¬ 
tic  cracker 
[Denn,  1980] 

Lumped ,  LTI , 

2x2  MIMO.MP 
( 2-matrix-DOF) 

Third  MIMO  OFT 
[Horowitz, 1979] 

[Joshi.  19921 

4 

High  purity 

distillation 

column 

Lumped,  LTI, 

2x2  MIMO.MP 
( 2-matrix-DOF) 

Fourth  MIMO  QFT 
[Yaniv  and 

Horowitz.  1986] 

[Narayanan, 

1992] 

[Skogested 
et  al,  1990] 


5 

Isothermal 
CSTR  [Eaton 
&  Rawlings, 
1990] 

Lumped,  non¬ 
linear,  SISO 
(2-DOF) 

Nonlinear  OH’ 
[Horowitz, 1976] 

[ Kamat  and 
Natara.j ,  19921 

6 

Exothermic 
CSTR  [Uppal 
et  al.l974] 

Lumped ,  non¬ 
linear,  SISO 
(2-DOF) 

Nonlinear  QFT 
[Horowitz , 1976] 

[Kundergi . 1991 ] 

7 

Exothermic 
CSTR  [Uppal 
et  al,1974] 

Lumped ,  non¬ 
linear,  2x2 
MIMO  {2-DOF) 

Nonlinear  MIMO 

QFT  Algorithm 
Similar  to  that 
in  [Yaniv, 1991] 

[Kamat,  1992] 

8 

Isothermic- 
f  i.xed-bed 
catalytic 
reactor 
[Smith. 1901] 

Distributed , 
linear  SISO 
(2-DOF) 

One- point  feed¬ 
back  [Keleman 
et  al . .  19091 

[Hegde,  19921 

9 

Heat  equa¬ 
tion 
[Keleman 

Distributed, 
linear  SISO 
(2-DOF) 

Two  point 
feedback 

[Hegde,  1992] 

et  al,  1909] 


Table  Z  :  Perfurmance  Specifications  for  Various  Problems 


lem 

Tracking 

Dist. 

Gain- 

Rema  rks 

T  or  T . . 

U  IIU 

Tl  or 

n 

peak  mag- 
tude 

phase 

margins 

0 . 45 

5.00 

.xl0  * 

1.25 

5.00 

xl0  ^ 

<0.01^28 
to  a  20« 
step 

t  '4000 

P 

4.8  dB. 
42' 

0.44 

0.057 

1.25 

0.057 

<  2.3  dB 

5  dB. 

45' 

For  BNIC. 
|T,.|<0.2 

0.44 

8.4 

xl0  * 

1.25 

8.4 
xl0  * 

*• 

*• 

For  BNIC, 

|T.  .|<0.2  V 

See 

remarks 

M 

For  a  srep  in 

y .  ( t )  2  90?i 

for  t  >  30  min  . 

0.45  1.48 

xl0'’ 

0.45  7.5 


1.25  1.48 

Xl0"® 


0.8 


0.44  8.5  0.0  4 


Aiao.y^f t)S50%, 

Steady  state  offset=0 

Designed  for  a  step  in 

concentration  setpoint 
of  magnitude  0.05. 

Designed  for  a  unit 
step  in  dimen.sionless 
reactor  temperature. 
Normalised  time  used. 

For  BNIC.  IT.  .  Is  .0J  Vo. 

'  ij  ‘ 
and  t  S  2.5. 

3 

Designed  for  a  .305IJ  stei 
in  reactor  temperature 
and  1%  step  in  reactor 
concentration. 
Normalized  time  used. 


Table  2  C continued) 


Problem  _ 

No 


Tracking 


or  T .  . 
u  iiu 

u> 

n 


^iiL 


Dist , 

peak  mag- 
tude 


Gain-  Remarks 

phase 

margins 


8  Not  considered 


9(a)  Not  considered 


(b)  Not  considered 


t 

for  we  [0,  4] 


i^xxl 

i 


3.0dB. 
20  ‘ 


for  we  [0,1.5] 

IT..  I 


x.x' 

s  e'.elP,  J 

for  we  [0,1.6] 


4.8dB, 

42° 


X.  =0,  x=0.6,  .x^=0.5 
I  o 

Notation  as  in  Keleman 
et  al  [1990J 

x^=n/4,  .x-^/4 
.x^^=n/2.  x^^=2n/3. 


.x^=n/4,  .x=n/3, 
x^=n/2 


Table  3  x  Additicnal  InforMation  Concerning  Design  Problems 


Problem 

No. 

Uncertainty 

No.  of  Amount 

para¬ 
meters 

Controlled 
variable(s ) 

Manipulated  Distur- 
variable(a)  bance 
varia- 
ble(s) 

Performance 
specs  on 

1 

6 

±100% 

Reactor 

concn. 

(5th  CSTR) 

Coolant 

rate 

( 1  St  CSTR ) 

Feed 
cone . 

Tracking  and 
dist.  re j . 

2 

12 

±10% 

Distillate 
&  side- 
streams' 
ccncn. 

Distillate 
&  side- 
streams  ' 
flowrates 

Tracking  & 
peak  dist. 
reap. (BNIS) 

3 

10 

±5% 

Reg. temp. 

&  carbon 
on  reg. 
catalyst 

Air  rate  & 
catalyst 
recirc. 
rate 

-do- 

4 

3 

±20% 

±2% 

Distillate 
&  bottoms 
concn . 

Reflux  rate 
&  vapor 
boilup 

-do- 

5 

1 

±27% 

Reactor 

concn. 

Feedrate 

Reactor 

temp. 

0.05  step  in 
reactor  concn 
&  peak  dist. 
resp. 

6 

3 

±12.5% 

±40% 

±40% 

Reactor 

temp. 

Coolant 

temp. 

Feed 

temp. 

Unit  step  in 
dimensionless 
reactor  concn 
&  peak  dist. 
resp. 

7 

3 

±6.6% 

±25% 

±25% 

Reactor 
temp .  & 
Reactor 
concn. 

Feedrate 

and 

Coolant 

rate 

Feed 

temp. 

30%  step  in 
reactor  temp. 
1%  step  in 
reactor  concn 
(BNIS) 

a 

Nil 

— 

Reactor 
ooxicn  • 
at  x^=0.5 

Feed 

velocity 

Feed 
cone . 

Sensitivity 

reduction 

9(a) 

Nil 

Temp .  at 
x^=n/2, 

2rT/3 

Heat 

input 

Heat 

losses 

Sensitivity 

reduction 

(b) 

1 

±02% 

Temp .  at 
x^=n/2 

Heat 

input 

Heat 

losses 

Sensitivity 

reduction 
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Abstract 

Idle  speed  control  of  a  V-6  fuel  injected  engine  is  presented  as  a  feasibility  study  of  a  QFT-like 
design  approach.  The  engine  model  is  linearized  about  two  operating  conditions:  i)  loaded  and  ii) 
unloaded  where  the  latter  model  is  the  least  stable.  The  control  objective  is  to  maintain  idle  speed 
within  a  small  tolerance  despite  uncenain  torque  demands  imposed  by  various  auto  accessories.  In 
the  interest  of  fuel  efficiency,  idle  aii"  valve  setting  and  ignition  timing  are  the  control  inputs  where 
each  experiences  an  induction-to-power  delay.  Furthermore,  each  manipulated  variable  is  limited  by 
its  hardware,  i.e.  saturation  and  b^dwidth. 


I.  Introduction 

Combustion  engines  used  in  transportation  account  for  approximately  2/3  of  the  fossil  fuel  usage  in 
the  US.  In  fact,  over  a  nineteen  year  study  the  EPA  determined  that  the  automobile  sector  was  the 
only  group  of  combustion  users  whose  emissions  of  pollutants  has  grown  to  over  144%  of  its  1970 
estimates.  With  an  increasing  concern  of  the  non-renewable  resource  depletion  and  the  global 
greenhouse  effect,  an  urgent  need  exists  to  increase  engine  efficiency  while  reducing  pollution 
emissions.  This  need  was  emphasized  recently  (08  May  1992)  by  the  United  Nations  where  143 
nations  debated  an  emissions  control  treaty. 

This  study  focuses  on  increasing  engine  speed  efficiency  and  reducing  engine  emissions.  In 
particular,  the  idle  speed  of  an  engine  is  usually  inflated  so  as  to  provide  acceptable  power  in  the  face 
of  uncenain  torque  demands  required  by  the  accessories.  As  a  result,  engine  efficiency  decreases 
while  emission  levels  increase.  In  contrast,  the  objective  of  this  work  is  to  significantly  lower  the 
idle  speed  of  an  unloaded  engine  by  providing  it  with  self-regulation  capability.  Although  this 
approach  is  not  new  to  auto  manufacturers,  the  simplicity  of  the  proposed  feedback  configurations 
obtained  from  the  following  QFT-like  design  methodology  is  extremely  attractive. 


II.  Review  of  Design  Method 

The  design  methodology  employed  in  this  application  was  developed  by  Jayasuriya  and  Franchek 
(Ij-HI  and  has  much  in  common  with  Quantitative  Feedback  Theory  (QFT)  [.'ll.  This  method  is  well 
suited  for  MISO  .systems,  as  it  takes  full  advantage  of  all  inputs  to  mainuiin  the  output  rather  than 
forcing  diagonal  dominance  of  a  "squared"  plant.  Forcing  diagonal  dominance  reduces  loop 
interactions,  which  can  be  counter  productive. 


*  Graduate  Student,  School  of  Mechanical  Engineering,  Purdue  University 
+  Assistant  Professor,  School  of  Mechanical  Engineering,  Purdue  University;  author  to  whom  all 
correspondence  should  be  sent 
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The  MISO  method  consists  of  sequential  loop  closures  where  the  controller  for  each  closed  loop  is 
designed  such  that  the  specified  bounds  on  the  system  output  and  control  effort  are  satisfied.  V^ile 
the  approach  also  allows  internal  state  specifications,  this  application  is  restricted  to  satisfying  only 
the  constraints  for  the  output  and  control  variables.  Furthermore,  the  target  transfer  functions  f  1 1  - 
(4]  will  be  chosen  as  constant  values  of  the  saturation/performance  levels  of  the  variables,  and 
bandwidth  constraints  will  be  explicidy  incorporated  during  loop  shaping. 

Figure  1  shows  a  block  diagram  of  a  generic  MISO  sy.<!tem. 


Figure  1  -  Block  Diagram  of  Generic  MISO  System 


The  first  design  decision  to  be  made  is  which  loop  should  be  closed  first.  The  logical  approach  is  to 
first  close  the  loop  with  the  faster  dynamics/smaller  time  delay  and  then  subsequently  close  loops 
with  slower  dynamics/greater  time  delays.  For  clarity,  subscripts  in  the  following  descriptions  will 
indicate  the  order  of  loop  closure. 


The  first  loop  is  closed  using  a  controller  Gci(s)  in  the  forward  path  and  unity  feedback,  and  the 

Y(s) 

closed  loop  transfer  functions  are  written  for  disturbance- to-output :  ~  ;  and  disturbance-to-control 


U,(s) 


W(s) 


effort  currently  unknown  controller  transfer  function  being  included  as  Gci(s). 

Using  these  transfer  functions,  the  time  domain  constraints  are  enforced  by  the  satisfying  the 
following  frequency  domain  inequalities; 


yMAX 


Yfjeo) 


|W(j(o) 


a  =  F|(Li(jo))) 


Ul  MAX 


"fw^ 


a  =  F2(Li(j®)) 


(1) 

(2) 


where  a  is  the  magnitude  of  the  step  disturbance,  yMAX  largest  tolerable  deviation,  and  ujmax 
is  the  saturation  level  of  the  control  effort  in  loop  I .  A  widely  held  belief  in  QFT  as  well  as  this 
technique  is  that  satisfaction  of  frequency  domain  bounds  implies  satisfaction  of  the  related  time 
domain  bounds.  While  this  is  not  mathematically  rigorous,  experience  has  .shown  it  to  be  valid  for 
most  physical  systems. 

Equations  (I)  and  (2)  are  functions  of  the  unknown  loop  transmission  function  Li(jti)).  The.se 

equations  give  both  lower  and  upper  bounds  on  the  magnitude  of  L|(ja))  for  each  frequency  to.  For 
a  given  frequency,  as  the  phase  angle  is  changed,  equations  ( 1 )  and  (2)  trace  lower  and  upper 
boundaries  on  the  phase-gain  plane.  For  a  set  of  frequencies  chosen  by  the  designer,  these  phase- 
gain  boundaries  for  each  frequency  are  displayed  on  the  Nichols  chan  and  delineate  regions  where 
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the  loop  transmission  funaion  LjOw)  must  lie.  The  design  is  complet-d  by  loop  shaping  LiOw)  to 
these  regions.  In  this  sense,  the  approach  is  much  like  QFT  [5]. 


If  the  dynamics  of  GpjCjto)  are  certain,  a  loop  transmission  function  can  be  fined  to  any  pwtion  of 

these  regions  using  a  controller  GctOo^).  For  uncertain  MISO  systems,  this  design  procedure  is 
altered.  At  a  given  frequency,  an  uncertain  plant  will  occupy  a  region  (template)  on  the  Nichols  chan 
instead  of  a  single  point  as  for  the  cenain  plant  The  necessary  design  modification  is  to  make  sure 
that  the  entire  template  at  a  certain  frequency  completely  lies  within  the  boundaries  for  that  frequency. 


To  facilitate  this  design  process,  a  nominal  plant  L|o  is  selected  from  the  plant  set  and  marked  on 
each  template.  At  each  design  frequency,  the  corresponding  template  is  moved  around  the  Nichols 
chart  to  rTnd  the  acceptable  design  region.  As  the  template  for  a  frequency  is  moved  along  the  border 
of  the  region  for  this  frequency,  the  path  the  nominal  plant  Ljq  makes  is  marked  as  the  design 
boundary  for  the  nominal  plant. 


Thus,  by  guaranteeing  that  the  nominal  plant  stays  within  the  new  boundaries,  the  uncertain  plant 
will  satisfy  the  design  specifications.  A  controller  is  found  by  loop  shaping  the  nominal  plant.  This 
procedure  works  well  for  the  first  loop  closure,  but  becomes  increasingly  nxire  difficult  for 
subsequent  loop  closures  as  the  number  of  boundary  conditions  increase  and  uncertainty  from  plants 
of  previous  loops  enters  into  the  design  bounds.  This  problem  is  explicitly  discussed  in  Section  IV 
in  context  of  the  design  example. 


Now  the  second  loop  is  closed  with  a  controller  Gc;2(s)  and  unity  feedback.  Tlie  resulting  transfer 

functions  arc  written  for  disturbance-to  output  disturbance-to-control  effort  of  loop  1  ^  — ^  , 

W(s)  W(s) 

and  disturbance-to-control  effort  of  loop  2  .  Note  that  another  constraining  equation  is 

W(s) 

introduced  to  bound  the  control  effort  U2(t),  i.e. 


yMAX 


Y(jo)) 


|W(ja)) 


a  =  F3(L20'c«))) 


(3) 


Ul  MAX  ^ 


Gi(j0)) 

W(ja)) 


a  =  F4(L2(ja))) 


(4) 


U2MAX 


W(jCiJ) 


a  =  F5(L2(ja))) 


(5) 


where  a,  yMAX'  ^nd  U)  max  before  and  U2  max  the  saturated  value  of  the  control  effort 
for  loop  2.  Note  that  the  transfer  functions  in  (3)  and  (4)  are  different  from  those  in  (1)  and  (2) 
since  the  dynamics  of  loop  1  arc  included  here.  In  an  analogous  manner  that  the  controller  for  the 
first  loop  was  designed,  a  controller  for  the  second  loop  is  designed  here.  This  process  is  repeated 
for  further  loops  with  each  loop  closure  adding  another  constraint  equation  and  altering  tlie  previous 
constraining  equations. 


III.  Engine  Model 

The  system  for  this  ca.se  study  is  the  V-6  engine  represented  by  the  block  diagram  (Williams,  et  al., 
1988)  shown  in  Figure  2. 
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Figure  2  -  Linearized  Model  of  Uncompensated  Engine 


In  Figure  2,  w(t)  is  the  disturbance  torque,  ui(t)  is  the  spark  advance,  U2(t)  is  the  idle  air  valve 
setting,  and  y(t)  is  the  engine  speed  variadon. 

The  plants  Gi,  Gpi,  and  Gp2  are  defined  as 

Gi(s)  =  I5.9e-0  04» 

Gpt(s)  =  — s±j_  ae|3,  3.51,  be|2.2,  2.4|,  ce(5.62,  12| 
s^  +  bs  +  c 

Gp2(s)  =  d6l9,  121,  f6(2.  2.21,  geI4.6,  101. 

S2  +  fs  +  g 

The  gain  of  19. 1  on  the  disturbance  represents  the  gearing  ratio  of  an  air  conditioner  compressor. 

Unlike  the  model  in  Williams,  et  al.,  the  parameters  of  the  engine  transfer  functions  are  allowed  to 
vary  in  the  indicated  intervals.  These  intervals  account  for  the  loaded  and  unloaded  operating 
conditions  of  the  engine. 

The  objective  of  a  control  design  for  this  system  is  to  reject  a  step  disturbance  of  10  Nm  while 
ensuring  that  the  speed  variation  y(t)  is  less  than  20  rpm.  The  spark  advance  ui(t)  must  be  less  than 
20  points  and  the  idle  air  valve  setting  U2(t)  must  be  less  than  1000  points.  The  term  'point'  is  a 
measure  of  angular  displacement.  Also  at  steady  state  the  spark  advance  must  return  to  zero  to 
ensure  minimal  engine  emi.ssions. 


IV.  Design  of  Controller  and  Simulation  Results 

This  section  describes  the  synthesis  of  an  idle  sfjeed  controller  for  the  V-6  engine  described  in 
Section  III  using  the  technique  described  in  Section  II.  Step  responses  for  the  compen.sated  system 
are  performed  to  verify  the  design. 


Design  of  Controller  Gci 

The  spark  advance-to-speed  variation  loop  is  the  first  loop  to  be  closed  since  it  has  the  smallest 
induction-to-power  delay.  Figure  3  shows  the  feedback  structure  for  this  loop  closure. 


R 


Figure  3  -  Engine  Model  with  a  Controller  in  Loop  1  (Spark  Advance) 

The  resulting  transfer  functions  are: 

Y(s)  _  -19.1Gpi(s) 

W{s)  1 +Gp,(s)Gci(s)G,(s) 

Ui(s)_  19.1Gpi(s)Gci(s) 

W(s)  1  +  Gpi(s)  Gct(s)  Gi(s) 

For  a  disturbance  of  10  Nm,  speed  variation  y(t)  is  to  be  less  than  20  rpm  and  spark  advance  u  i  (t)  is 
to  be  less  than  20  points.  This  is  achieved  by  using  (1)  and  (2)  of  Section  II  in  the  following  form: 

10.0 1,  ^  J  5  20.0  (8) 

I  +  GpiO“)  GciO^*^)  Gi(jto) 

10.0  j,  I  ^  20.0  .  (9) 

1  +  GpiOb))  GciOt*!)  Gi(jb)) 

These  may  be  written  as: 


|I  +  L,(ja))|  "  (Ip.O)  (  19.1)  |Gpi(ja))| 

LiCjto)  ^  20.0|G|(jo))| 

1  +L,(j(o)r(10.0)  (  19.1) 


where  L,(s)  =  Gpi(.s)  Gci(s)  G,(s). 

Inequalities  (10)  and  ( 1 1 )  are  interpreted  as  constraints  on  the  closed  loop  sensitivity  and  transfer 
function,  respectively.  Such  interpretations  are  useful  when  verifying  that  a  computerized  search  is 
giving  correct  results. 

In  Section  II,  the  procedure  for  finding  the  boundaries  on  the  Nichols  chart  was  explained.  This 
procedure  involv^  finding  the  temp'ates  for  the  unccnain  dynamics  and  using  them  to  plot  the 
boundaries  for  the  design  frequencies.  Since  template  generation  can  be  computational  intensive, 
Franchek  and  Jayasuriya  f3)  use  Kharitonov  polynomiSs  for  both  the  numerator  and  denominator  of 
the  plant  transfer  function  to  bound  the  templates.  The  bound  for  each  template  is  a  rectangle  defined 


by  the  minimum  and  maximum  magnitude  and  phase.  This  approach  will  make  the  design 
conservadve  by  taking  into  account  a  larger  template  than  will  actually  exist.  In  contrast,  this  work 
grids  the  parameter  space  to  develop  "discrete"  templates  of  the  plant  variadons.  These  discrete 
templates  are  generated  by  selecting  several  values  from  each  parameter  interval.  Using  all 
combinadons  of  these  values  the  discrete  templates  are  produced.  Then  the  discrete  templates  are 
normalized  by  subtracting  out  the  dB  gain  and  phase  of  the  point  produced  by  the  nominal  plant. 

Figure  4  shows  such  a  nor.  lalized  discrete  template  for  the  first  loop  for  oi  =  1 .0  rad/s. 


Figure  4  -  Norma'ized  Template  for 
Loop  1  (co  =  1 .0  rad/s) 


Figure  S  -  Boundaries  for  Loop  1  and 
Uncompensated  Nominal  Plant 


For  a  fixed  frequency,  the  normalized  discrete  template  is  shifted  in  phase  and  gain  until  each  point 
of  the  template  sadsfies  the  constraint  (cither  ( 10)  or  (1  ’),  smcc  each  one  has  a  separate  search 
dedicated  to  it).  Note  that  the  shifting  is  done  by  first  selecting  a  phase  and  then  stepping  through 
gain.  The  template  starts  out  violating  the  constraint,  and  once  an  open  loop  (phase,  gain)  point  is 
found  that  satisfies  the  constraint,  this  point  is  recorded  as  being  on  the  boundary.  A  new  phase  is 
then  selected  and  the  process  is  repeated.  For  boundaries  that  are  multiple-valued  with  respect  to 
phase,  the  se^h  process  is  reversed  such  that  a  magnitude  is  selected  and  phase  is  changed  until  a 
txjundary  point  is  found.  This  ensures  that  the  entire  boundary  will  be  found  rather  than  a  branch  of 
it  when  doing  a  simple  search.  Of  course,  the  original  scheme  works  when  the  boundaries  arc 
multiple-valued  with  respect  to  gain.  Figure  5  shows  the  boundaries  with  the  minimum  phase 
ponion  of  the  nominal  loop  transmission  superimposed. 


The  nominal  loop  transmission  Lio(s)  =  Gpio(s)  Gi(s)  Gci(s)  was  arbittarily  chosen  as  having  the 
plant  with  the  sniallest  parameters,  i.e. 


Gpio(s)  = 


s  +  3 

s2  +  2.2s  +  5.62’ 


The  nonminimum  phase  portion,  c"®  of  the  nominal  loop  transmission  function  is  "absorbed” 
into  the  calculations  for  the  bounds  defined  in  (10)  and  (11).  This  can  be  seen  in  Figure  5  as  the 
horizontal  elongation  of  the  boundaries  within  the  +/-  10  dB  gain  strip.  Therefore,  Se  boundaries 
are  generated  for  and  the  loop  shaping  is  done  on  the  minimum  phase  portion  of  Lio-  Ihe  dashed 
boundaries  of  Figure  5  are  generated  by  equation  (10)  and  the  solid  boundaries  are  generated  by 
f  1 1 ).  Figure  6  shows  the  compensated  loop  for  the  first  loop  closure. 
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Figtire  6  -  Boundaries  and  Compensated 
Nominal  Plant  for  Loop  1 
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Figure  7  -  Time  Response  for 
Compensated  Loop  1  (Nominal  Plant) 


Since  satisfaction  of  the  performance  boundaries  does  not  guarantee  good  transient  behavior  nor 
stability,  a  lead  controller  is  added  to  shift  the  loop  to  the  left  in  'he  fr^uency  range  of  10  rad/s  to  30 
rad/s  such  that  suitable  phase  and  gain  margins  arc  achieved.  An  additional  first-order  roll-off  was 
added  to  suppress  noise  transmission.  The  final  compensator  for  loop  1  is 


Gct(s)  =  .— 

(34.6  Kioo  ) 

The  bandwidth  of  this  controller  is  55  rad/s. 

Figure  7  shows  the  nominal  response  of  the  system  for  the  first  loop  closure  to  a  10  Nm  step 
disturbance.  Clearly,  the  speed  variation  and  spark  advance  are  well  within  their  limits  of  20  rpm 
and  20  points,  respectively. 

Design  of  Controller  Gcz 

Figure  8  shows  the  block  diagram  of  the  system  with  the  second  loop  (idle  air  valve)  closed. 


■S. 


Figure  8  -  Engine  Model  with  Controllers  in  Loop  1  (Spark  Advance) 
and  Loop  2  (Idle  Air  Valve) 


In  addition  to  the  constraints  for  the  first  loop  (spark  advance  ui(t)  less  than  20  points  and  speed 
variation  y(t)  less  than  20  rpm),  the  constraint  of  the  idle  air  valve  setting  U2(t)  less  than  1(XX)  points 
is  added.  Therefore,  from  equations  (3),  (4),  and  (5)  the  following  inequaliues  must  be  satisfied: 


10.0 

-19.1  Gpi(jco) 

<20.0 

1  +  Gp2(jco)  Gc2(jo))  +  Gpiljco)  GciO®)  Gi(jto) 

10.0 

19.1  GpiCjco)  GctCjto)  j 

<  20.0 

1  +  Gp2(j(‘>)  Gc2(jw)  +  Gpi(j{o)  GciCjco)  Gi(ja))| 

(12) 

(13) 


1 0.0 


_ 19.1  Gpi(j(o)  Gc2(j<»>) _ 

1  +  Gp2(jo))  Gc2(jw)  +  Gpi(jo))  Gci(jo))  Gi(jco) 


< 


1000.0 


(14) 


Note  that  the  uncertainty  from  loop  1  is  present  in  the  bounds  for  loop  2.  This  "uncertainty 
interaction"  can  be  dealt  with  by  rewriting  the  inequalities  as: 


X 


I  +  GlIJo))  Ljljo)) 
1 


_2(m. 


1  +  GL(jo))  LaCjo))! 


(19.1)  (10.0)  |G?,(ja))  GLOtolj 

_ 2SLQ _ 

(19.1)  (10.0)  |Gpi(jo))GLato)Gci(jtoj| 


(15) 

(16) 


GlQo))  Lapto)  ^ _ 1000.0  L2(jo>) _ 

1  +  GtCjcu)  LaCjto)  ~(19. 1)  (10.0)  |Gpi(jo))  Gc2(j(*i)l 


where 


(17) 


Gl(s)  = 


_ 1 _ 

1  +  Li(s) 


Li(s)  =  Gp)(s)  Gci(s)  G|(s) 


L2(s)  =  Gp2(s)  Gc2(s). 


Now  the  product  Gl(s)L2(s)  can  be  regarded  as  the  uncertain  loop  transmission  function  for  lo«'  - 
and  the  controller  can  be  found  by  loop  shaping  on  the  minimum  phase  portion  of  this  "new" 
tran.smission  function.  That  is  to  say  that  Gl(3)L2(s)  is  used  to  form  the  templates  for  loop  2,  while 
equations  (15)  -  (17)  are  u.sed  to  generate  the  bound^es.  It  should  be  noted  tl^at  (15)  and  (16)  differ 


only  by  a  factor  of 


1 

|Gci(jw)| 


As  a  result,  one  boundary  will  dominate  over  the  other  boundary, 


depending  on  the  magnitude  of  GciCjco).  If  the  conditionc  of  the  dominant  boundary  arc  met,  then 
the  condition  of  the  other  boundary  is  met  automatically. 


For  this  loop,  the  bounds  arc  not  constant;  they  change  values  depending  upon  the  point  of  the 
template  being  used,  i.e.  the  bound  depends  on  the  uncertainty  point  undei  consideration.  Since  36 
discrete  points  are  u.sed  to  represent  Gpi(s)  and  Gp>2(s),  there  are  now  36^  points  (Figure  9)  in  the 
discrete  template  Gl(s)L2(s),  thereby  substantially  increasing  the  number  of  points  that  need  to  be 
checked  during  each  iteration  of  the  .search  algorithm.  By  inspection,  it  would  be  possible  to  reduce 
the  number  of  discrete  points  on  the  template.  Because  of  the  proximity  of  many  of  the  points  to 
each  other,  the  calculations  for  many  of  the  points  are  redundant. 
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Rgure  9  -  Template  for  Loop  2 
(0)=  1.0  rad/s) 
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Figure  10  -  Boundaries  For  Loop  2 
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Figure  1 1  -  Boundaries  from  (15)  and  Figure  12  -  Boundaries  and 

Uncompensated  Nominal  Plant  Compensated  Nominal  Plant  for  Loop  2 

for  Loop  2 

Figure  10  shows  the  boundaries  generated  by  (15)  -  (17).  The  solid  lines  represent  (15),  the  dashed 
lines  represent  (16)  and  (17).  It  can  be  seen  that  the  boundaries  of  (16)  and  (17)  lie  within  the 
boundaries  generated  by  (15);  therefore,  the  boundaries  generated  by  (15)  are  used  in  the  design 
process.  Figure  1 1  shows  the  boundaries  generated  by  (15)  and  the  nominal  loop  transmission  for 
GijL2o-  As  with  Lio,  GlL2o  is  chosen  to  represent  the  lowest  values  of  the  uncertainty  parameters 
of  Gpi(s)  and  Gp2(s). 

Since  full  rejection  of  the  step  disturbance  is  required  at  steady  state,  an  integrator  is  added  to  Gc2(s) 
with  a  small  amount  of  gain.  To  complete  the  design,  a  lead  controller  is  added  to  avoid  the  low 
frequency  boundaries.  The  final  compensator  is 


Gc3(s)  = 


The  bandwidth  for  this  controller  is  6  rad/s. 

Figure  12  shows  the  compensated  loop  transmission  for  GlL2o-  Figure  13  shows  the  system 
response  for  the  nominal  plants  Gpi(s)  and  Gp2(s)  when  a  10  Nm  step  disturbance  is  applied. 


293 


Figure  13  -  Time  Response  of  Figure  14  -  Tline  Response  of 

Compensated  System  (Nominal  Plant)  Compensated  System  (Full  Range  of 

Uncertainty) 


Figure  14  shows  the  system  response  for  the  family  of  plants  Gpi(s)  ar.d  Gp2(s)  when  a  10  Nm  step 
disturbance  is  applied.  Qearly  the  performance  bounds  of  20  rpm  for  speed  variation,  20  points  for 
spark  advance,  and  1000  points  for  idle  air  valve  setting  are  satisfied  for  the  uncertain  engine. 


V.  Conclusions 

The  purpose  of  this  work  was  to  present  a  feasibility  study  of  a  QFT-like  technique  applied  to  an 
engine  idling  problem.  Using  this  technique,  a  fixed  controller  was  found  to  be  adequate  for  loaded 
and  unloaded  operating  conditions  of  the  engine. 

While  the  design  technique  proved  quite  povrerful  for  the  two  inputs  /  one  output  V-6  engine  idle 
speed  control  system  desi^,  the  technique  becomes  increasingly  more  computarionally  intensive  for 
^SO  systems  with  more  inputs  and  uncertain  parameters.  As  the  number  of  inputs  increase,  the 
number  of  boundary  conditions  increase.  This  is  generally  not  a  problem  since  one  of  the  boundary 
conditions  will  be  the  most  restriedve  and  hence  v^l  be  the  limiting  factor  in  the  design.  Since 
parametric  uncertainty  fiom  previous  loops  propagates  to  later  loops,  the  number  of  template  and 
search  calculadons  increase  cumbinatoiically.  Thus,  the  number  of  points  from  each  parameter 
interval  should  be  judiciously  chosen  to  accurately  represent  the  templates  while  keeping  template 
and  search  calculadons  to  a  minimum. 

This  technique  is  based  upcri  sadsfying  frequency  domain  constraints  such  that  corresponding  dme 
domain  constraints  are  met  While  the  transidon  from  dme  domain  to  frequency  domain  is  ba^ 
upon  conjecture,  the  premise  holds  for  this  applicadon. 
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AIrstrnct  : 

Many  papers  have  been  published  on  the  application  of  the  QFF  method  to  various  problems.  Although 
OFF  is  recognized  by  a  large  group  in  the  control  community  as  a  robust  control  system  design  technique 
not  many  true  comparisons  have  been  made  with  other  techniques.  In  order  to  make  comparisons,  in  our 
view,  it  is  necessary  to  find  a  common  environment  to  implement  various  techniques,  and  to  find  common 
and  reliable  examples  based  on  real  systems,  llie  aim  of  this  paper  is  to  pave  the  way  for  such 
comparisons  by  introducing  a  QFT  toolbox  which  runs  in  the  Matiab  environment  and  using  this  to 
provide  solutions  to  two  of  the  IFAC  benchmark  problems.  Since  implementationsof  other  robust  control 
system  design  techniques  are  also  available  in  Matiab  e.g.  FI*,  the  techniques  can  be  compared  directly 
using  the  same  benchmark  problems. 

In  this  paper  a  brief  description  of  the  QFT  toolbox  is  given  and  then  the  application  of  the  technique  to 
a  missile  autopilot  and  a  hydraulic  positioning  s>'slcm  are  discussed. 


Introduction  ; 

Quantitative  Feedback  Theory  has  proved  to  be  a  valuable  tool  for  robust  control  system  design  for 
systems  with  structured  and  unstructured  uncertainty.  'Fhe  basic  design  method  is  well  documented  and 
many  publications  arc  available  on  both  the  theoretical  and  practical  aspects  of  the  technique 
(Astrom,1988),(Horowitz,1963,1972,1973  and  1982), (Sidi, 1976).  Some  more  recent  developments  are 
discussed  in  (Yaniv,1986)  and  (Thompson,1990). 

One  aspect  of  the  QFT  method  which  has  not  received  much  attention  in  the  literature  and  is  addressed 
by  this  paper,  is  the  implementation  of  the  technique  in  a  suitable  a  computer  environment. 

A  further  aim  of  this  paper  is  to  show,  using  tv/n  benchmark  problems,  that  most  of  the  complexity  of  the 
OPT  technique,  due  to  the  lengthy  procedures  of  calculating  various  frequency  boundaries,  can  be  easily 
handled  by  a  computer  program.  This  approach  enables  the  designer  to  focus  on  the  more  challenging 
aspects  of  the  design  procedure,  namely  the  compensator  design.  The  design  of  the  compensator,  or  the 
loop  controller,  requires  shaping  of  the  loop  function.  This  requires  a  certain  amount  of  skill  and 
experience.  However,  it  is  shown  that  for  a  certain  class  of  systems  the  loop  shaping  procedure  can  be 
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greatly  simplified  using  the  computer  software  developed. 


The  final  aim  of  this  paper  is  to  produce  solutions  to  standard  benchmark  problems  in  order  to  allow 
comparisons  to  be  made  with  those  obtained  using  other  robust  control  ^stem  design  techniques  in  the 
future 

The  organisation  of  the  paper  is  as  follows  : 

Section  2  is  a  description  of  the  structure  of  the  new  Matlab  toolbox.  Section  3  contains  the  formulation 
and  solution  to  the  benchmark  problems,  a  discussion  and  conclusions  follow.  Appendices  A  and  B  contain 
the  original  benchmark  problems  as  published  by  IFAC. 


2  •  Matlab  QFT  Toolbox  ; 


1  •  Strncture  of  (be  QFT  Toolbox 


design  procedure  described  in  (Horowilz,1982). 
and  report  generation  (sec  Fig.  1). 

2.1  •  Inpul/System  Definition  Module: 


The  computer  aided  design  package  based  on  the 
Quantitative  Feedback  Theory  (QFT),  has  been 
designed  to  provide  a  tool  to  deal  with  the 
problem  of  control  system  design  for  real  systems 
where  performance  tolerances  are  tight  and 
models  have  significant  degrees  of  uncertainty. 
MATLAB  has  been  used  as  the  working 
environment  for  the  QFT  package  which  adds  to 
the  extensivecolicction  of  compatible  programmes 
and  toolboxes  already  available  for  other  design 
procedures.  The  suitability  of  the  modular 
structure  of  the  QFT  approach  for  computer 
implementation  is  shown  in  Fig.  1. 

The  Quantitative  Feedback  design  procedure 
which  has  been  described  in  the  control  literature 
can  be  implemented  by  hand  calculations  and 
graphical  techniques.  However,  there  is  a 
significant  amount  of  cut  and  try  involved  and  the 
generation  of  the  frequency  boundaries  is 
sufficiently  tedious  to  deter  all  but  the  most 
persistent  of  designers  from  exploring  the  benefits 
of  the  technique.  Thus  a  computer  aided  design 
package  is  essential.  A  package  has  been 
previously  developed  for  a  VAX  (Astrom  and  co¬ 
workers,  1988),  but  the  intention  here  was  to 
initially  investigate  a  solution  within  an 
environment  familiar  to  most  control  engineers. 


The  software  package  to  implement  the  design 
technique  is  based  on  Matlab.  This  was  chosen  as 
the  software  environment  due  to  its  wide 
acceptance  within  the  control  community  and  the 
extensive  tools  already  available  within  Matlab. 
The  structure  of  the  package  follows  the  five  step 
The  software  is  based  on  three  modules;  input,  design 


This  module  deals  with  the  specification  part  of  the  design  process.  These  include  various  transfer 
functions  representing  the  uncertainty  in  the  plant  characteristics  also  the  required  rise  time,  maximum 
overshoot  and  settling  time  of  the  closed-loop  system.  The  aim  at  this  stage  is  to  define  the  acceptable 
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bounds  on  the  performance  in  the  time  domain.  The  next  stage  is  to  translate 
the  time  domain  bounds  into  the  frequency  domain.  This  process  takes  place 
inside  a  loop  and  is  repeated  until  the  time  domain  specification  envelope 
corresponds  as  closely  as  required  to  the  frequency  domain  specification 
envelope  (see  Fig.  3). 

The  next  stage  in  the  procedure  involves  the 
task  of  determining  the  trial  frequencies 
and  the  "high  frequency".  This  is  done  by 
plotting  the  required  closed-loop  frequency 
response  envelope  together  with  the 
frequency  response  of  all  plant  transfer 
functions.  The  "high  frequency”  and  the  trial 
frequencies  are  chosen  by  the  user.  Some 
experience  is  required  to  select  the  most 
suitable  values. 

The  variation  of  the  frequency  envelope 
defined  by  the  specification  at  each  trial 
frequency  is  chosen  as  the  maximum 
allowable  variation  of  the  gain  of  the  closed- 
loop  transfer  function  at  that  frequency. 

The  maximum  allowable  closed-loop  gain 
and  the  open-loop  plant  gain  variations  at 
infinite  frequency  are  also  defined  inside 
the  input  module.  The  final  stage  of  the 
input  module  involves  the  generation  of  the 
plant  templates.  These  are  then  passed  to 
the  design  module. 

F%.2 

Data  Definition 

2.2  •  Design  Module: 

The  design  of  the  prelilier  and  the  loop  compensator  is  carried  out 
independently  within  separate  procedures  which  greatly  simplifies  the 
software  design. 

2.2.1  -  The  Compensator  Design  Module: 

This  module  handles  the  majority  o.''  the  stages  in  the  design  procedure 
(see  Fig.  4).  The  first  task  is  a  search  on  the  Nichols  chart  to  find  the  frequency  Imundaries 
corresponding  to  each  trial  frequency.  This  is  done  by  a  po-icess  of  moving  each  template  up  and  down 
along  lines  of  constant  phase  to  find  the  point  where  the  template  fits  inside  the  M-circles  corresponding 
to  the  allowable  closed-loop  variation  previously  specified.  The  points  are  joined  for  each  template  to 
form  a  frequency  boundary.  Having  found  the  frequency  boundaries  at  low  and  medium  frequencies,  it 
is  then  necessary  to  define  the  high  frequency  boundary.  This  is  done  by  combining  the  high  frequency 
gain  variation  and  closed-loop  resonant  peak. 

Once  all  the  boundaries  have  been  computed  the  next  stage  is  the  design  of  the  compensator.  There  are 
basically  two  approaches  that  can  be  used  to  design  the  loop  transmission  or  the  loop  function,  and  thus 
deternwne  a  suitable  compensator. 

There  is  the  general  approach  which  Is  widely  used.  This  starts  from  the  nominal  plant  to  which  lead  and 
lag  elements  are  added  sequentially  to  satisfy  the  frequency  boundaries.  If  required,  complex  poles  are 
added  at  high  frequencies  to  improve  the  roll-off  rate  of  the  loop  function.  This  approach  has  proved  to 
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FijiCTiON  ; 


Fig.  4  •  The  Structure  of  the  Compensator  Design  Module 

work  for  most  classes  of  systems  but  is  not  necessarily  the  quickest  way  to  arrive  at  the  solution. 

A  second  approach,  which  is  available  for  loop  function  design  in  the  QFT  toolbox,  is  one  which  is 
particularly  suitable  for  computer  implementation  but  its  use  is  restricted  to  a  certain  class  of  problems. 
If  the  loop  function  of  a  system  has  no  resonances  or  anti-resonances,  that  is  to  say  the  loop  function  is 
smooth  on  the  Nichols  chart  then  to  arrive  at  a  Quantitative  design  of  a  stable  minimum  phase  rational 
compensator  two  conditions  must  be  satisfied  *, 

•  the  loop  function  must  satisfy  all  the  frequency  boundaries, 

-  the  loop  function  must  satisfy  Bode’s  gain-phase  relationship. 

If  these  criteria  are  satisfied  the  QFT  toolbox  allows  the  user  to  select  points  on  or  above  each  frequency 
boundary  at  the  trial  frequencies.  These  points  arc  checked  using  Bode’s  gain-phase  relationship.  A  valid 
solution  is  one  which  pns.scs  through  all  the  points  without  violating  the  boundaries. 

To  design  the  compensator,  the  frequency  characteristics  of  the  nominal  plant  are  subtracted  from  the 
frequency  charactcri<^tics  of  the  defined  loop  function.  Rcsh.ipingof  the  loop  function  may  be  necessary 
at  this  point.  The  reshaping  is  carried  out  inside  a  loop  and  continues  until  the  gain  and  phase  of  the 
compensator  are  compatible  according  to  Bode's  gain-phase  relationship.  The  structure  of  the 
compensator  is  then  determined  using  a  least  squares  transfer  function  fit  'o  the  data 
(Levy,1959;?anathanan  and  Koerner,1963).  This  procedure  is  repeated  until  a  solution  is  found  which 
satisfies  the  stability,  sensitivity  and  disturbance  rejection  requirements.  Such  a  solution  is  returned  to 
the  design  module  to  be  used  in  the  prefilter  design. 


2.2.2  -  The  Preplter  Design  Module: 


The  gain  plots  of  the  compensated  system  define  an  envelope  which  must  now  be  manipulated  to  fit 
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Fig.  5  •  The  Structure  of  the  Preniter  Deu'.s'.f  aIo^juIc 


inside  the  specified  design  envelope.  This  is  achieved  by  means  of  the  :ircf;tter.  The  task  of  prcii:  * . 
design  is  therefore  equivalent  to  finding  a  filter  with  some  pre-spccified  gain  cLaracterutics. 

The  gain  characteristics  of  the  prefilter  are  found  by  translating  the  midpoint  of  the  closed-loop  envc'  '-n 
onto  the  midpoint  of  the  specification  envelope,  the  amount  of  translation  being  the  requj-.^d 
characteristics.  The  phase  characteristics  are  not  known,  but  can  be  obtained  Irom  the  gain  inionnation 
since  for  any  real  filter  there  is  a  unique  relationship  between  the  gain  and  phase. 

An  alternative  approach,  also  used  here,  is  to  design  a  digital  filter  to  fit  the  required  gain  characteristics. 
This  can  then  be  transformed  to  an  equivalent  analogue  transfer  function.  The  required  prefilter  gain 
characteristics  are  displayed  and  the  user  is  prompted  for  the  order  of  the  numerator  and  denominator 
of  the  digital  filter  to  be  found.  A  conversion  is  then  carried  out  and  ths  frequency  response  of  the 
resulting  analogue  filter  is  compared  to  the  required  gain  characteristics  of  the  prefilter.  The  user  is  then 
given  the  choice  to  accept  the  design,  to  redesign,  or  to  reshape  the  existing  design  by  adding  lag  elements 
at  chosen  frequencies. The  last  option  is  included  because  during  the  digital  to  analogue  conversion  stage 
accuracy  is  lost  at  frequencies  close  to  the  sampling  frequency.  This  problem  can  usually  be  solved  by 
adding  a  lag  element  at  a  frequency  between  quarter  to  half  the  sampling  frequency.  The  design 
procedure  is  completed  by  displaying  the  actual  and  the  required  prefilter  frequency  characteristics. The 
results  are  then  returned  to  the  main  program. 

23  -  Report  Generation  Module: 

This  module  produces  graphical  representations  of  the  various  stages  of  the  design  procedure.  Several 
plots  are  generated  and  saved  for  later  processing.  The  plots  which  can  be  generated  are; 

-  The  Nichols  chart,  with  the  frequency  boundaries  and  the  selected  loop  transmission  and  the  nominal 
frequency  response  superimposed. 

-  The  magnitude  plot  of  the  specification  envelope  and  the  designed  system  envelope  for  all  plant 
conditions. 

-  The  :tcp  response  of  ail  plant  transfer  functions. 
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-  The  controller  output  for  a  step  change  at  the  plant  input. 

•  The  step  response  of  the  discretized  system  for  selected  sampling  intervals. 

-  The  controller  output  of  the  discretized  system  for  a  step  change  at  the  input  with  various  sampling 
times. 


3  -  ArrUCATION  To  TIIE  benchmark  PROBtXMS  : 

In  this  section  the  application  of  the  QFT  to  two  benchmark  problems  published  by  the  International 
Federation  of  Automatic  Control  is  discussed.  Both  problems  were  solved  using  the  Matlab  QFT  toolbox. 
Both  problems  are  based  on  SISO  systems  and  have  a  degree  of  uncertainty  associated  with  them.  The 
problems  arc  published  in  a  report  entitled  'Benchmark  problems  for  control  system  design’  prepared  by 
the  IFAC  Theory  Committee  in  May  1990.  The  intention  of  this  report  is  to  provide  problems  which  can 
be  solved  various  techniques.  Thus  the  relative  merit.'  o'  each  technique  c;<n  be  compared. 

3.1  -  Missile  Control  System  : 

The  original  problem  specification  can  be  found  ir  '.It :  -  .  -f;-,  .^i  (section  3).  The  formulation  of  the 

problem  and  the  specification  are  in  a  form  suitable  ,.'ot  *>  •  e;'”ti!9ti'.  eder.ign.  A  minimum  amount  of  work 
is  required  to  find  transfer  functions  from  the  state  ipatc  formulation  and  to  obtain  a  suitable  step 
response  envelope  from  the  specifications. 

There  are  eight  flight  conditions  which  produce  eight  transfer  functions  as  follows  ; 


17277  s*  +  22655  s  +  7.283e+06 

P,(s)  *  - 

s’  +  191.3  s’  +  316.4  s  +  12211 

14261  s’  +  19713  s  +  1.148e+C7 

Pi(s) . . 

s’  +  191  s’  +  325.2  s  +  24650 

53854  s’  +  2.806e+05  s  +  1.019e+08 

Pj(s)  =  - 

s’  +  193  s’  +  1183  s  +  1.179e+05 


47595  s’  +  1.825e+05  s  +  1.358e+08 

p,(s)  =  - 

s’  +  193.5  s’  +  1316  s  +  1.241e+05 

76562  s’  +  3.888e+05  s  +  4.494e+08 

Pj(s)  =  - 

s’  +  194.3  s’  +  1882  s  +  2.036c+05 

14522  s’  +  57621  s  +  5.788e+06 
P.(s)  =  . 

s’  +  196  s’  +  1248  s  +  18849 
12116  s’  +  9260  s  +  9.195e+06 

P,(S)  s  - 

s’  +  191  s’  +  353.3  s  +  31058 
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22306  s’  +  16439  s  +  2.132e+07 


^  s?  +  191  s*  +  414.3  s  +  42608 

As  it  can  be  seen  from  Fig.  6  (he  model  has  very  high  gain  and  relatively  high  bandwidth.  However  the 
main  diinculty  of  the  design  process  is  to  deal  with  resonance  in  the  presence  of  model  uncertainty  as 
the  resonant  frequency  changes  for  every  flight  condition.  It  is  not  possible  to  reduce  the  gain  in  the 
presence  of  the  resonances  as  this  would  violate  the  universal  high  frequency  boundary,  also  known  as 
the  U-centour. 

Simple  attenuation  of  the  resonance  peak  does  not  work  either  since  an  additional  90  degrees  of  phase 
lag  is  introduced  for  every  20  dB  per  decade  attenuation  which  shifts  the  loop  function  further  into  the 
U-contour. 

A  possible  design  for  the  loop  function  is  shown  in  Fig.  7.  This  was  achieved  by  initially  selecting 
suitable  control  elements  to  reduce  the  effect  of  the  resonances  and  then  using  the  direct  design 
procedure  to  place  the  loop  function  on  the  frequency  boundaries.  All  the  frequency  boundaries  are 
satisfied  and  hence  this  is  one  possible  solution.  The  roll-off  rate  of  the  loop  function  can  further  be 
iniproved  by  adding  a  simple  lag  clement  at  roughly  the  break  frequency  of  the  open  loop  system, 
which  results  in  the  loop  function  shown  in  Fig.8.  The  loop  compensator  required  to  produce  such  a 
loop  function  has  the  frequency  characteristics  shown  in  Fig.  9.  The  transfer  functions  of  the  loop 
compensator  for  each  design  is  given  below  ; 

0.C002  s‘  +  0.05431  s’  +  1.424  s’  -I  9.918  s  +25.48 

G,(s)  =  - - - 

0.000456  s"  +  0.1912  s’  +  24.56  s’  +  1000  s 


0.0002  s"  +  0.05431  s’  +  1.424  s’  +  9.918  s  +25.48 

G,(s)  =  - - - 

4c-9  s’  +  0.0004  s'  +  0.1914  s’  +  24.57  s’  +  1000  s 


The  loop  compensator  reduces  the  uncertainty  of  the  closed  loop  system  sufficiently  so  that  the  closed- 
loop  frequency  response  fits  inside  the  specification  bounds  as  shown  in  Fig.  10.  A  simple  premier 
then  shifts  the  closed-loop  frequency  response  into  the  specification  envelope  as  shown  in  Fig.  11.  The 
required  prefilter  has  the  following  transfer  function  ; 


1 

F(s)  =  - 

0.00025  s’  +  0.0125  s’  +  0.2  s  +  1 


In  this  design  the  specification  bounds  have  been  selected  to  be  very  relaxed  at  frequencies  above  100 
rad/s  (Fig.  11).  This  was  done  to  reduce  (he  open-loop  bandwidth  and  hence  reduce  the  cost  of 
feedback.  Note  that  the  compensator  reduces  the  high  bandwidth  of  the  system. 

The  step  responses  of  the  system  transfer  functions  at  the  eight  flight  conditions  are  shown  in  Fig.  12. 
A  settling  time  of  about  1  second  was  chosen  to  be  adequate.  The  control  effort  required  for  such  a 
response  is  shown  in  Fig.  13.  Note  that  the  controller  output  is  multiplied  by  10'’  and  hence  it  is  very 
small  in  magnitude. 

3.2  •  Hydraulic  Positioning  Systam  : 

The  original  problem  is  given  in  The  IFAC  report  (section  3).  This  is  different  from  the  missile 
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problem  in  two  aspects.  Firstly  a  parameter  range  is  specified  for  the  state  space  formulation  of  the 
problem.  The  parameters  can  have  any  value  within  their  range  independently  of  each  other.  Secondly 
the  system  is  non-minimum  phase.  The  Hrst  problem  was  to  find  the  extreme  values  of  the  parameters 
that  specify  a  maximum  and  minimum  bound  for  the  size  of  the  transfer  functions.  The  second 
problem  was  found  not  to  limit  the  performance  as  much  as  expected  since  the  right  half  plane  zeros 
were  far  from  the  origin  of  the  complex  plane.  Six  transfer  function  were  obtained  as  follows  with 
frequency  characteristics  shown  in  Fig.  14; 


P.(s)= 

9.37e-14  s'  +  5.821e-ll  s  +  8650 

s'  +  1.045  s'  +  90824  s 

P,(s)= 

-1.705e-13  s'  -  5.821e-ll  s  +  6712 

s'  -»■  297.2  s'  +  80018  s 

Pr(s)  = 

-4.547e-13  s'  -  1.746e-10  s  +  2709 

s' 1116  s' -t- 48618  s 

P,(S)= 

-4.263c-14s'  +  2.183e-ll  s  +  5352 

s'  +  16.77  s'  57552  s 

P5(S)  = 

-2  e-13  s'  +  16256 

s'  +  1200  s'  +  2.917e-t-05  s 

P.(S)* 

1  e-15  s'.  1  e-11  s  +  1442 

s’  +  0.2121  s’  +  15137  s 

Fig.  14.  shows  that  the  system  becomes  highly  underdamped  for  certain  values  in  the  parameter  range. 
The  main  difficulty  with  this  problem  was  that  the  gain  of  the  plant  was  too  small  to  achieve  a  fast 
response.  However  the  gain  could  not  be  increased  because  of  the  existence  of  the  resonance  peak. 

The  other  interesting  point  about  the  plant  was  that  the  plant  templates  grew  in  width  as  the  frequency 
increased  up  to  the  resonant  frequency  indicating  large  variation  of  phase  around  the  resonance  region 
as  shown  in  Fig.  15. 

A  possible  design  for  the  loop  function  is  shown  in  Fig.  16.  All  the  boundaries  are  satisfied  and  the 
loop  function  has  a  good  roll-off  rate  at  high  frequency.  Fig.  17  shows  the  same  design  at  higher 
frequencies  indicating  clearly  the  existence  of  the  resonance  in  the  nominal  plant  and  the  loop 
function. 

The  compensator  characteristics  for  this  design  are  shown  in  Fig.  18.  The  compensator  has  the 
following  transfer  function  ; 


Cl(s)  = 


1.057  s'  52.74  s  +  47.2 

2.06  e-05  s'  -»•  0.00198  s'  +  0.07285  s'  +  1.08  s  +  1 


The  amplitude  characteristics  of  the  closed-loop  system  are  shown  in  Fig.  19.  It  can  be  seen  that  the 
resonance  peak  of  some  plant  transfer  functions  violate  the  specification  bounds.  The  addition  of  a 
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simple  prcfiltcr  attenuntcs  the  resonance  peaks.  Since  all  the  frequency  boundaries  are  satisfied  it  is 
possible  to  fit  the  closed-loop  frequency  response  entirely  inside  the  specification  bounds.  However, 
this  will  result  in  a  more  complicated  structure  for  the  prcfiltcr  and  was  found  to  have  little  effect  on 
the  step  response  of  the  system  due  to  the  low  gain  in  the  resonance  region.  Fig.  20  shows  the  system 
response  and  the  specification  bound  for  the  final  design.  The  prefilter  is  required  to  provide  limited 
high  frequency  attenuation  and  the  following  transfer  function  is  adequate  ; 

1 

F(s)  =  - - 

0.02  s  +  1 

Fig.  21,  22  and  23  sho’  ’  the  step  response,  controller  output  and  the  response  to  a  step  disturbance  at 
the  output  of  the  system  transfer  fu.nctions  respectively. 

4  -  DISCUSSION  AND  CONCLUSIONS  : 

The  OIT  toolbox  has  been  implemented  on  a  PC-AT,  PC-486  and  HP  Workstation.  The  open 
architecture  of  Matlab  makes  the  transition  between  the  different  platforms  and  versions  of  Matlab 
very  easy.  Th :  controller  designs  for  this  paper  were  implemented  on  a  PC-486  running  MatIab-386. 

There  are  some  problems  with  numerical  errors  when  dealing  with  high  order  plants  and  controllers, 
however  when  such  problems  occur  external,  numerically  more  robust  routines  can  be  called  from 
within  Matlab  and  the  results  imported  into  Matlab  for  analysis  and  graphical  representation.  Such 
problems  were  not  encountered  in  this  paper. 

Both  of  the  benchmark  problems  described  in  this  paper  precluded  the  use  of  the  direct  design  of  the 
compensator  alone,  the  resonances  and  also  the  non-minimum  phase  characteristics  of  the  hydraulic 
^stem  required  a  combination  of  the  general  sequential  procedure  and  the  direct  loop  shaping 
approach.  However,  this  is  very  easily  implemented  within  the  toolbox  and  the  designer  can  readily 
sec  the  implications  of  the  selected  elements  on  the  loop  function  in  relation  to  the  frequency 
boundaries.  The  design  discussed  in  a  previous  paper  (/*^inc  and  Wynne,  1991)  was  concerned  with  a 
controller  for  an  aero  engine  for  a  commercial  aircraft.  This  yielded  a  loop  function  which  satisfies 
the  two  criteria  established  earlier  and  hence  the  compensator  could  be  determined  by  fitting  an 
appropriate  transfer  function  in  this  case.  The  order  of  the  transfer  function  and  hence  the  controller 
could  be  determined  by  the  designer,  provided  the  resulting  loop  function  satisfies  the  frequency 
boundaries.  Thus  a  direct  design  of  the  compensator  was  possible  in  that  case. 

The  two  controllers  which  result  from  the  design  procedure  applied  to  the  benchmark  problems,  are 
both  of  relatively  high  order  in  relation  to  the  plant  dynamics.  However,  to  meet  the  design 
specifications,  given  the  relative  complexity  of  the  system  dynamics  it  was  necessary  to  implement  such 
high  order  controllers.  In  the  case  of  the  missile  system  the  additional  high  frequency  lag  element  was 
introduced  to  reduce  the  control  effort.  ITie  effect  of  this  was  easily  nsses.sed  using  the  toolbox  and  is 
one  of  the  most  useful  features  of  the  Qf-T  method;  the  designer  is  ‘in  control'  of  the  design  at  each 
stage.  The  trade-offs  between  control  effort,  the  cost  of  feedback  and  the  achievable  level  of  output 
arc  transparent  throughout  the  design.  Thus  it  also  allows  the  designer  to  make  value  judgements 
about  increasing  the  complexity  of  the  controller  to  improve  the  performance  of  the  closed-loop 
system. 

In  both  of  the  designs  implemented  here  the  specifications  are  slightly  violated  Fig  12  and  21. 

However,  in  both  cases  it  was  decided  that  the  increased  complexity  of  the  controller  together  with  the 
added  control  effort  was  not  justified  for  such  marginal  improvements  in  performance.  This  approach 
to  design  is  familiar  to  most  engineers  who  are  used  to  finding  a  solution  which  meets  the  specification 
whilst  operating  within  financial  (cost)  constraints. 

The  evidence  in  the  UK  is  that  industry  is  still  predominantly  concerned  with  SISO  systems.  The  H* 
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approach  is  being  demonstrated  to  industrialists  as  a  SiSO  design  tool.  However,  the  benchmark 
problems  used  here  provide  a  mechanism  for  evaluating  the  design  procedures  and  together  with  the 
new  Matlab  toolbox  enable  the  evaluation  of  QFT  in  relation  to  other  methods  to  be  made  within  a 
common  environment. 
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Fig.  10  •  Closed-loop  System  Amplitude  without  the  Prefilter 
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Controller  Output  Output 


STEP  RESPONSE  OF  SYSTEM  TRANSFER  FUNCTIONS  S  SPEC  ENUELOPE 
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Fig.  12  •  Step  Response  ol  the  Closed-loop  System  ' 
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Fig.  17  •  Loop  Function  at  High’  Frequencies 
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Fig.  18  •  Frequency  Cliarocteristics  of  the  Compensator 
SPECIFIED  GAIN  vs  ACTUAL  GAIN  -  HOBOUITZ  METHOD 
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Abstract:  This  paper  presents  a  synthesis  technique  for  time  invariant,  linear 
multi-input  multi-output  feedback  control  in  the  frequency  domain.  The 
technique  handles  stability,  performance  and  robustness  aspects  of  the  design 
in  the  framework  of  the  Quantitative  Feedback  Theory,  QFT.  In  particular,  it 
is  suggested  to  transform  the  n  square  MIMO  systems  to  n  SISO  systems,  and  to 
use  the  standard  QFT  procedure  for  SISO  system  with  additional  constraints 
which  depends  on  the  cross-coupling  effects  of  the  multiple  loops.  To 
illustrate  the  basis  of  the  procedure  one  detailed  example  is  given. 


I.  INTRODUCTION 

The  most  common  systematic  way  to  examine  the  frequency  response  of  MIMO 
systems  for  the  feedback  scheme  shown  in  Fig.  1  is  today  the  singular  values 
decomposition  (Doyle  and  Stein,  1981),  although  they  can  not  be  used  to  obtain 
systems  phase  information  and  it  is  Impossible  to  analyze  the  Individual 
responses  associated  with  particular  pairs  of  reference  r^  and  output  y^. 

Moreover,  assuming  a  nxn  MIMO  system  it  is  not  easy  to  Include  direct 
bandwidth  specifications  and  sensitivity  constraints  for  each  channel  of  the 
system. 

On  the  other  hand,  in  pioneering  work  by  Rosenbrock  (1969),  the  frequency 
response  2malysls  and  design  for  MIMO  systems  are  done  with  the  aid  of  the 
diagonal  dominance  concept,  but  in  some  process  control  as  in  the  flight 
control  problem  this  idea  can  not  be  easily  used  because  of  the  strong 
interaction  between  loops. 

Other  alternative  which  was  reported  for  the  case  of  2-input,  2-output  systems 
by  Sponer  (1966)  in  the  Germany  literature  is  to  seek  a  equivalence  between 
the  MIMO  feedback  system  and  single  loops  or  channels  in  such  way  that  the 
cross-coupling  effects  appear  in  the  transfer  function  of  the  single  loop  and 
the  rest  of  the  inputs  effect  is  considered  as  disturbance  in  the  equivalent 
SISO  feedback  scheme.  The  main  obstacles  for  analysis  and  design  with  this 
simple  idea  and  with  the  Rosenbrock' s  approach,  in  the  sixties,  were  the  drawn 
package  facilities  and  computation  requirements;  however  these  problems  have 
today  disappeared.  This  fact  from  engineer  point  of  view  has  revitalized  the 
classic  frequency  response  approaches  for  MIMO  systems.  Therefore  a 


considerable  effort  is  expended  in  developing  feedback  control  system  design 
approaches  for  MIMO  systems  which  are  generalizations  of  classical  frequency 
response  approach. 

However  most  of  the  above  mentioned  ideas  for  MIMO  systems  problems  assumed 
well  known  plants  and  deals  with  the  desi^^n  of  feedback  schemes  for  a  nominal 
model  which  gives  the  desired  system  response.  A  serious  disadvantages  of  this 
philosophy  is  the  ignoring  of  the  most  Important  reason  for  the  use  of 
feedback,  namely  the  reduction  cf  sensitivity  to  parameter  variations.  As 
Horowitz  (1991)  remarks  in  the  absence  of  this  factor  and  of  disturbances, 
there  is  hardly  a  Justification  for  the  use  of  a  feedback  structure.  Moreover 
in  the  MIMO  case,  the  return  difference  matrix  of  the  feedback  loop  it  is  not 
unique  because  it  is  dependent  on  the  break  point  of  the  loop  and  therefore, 
the  demonstrated  analogy  between  the  sensitivity  functions  to  disturbance  and 
to  plant  parameter  variations  for  SISO  system  (see  Frank  1978)  is  not 
validated. 

On  the  other  hand  the  Quantitative  Feedback  Theory  ((iFT)  proposed  by  Horowitz 
(1963)  for  SISO  has  been  recognized  to  be  an  effective  design  approach  for 
dealing  with  significant  parametric  uncertainties  in  the  SISO  case.  However  in 
the  particular  case  of  MIMO  systems  with  strong  cross-coupling  effects  between 
loops,  it  is  not  clear  how  to  tackle,  at  the  same  time,  the  Interaction  and 
uncertainty  problems  in  a  systematic  handy  mannej.  The  n  scalar  loop 
transmissions  for  a  nxn  system  together  with  the  n  scalar  uncertain  plant 
transfer  functions  complicate  the  analysis  and  design  because  there  exists  n 
scalar  expressions  for  the  sensitivity  functions,  which  are  extremely 
intermixed  and  which  has  to  be  analyzed  to  study  the  general  sensitivity 
behavior  of  the  MIMO  system.  Horowitz  et  al  (1976  and  1979)  published  various 
approaches  trying  to  reduce  the  MIMO  uncertainty  problem  to  equivalence  SISO 
uncertainty  problems.  However  a  dominant  design  approach  by  QFT  for  MIMO 
system  is  not  now  recognized.  In  particular  I.  Horowitz  (1991)  has  made  some 
important  remarks  in  his  recently  survey  of  QFT  about  constraints  and  problems 
in  the  MIMO  case. 

On  the  other  hand  recently  O’Reilly  et  al  (1991)  has  proposed  a  new  framework 
called  Individual  Channel  Design  (ICD)  to  analyze  and  design  MIMO  systems  with 
2-inputs  and  2-outputs  taking  into  account  the  interaction  effects  between 
loops,  and  using  simple  classical  tools  for  SISO  systems,  like  Nyquist  and 
Bode  plots.  The  main  contribution  of  the  work  of  O’Reilly  et  al  (1991)  is  the 
characterization  of  tre  cross-coupled  effect  of  the  MIMO  system  by  a  complex 
function  called  Multivariable  Structure  Function  which  allows  us  to  write  the 
transmission  of  each  channel  for  the  MIMO  system  in  a  very  general  compact 
form. 


These  two  ideas  have  motivated  this  paper  wherein  the  generic  patterns  for  the 

n^  SISO  systems  which  are  equivalent  to  the  two  degree  of  freedom  feedback 
MIMO  system  of  Fig.  1  are  presented.  In  particular  it  Is  shown  by  these 
equivalent  relations  that  a  generic  pattern  of  the  Horowitz’s  sensitivity, 
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of  the  closed  loop  transfer 


316 


matrix  with  respect  to  the  plant  elements  p^^  for  i=l,...n  and  J=l,...n.  These 

n*  transfer  functions  allow  us  to  complement  both  approaches,  the  ICD  and  the 
QFT,  to  analyze  and  design  controller  for  MIMO  systems.  It  is  proposed  to  cope 
with  the  controller  design  for  MIMO  systems  first  analyzing  the  n  equivalent 
SISO  problems  with  uncertainty  in  the  framework  of  the  ICD  and  second 
introducing  the  sensitivity  functions  and  robustness  specifications  as  new 
constraints  in  the  well  known  QFT  approach  for  SISO  systems  design.  This 
proposition  allows  us  to  introduce  directly  the  n  sensitivity  function  for 
each  closed  loop  transfer  functions  t^^  in  the  QFT  approach  and  therefore  the 

uncertainty  effects  in  both  gain  and  phase  of  the  closed  loop  matrix  T(s)  can 
be  straightforward  analyzed  using  the  classical  control  concepts  in  frequency 
domain. 


Thio  paper  is  organized  as  follows.  In  Section  II,  the  analysis  of 
multivariable  systems  using  the  Individual  Channel  Design  is  presented. 
Section  III  contains  the  details  regarding  the  design  technique.  Section  IV 
shows  the  simplicity  of  the  design  on  the  basis  of  an  2-input  2-output  system, 
and  the  paper  is  concluded  in  Section  V 


II  MULTIVARIABLE  CONTROL  ANALYSIS 

Consider  the  nxn  linear  time  invariant  multivariable  feedback  system 
configuration  with  two  degree  of  freedom  of  Fig.  1.  in  which  P(s)  corresponds 
to  the  transfer  matrix  of  the  plant  with  elements  p^^,  G(s)  is  a  dynamic 

controller  with  elements  and  the  matrix  FIs)  corresponds  to  a  pre-filter. 

Then,  the  transfer  matrix  of  the  closed  loop  system  is  given  by 

T(s)=  (I  +  L(s))‘'l(s)  F(s)  (1) 

where  L(s)  =  P(s)G(s)  is  the  open  loop  system  matrix. 


r(s) 


FIs) 


rls) 


d(s) 


=> 


control ler 


plant 


y(s) 


Fig.  1  Two  degree  of  freedom  multivariable  feedback  system 


The  variable  s  is  up  now  dropped  whenever  confusion  not  arise  as  a 
consequence.  To  determine  the  general  expressions  for  the  elements  t^^  of 

matrix  T,  (1)  in  term  of  plant  P.  pre-filter  F  and  controller  G,  fiist  the 
MIMO  system  is  transformed,  without  loss  of  generality,  in  n  SISO  equivalent 
channels.  Then  the  input-output  pair  (r^.y^)  is  defining  the  i  th  channel,  and 


the  effects  of  the  remaining  references  r 


for  J*1  and  perturbation  vector  d 
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are  assuned  as  glob.nl  disturbances  for  the  channel  1.  Therefore,  the  block 
diagram  of  the  multivariable  system.  Fig.  1.  assuming  a  diagonal  pre-filter  F 
can  be  modified  as  it  is  shovm  in  Fig.  2  where  the  constant  matrix  is  given 

by 

A  =  I  -  V  V  ^  €  R““  (2) 

In  II 

with  I  the  identity  matrix,  v  e  r”  the  unit  vector  1.  the  constant  matrix  M 
n  I 

is  given  by 

M  =  I  -  V  V  ^  e  r"*"  (3) 

l  n  II 

and  the  f^  corresponds  to  the  transfer  function  of  the  diagonal  element  i  of 
the  prefilter  F. 


Transmittance  of  ith  Chnnel 


Fig.  2  Fquivalence  SISO  feedback  system 

Analyzing  the  inner  loop  in  Fig.  2,  it  is  seen  that  the  scalar  transmittance 
or  direct  trajectory  of  channel  i,  has  the  general  form 

gt  =  y  /e  =  V  ^(I  +  L  A  )  'l  V  (4) 

1  I  I  I  n  i  I 

Then,  defining  r'  =  (1  +  L  A^)  and  substituting  the  unit  vector  v^  and  the 
product  Lv^  into  eq.  (4),  the  diagram  of  Fig.  2  can  be  redrawn  as 


Fig.  3  Equivalent  monovariable  system  for  ith  Channel 
with  open  loop  transmittance 
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(5) 


It  =  V  Iv 

1  1  i 

Iv^  the  column  vector  1  of  the  open  loop  matrix  L  and  the  corresponding 
perturbation  signal  given  by 

pe^  =  v^^(r‘)'’(L  A^r  +  d  )  (6) 

Moreover  the  closed  loop  transfer  function  t  ,  is  reduced  to 

11 


t  =  f  It  /(I  It  ) 
11  1  1  1 


(7) 


Therefore,  the  n-input  n-output  multivariable  systems  can  be  analyzed  as  n 
single  loops,  in  which  each  individual  channel  is  enclosed  within  a  feedback 
loop  trajectory  gt^  and  the  signal  perturbation,  p^,  which  is  given  by  the 

inputs  interaction  through  channels  and  disturbance  effects.  In  order  to 
abbreviate  the  presentation,  it  is  assumed  that  the  pair  (actuator  u^,  output 

variable  y^ )  has  been  appropriately  assigned.  This  assignment  problem  has  been 

well  addressed  by  various  authors  like,  O'Reilly  (1991),  Horowitz  (1976), 
Skelton  (1985);  therefore,  a  diagonal  controller  can  be  considered  for 
simplicity 

G  =  diagtg  .  g  .....  g  1  (8) 

1  4S  n 

Then,  the  matrix  R*  is  reduced  to 


1 


■Pi,  i-i*i-i 

0 

Pi, 

I*!®!*! 

••Pi.n«„ 

0 

p.- 

1,«+1®I*1 

' "Pl-l.n^n 

Pi.iSi  • 

■  'Pi ,  i-i®i-i 

1 

p.. 

l+l®l*t 

••P.,n«n 

•  •  P  SL 

0 

1+p 

l  +  l, 

Pi ♦!, n®n 

Pn,A  ■ 

■  ■ Pn, 

0 

Pn. 

l*l®l»l 

Consequently  defining  the  principal  transfer  function  h^  as 
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h  -  g  p  /(I  +  g  p  ) 
1  11  ®rii 


(10) 


which  corresponds  to  the  closed  loop  transfer  function  of  channel  i  neglecting 
the  interaction  between  loops,  the  matrix  R  can  be  replaced  by  the  product 


r‘=  q‘  diag(p^...p^_^  1 


(11) 


with  Q  = 


) 

1,1 

•••  P1,l-1 

0 

p 

1,1+1 

••  Pl.n  ■ 

1 

1 

, 

. 

. 

) 

i-1,1 

. . .  p 

1-1 

0 

p 

'^1-1, 1+1 

Pl-l.n 

h 

1-1 

1.1 

•••  P.,.-i 

1 

p 

•^1, 1*1 

••  Pl.n 

i 

•••  Pi*i,i-i 

0 

p 

!♦! 

•  •  P 

l*l,n 

h 

i*X 

> 

fl,  1 

Pfi,  1-1 

0 

P 

'^n.  !♦! 

•  •  P 

n»n 

(12) 


Taking  into  account  that  matrix  Q  has  a  unit  vector  in  the  ith  column  and 
using  the  notation 


cofactor  m  =  M 
ij  U 


(13) 


for  matrix  cofactors,  the  channel  transmittance  expression  It^,  (4),  is 
reduced,  after  some  algebraic  manipulation,  to  the  generic  form 

[P, 


1  1  1 

It  =  ~  fQ  .•••Q  ,•••«  J 

1  -1  11  11  nl 

^11 


11 


^Pnl 


g 


=  —  Ip  q'  +  E  Q'  P  ]  (14) 

1  '^ii^ti  ^  jr  ji 


11 


J=J 


Since,  the  term  into  the  bracket  of  eq.  (14)  corresponds  to  the  determinant  of 
the  matrix 
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p.  . 

P.  . 

•  •  p. 

P. 

1 » fi"*  1 

1  ,n 

p,  . 

P«.l 

P, 

P^ 

1. 1 

h 

•  •  1 1  fi*  1 

2»n 

1 

• 

• 

p 

n-1, 1 

P 

'^n-1,1 

p 

p 

^n-l,n 

P 

h 

n- 1 ,  n-1 

P  . 

P  , 

•  •  P  . 

n,n 

n  1 

n2 

nl 

“IT 

n 

(15) 


and  the  cofactor  q|^=  Ph|^,  then  the  direct  trajectory  of  the  channel  It^, 
(14),  takes  the  compact  form 


ltj=  g^det(PH‘)/PHjj 


(16) 


To  obtain  a  similar  pattern  for  the  transfer  function  It^  as  the  reported  by 

O’Reilly  (1991)  for  2-input  and  2-output,  the  PH*  is  divided  into  submatrices 
according  to 


ph‘= 

Pii  ' 
P* 

21  1 

'’12 

(17) 

with 

Pii  an 

scalar,  P  * 
12 

a  row  vector,  P*  a 
21 

column  vector. 

and 

P*  a  square 
22 

matrix  of 

appropriate 

dimensions.  Then, 

using 

the 

Shur’ s 

formula  and 

determinant 

properties, 

the  channel  transmittance. 

(16), 

can 

be  written  by 

lt,=  g,P,^(l 

■  Pii' 

*P‘  (P*  )'‘p‘  )  =  g  p  (1  -  * 
12  22  21  *1*^11  *1 

) 

(18) 

where  the  rational  function  called  by  O’Reilly  et  al  (1991)  the 

multivariable  structure  function  (MSF),  is  reduced  to 


p  "‘P*  (P*  )'‘p‘ 
11  12  22  21 


(19) 


This  complex  function  characterizes  the  cross-coupling  effects  in  the  loop 

i  for  all  frequencies  and  depends  on  plant  elements  p^^  for  k  and  J  different 

from  i,  and  principal  transmittance  h^,  (9),  which  is  a  function  of  the 

controller  g  and  diagonal  term  p  for  J*i. 

J  JJ 
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It  is  important  to  note  that  expression  (18)  has  the  same  pattern  for  all 
channels.  The  channel  transmittances  are  obtained  permuting  rows  and  columns 
in  PH*. 


Similar,  the  perturbation  pe^  can  be  expressed  in  term  of  the  matrix  PH*, 
obtaining  the  relation 


Pej=  I 


"  p  [  1  -  (p  )'‘Pr'  (Pm‘)'*Pc‘  ]h 
r  ‘J*-  IJ  J  J  J  -*  J 


;;;  "jjC '  ■  ‘"jj''  "‘■i''  '■'j  1 


irj  -  dj)  .  d, 


(20) 


where  Pm*  is  a  n~2xn-2  matrix  formed  eliminating  both  first  and  kth  columns 

^  I  I 

and  rows  of  the  general  matrix  PH  .  (15),  Pr^  is  a  n-2  row  vector  formed 

eliminating  both  first  and  kth  component  of  the  Icth  row  of  the  general  matrix 
PH  and  finally  Pc  is  a  column  vector  of  dimension  n-2  formed  eliminating 

^  J 

first  and  kth  component  of  the  kth  column  of  the  matrix  PH  . 


Finally,  in  order  to  characterize  completely  the  SISO  channel  structure,  the 
sensitivity  functions  of  the  closed  loop  with  respect  to  a  large  parameter 
variation  Ap^^  of  the  plant  for  all  i  and  J  are  sought.  In  other  words,  the 

Horowitz’s  Sensitivity  Function  (Horowitz,  1963) 


t  ^  tt  /t 

-  -Hi  IJ  - 

p  *  Ap  /p 


(21) 


for  each  element  of  the  actual  closed  loop  transfer  matrix,  t^^,  with  respect 

to  the  actual  plant  elements,  p^^,  for  i=l,...n  and  J=l,...n  has  to 

calculated.  Taking  into  account  the  particular  form  of  the  closed  loop 
transfer  function  t^^.  (9).  and  the  pattern  for  the  open  loop  It^,  (18),  the 

Horowitz’s  Sensitivity  Furiction  is  reduced,  after  algebraic  manipulations,  to 
the  general  express iqn 


It.  p  Alt 

H  **  ,H  **  f  - 


(22) 


Moreover,  this  expression  can  be  reduced,  depending  on  the  considered  element 
with  variation,  to  the  following  three  patterns 
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1 


(23a) 


H  “  =  f 
P|i 


‘(1  +  Up  (1  - 


t  ~  h  a; 

H  "  =  f - i  ‘ 


‘  (1  +  Up  (1  -  x^) 


for  l^J 


t  -  X 

H  "  =  f - - 

P|ci  ‘  (1  +  up  (1  -  x^) 


for 


(23b) 


(23c) 


It  is  to  remark  that  these  expressions  for  the  channel  sensitivity  allow  us  to 
analyze  the  effect  of  all  parameter  variations  Ap^^  in  the  system  without 

assuming  a  particular  structure,  like  the  multiplicative  or  additive 
uncertainty  proposed  by  Doyle  (1981). 


From  equation  (18)  and  set  (23),  it  can  be  observed  that  the  term  (l-a;^)  is 

playing  a  very  Important  role  in  both  performance  and  sensitivity  of  channel 
i.  In  particular,  if  the  magnitude  of  MSF  is  near  one  at  some  frequency  wo 

the  channel  1  absorbs  this  frequency  since  the  open  loop  transmission  It^, 

(18)  is  practically  zero.  As  consequence  the  feedback  can  not  properly  work  at 
wo  and  the  channel  can  not  attenuate  disturbances  with  frequency  component  wo. 
This  fact  can  be  reconfirmed  looking  the  expressions  (23).  If  tends  to  one, 

since  the  three  sensitivity  expressions  have  the  term  (l-a:p  as  factor  in  the 

denominator,  the  sensitivity  becomes  then  huge  or  infinite  in  the  limit.  On 
the  contrary  if  the  MSF  Is  near  zero  at  some  frequency  «o,  the  channel 

transmittance  It^  is  approximately  equal  to  8jP,j-  This  means,  the 

cross-coupling  loops  do  not  modify  strongly  the  channel  behavior  at  this 
frequency.  As  consequence  the  sensitivity  of  the  channel  is  given  by  the 
channel  sensitivity  neglecting  interaction  effect.  Again  this  fact  is 
validated  by  the  channel  sensitivity  expressions  (23).  If  x^  Is  near  zero  the 

first  equation  (23a)  corresponds  to  the  sensitivity  of  the  standard  single 
loop  Itj  and  the  rest  of  the  sensitivity  values  are  near  zero. 


Ill  DESIGN  PROCEDURE 

The  above  presented  expressions  for  the  MIMO  system  are  generics  and  do  not 
depend  on  the  method  to  design  the  controller  g^ .  However  an  apparent  obstacle 

of  this  framework  is  that  the  loop  transmission  of  the  channel,  It^,  is 

dependent  on  the  controller  g^  and  on  the  rest  of  g^  for  J=l,...n  through  the 
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transfer  functions  h^.  Therefore  the  ability  to  shape  It^  only  changing  the 

controller  g^ ,  as  the  standard  QFT  for  SISO  system  recommends,  can  not  be 

directly  applied.  Every  time  that  the  shape  of  the  plot  It^  Is  modified  by  the 

controller  g^,  the  shapes  of  the  others  It  for  J*i  are  also  modified.  This 

disadvantage  can  be  overcome  extending  the  O’Reilly  ’s  procedure  for  2-input 
and  2-output  In  the  following  way. 

Since  the  prefilter  F  does  not  modify  the  shape  of  the  open  loop  It^  it  is 
assumed  at  his  moment  the  identity  matrix  without  lost  of  generality. 

Out  of  the  bandwidth  specifications,  the  designer  can  begin  the  procedure 
redefining  the  channels  according  their  bandwidths  by  (in)  increasing  order. 
In  other  words,  channel  1  is  associated  to  the  lowest  bandwidth  and  channel  n 
to  the  highest  bandwidth  channel. 

On  the  other  hand,  the  bandwidth  of  the  MIMO  system  has  a  very  nice  general 
property  which  can  be  summarized  as  follows  (Verde,  1991). 

Assuming  the  polar  plot  of  the  MSF  not  near  one,  the  bandwidth  of  the 

closed  loop  channel  i  is  bound  by  the  respective  bandwidth  BW  of  closed  loop 

hi 

channel  i  in  which  the  loops  interaction  effect  is  neglected.  In  other  words 
the  speed  of  a  channel  with  cross-coupling  between  loops,  depends  only  on  the 
bandwidth  of  the  respective  channel  neglecting  interaction.  Therefore  the 
cross-coupling  loops  do  not  affect  strongly  the  bandwidth  of  the  channel. 

Now  the  channels  reassignment  according  their  bandwidths  and  the  bound 
property  of  the  channels  speeds  enable  us  to  shape  one  by  one  the  open  loop 
It^  for  each  of  the  n  SISO  channels  in  the  following  iterative  way.  The  design 

technique  is  based  on  the  manipulation  of  both  open  loop  transfer  functions 
with  and  without  cross-coupling  interaction  at  high  and  low  frequency  regions. 
Specifically  the  gap  between  high  and  low  frequency  depends  on  the  channel 
under  consideration.  However  it  is  to  remark  that  the  narrower  the  gape 
between  channels  is,  the  greater  the  iteration  number  will  be  to  yield  a 
satisfactory  design. 

In  the  first  stage,  it  is  assumed  that  all  the  channels,  excepts  the  first, 
have  very  great  bandwidths.  As  consequence  the  complex  function  for  i 

can  be  approximated  to  one  and  the  only  unknown  function  in  the  ooen  loop 
equation  (18)  of  channel  1  Is  the  controller  g^ .  Thus,  the  QFT  design  for  SISO 

system  on  g^  can  always  proceed  on  the  basis  of  a  known  bounds  of  bandwidth, 

sensitivity  constraint  and  stability  margins  for  channel  one.  Since  the 
controller  through  the  transfer  function  h^  can  introduce  transmission 

zeros  in  the  MIMO  system,  it  is  necessary  to  test  during  the  QFT  procedure 
that  this  does  not  occur.  A  simple  graphic  procedure  is  indicated  below  which 
can  be  straightforward  implemented  for  this  purpose. 
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Taking  into  account  that  the  zeros  of  the  function  (1-3:^)  assuming  hj=l 

correspond  to  the  transmission  zeros  of  the  MIMO  system  (see  O'Reilly,  1991), 
it  is  proposed,  similarly  to  Nyquist  criterion,  to  use  the  calculus  of 
residues  for  checking  the  lack  of  new  RHPZ  produced  by  the  controller  g^  in 

the  function  (l-^j)-  Therefore,  it  is  only  necessary  to  verify  that  the  number 

of  net  clockwise  encirclements  of  the  point  (1,0)  of  the  polar  plots  of 

assuming  infinite  bandwidths  (i.  e.  h^=l )  is  held  during  the  adjusting  of  the 

controllers  by  the  QFT. 

Once  the  channel  1  design  for  is  completed,  the  channel  2  design  can  then 

be  adjusted  by  the  QFT  on  the  basis  of  known  transfer  function  h^,  bandwidth 

specification,  sensitivity  constraint,  stability  margins  for  channel  2  and 
hj=l  for  the  rest  of  the  channels  in  the  open  loop  equation  (18).  Again  the 

absence  of  new  RHPZ  in  the  system  by  g^  has  to  be  verified.  Of  course  the 

graphics  method  suggested  for  this  purpose  can  again  be  used. 

The  above  described  design  philosophy  can  be  implemented  in  an  iterative 
procedure  for  each  element  of  the  controller. 


IV  EXAMPLE 

The  following  academic  2-input,  2-output  example  illustrates  the  basis  of 
the  above  described  ideas.  Consider  the  plant  transfer  matrix 


P 


1 

A 


■  117 
-10.7 

-0.671±2.25J 
-1.14-1. 05J 
-0. 130 
-0.00316 

14.07 

-11.5 

-0.6572±2. 19J 
-0.523 

-0.03310. 003 J 


30. 1 
-10.3 

-1.2115.35J 
-0.65012. 24 J 
-0.02810. 005 J 


28.5 

-10.3 

-0.65812. 24 J 
-0.784 

-0.02810. 00 I J 


(24) 


where  the  following  convention  for  a  polynomial  p  of  order  n  with  zeros 
a  ,  a  ,  a  and  gain  k  has  been  used 

1  2  n 

p=  k(s+a  )(s+a  )(s+a  )...(s+a  )=  (ki-a  ; la  -...i-a  (25) 

I  2  2  n  ■  1  ■  2  ■  ■  n 

the  system  characteristic  equation  is  given  by 
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A=( 1 1 -10. 5 i -3. 19 i -0. 65312. 25J  j 0. 13310. 376J i -0. 405 i -0.003] 


and  set  of  finite  zeros  TZ*  {-10, -0. 6512.2J>. 

Assume  typical  frequency  domain  design  specifications  like  the  following  set. 

1)  Zero  steady  state  error  in  response  to  a  unit  step  change  in  both  outputs. 

2)  Bandwidth  for  output  one  less  than  1  rad/s. 

3)  Bandwidth  for  output  approximately  5  rad/s. 

4)  The  system  must  be  robust  for  plant  uncertainty  below  1  rad/s. 

5)  The  effect  of  the  controller  inputs  in  the  outputs  decoupled  as  much  as 
possible  (i.e  the  closed  loop  transfer  functions  t  and  t  near  zero). 

First  the  analysis  of  the  open  loop  system  structure  system  using  the  ICD 
tools  is  done.  It  can  be  observed  from  the  Fig.  4  where  the  frequency  response 
of  the  plant  is  presented  that  the  system  is  not  diagonal  dominant  even  at  low 
frequency. 

Assuming  initially  infinite  bandwidth  for  the  two  channels,  (i.e.  hj=l  and 

h^=l)  the  polar  plot  of  the  complex  function  MSF  the  Fig.  5  allows 

then  us  to  determine  the  frequency  range  in  which  the  system  is  stronger 
coupled  and  very  sensitive  according  the  ICD  framework.  Two  facts  can  be 
observed.  The  MSF  polar  plot  is  far  way  from  0  indicating  that  the  structure 
is  coupled,  at  low  frequency  and  the  plot  is  near  1  at  low  frequencies  which 
implies  a  lacking  of  structure  robustness  at  frequencies  below  0.2  rad/s. 
Moreover  to  avoid  the  Introduction  of  new  RHPZ  in  the  channels  by  the 
controllers  g^  and  g^,  these  must  be  designed  in  such  way  that  the  two 

encirclements  of  the  MSF  and  to  the  point  (1,0)  are  maintained. 

In  order  to  achieve  the  steady  state  error  the  following  structure  with 
integral  action  for  both  controllers  g^  and  g^  is  obviously  proposed. 


Specifically  first  the  controller  g^  is  adjusted  shaping  the  open  loop 

transfer  function  It^  with  h^=l  by  the  standard  SISO  QFT  procedure.  In  this 

case  the  particular  specifications  are  bandwidth  less  than  1  rad/s, 
uncertainty  compensation  for  frequencies  below  1  rad/s  and  the  MSF  plot  as 

near  as  possible  to  zero,  maintaining  the  two  encirclements  to  the  point 

(1,0). 

The  Fig.  6  shows  the  behavior  of  channel  1  with  the  designed  controller.  It 
is  to  note  from  the  frequency  response  of  h^  and  t^^  the  likeness  between  both 
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bandwldths. 


Once  the  the  controller  is  determined,  the  controller  must  be  designed 
by  the  QFT  on  the  basis  of  the  a  known  h^  in  the  open  loop  transfer  function 
It^,  taking  into  account  specifications  3,  4,  and  5  and  maintaining  the  two 
encirclements  to  the  point  (1,0)  of  the  MSF 

After  the  two  controller  has  been  independently  determined,  the  design  is 
verify;  if  all  the  specifications  are  not  satisfied,  the  controllers  has  to  be 
redesigned  but  now  taking  the  transfer  functions  h^  and  h^  obtained 

previously.  The  Fig  7  shows  the  response  of  channel  1  and  2  after  four 
iterations  for  the  controllers  redesign. 

The  Figs  8  and  9  show  the  sensitivity  functions  for  the  diagonal 
elements  of  the  closed  loop  transfer  functions.  It  is  from  the  sensitivity 
that  the  robustness  requirements  are  met. 


V  CONCLUSIOM 


This  paper  presents  a  method  for  MIMO  system  deslg’  hich  uses  the  advantages 
of  the  QFT  procedure  based  on  SISO  system.  The  basiv.  ^dea  consists  to  consider 
a  MIMO  system  as  n  equivalent  SISO  system  where  the  cross-couplings  effects 
are  already  introduced  in  the  transfer  functions  via  the  Multivariable 
Structure  Function  proposed  by  O'Reilly  et  al  (1991).  It  is  emphasized  that 
this  is  an  introductory  paper  and  many  issues  remain  to  be  explored  in  future 
work. 
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Fig.  5  Polar  Plot  of  the  Multivariable  Structure  Function  Xj* 


Fig.  6Frequency  response  of  channel  1  assuming  ^^=1 . 

a)  Closed  loop  response  with  and  without  interaction  effects 

b)  Multivariable  Structure  Function  x  with  h  *  1 

2  1 

c)  Open  loop  response  with  and  without  interaction  effects 


mag 


rad/s  rad/s 


Fig.  7  Frequency  response  of  the  closed  loops  with  and  without 
interaction  effects,  a)  Channel  1:  b)  Channel  2 
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1 .  ABSTRACT 

This  paper  investigates  a  linear  time  invariant  system 
with  serious  plant  uncertianties .  The  Quantitative  Feedback 
Theory  (Q.F.T.)  synthesis  technique  is  successfully  to  solve 
such  an  feedback  problem.  And  the  plant  modification  feedback 
system  has  been  developed  to  save  the  "cost  of  feedback"  under 
a  tolerable  signal  level  range.  For  a  MIMO  system,  the  "cost 
of  feedback"  is  more  serious  in  the  QFT  design,  so  it  is  very 
useful  to  consider  the  P.M.  loop.  In  this  paper,  the  M.I.M.O. 
multiple  loops  system  design  with  P.M.  loop  is  developed.  A 
systematic  design  procedure  is  derived  and  numerical  examples 
are  illurstrated .  It  is  concluded  that  the  "cost  of  feedback" 
is  largely  reduced  in  the  MIMO  multiple  loop  P.M.  system. 


2 .  INTRODUCTION 


The  more  use  of  a  feedback  configuration  around  the  uncer¬ 
tain  plant,  suffices  to  scare  it  into  docile  behavior,  In  1972, 
I.M.  Horowitz  and  M.  Sidi  (1]  have  •utrodaced  a  design  method 
Q.  F.T.  (Quantitative  Feedback  Theory)  to  solve  the  U'.r.er  taintiea 
in  a  plant  even  they  are  large.  It  is  known  that  a  feedback 
control  loop  can  improve  the  sensitivity  of  parameter  uncer¬ 
tainty  and  the  effect  of  disturbance.  By  using  a  2  D.O.F. 
feedback  structure  in  Fig.l,  this  synthesis  theory  will  design 
a  controller  G(s)  to  assure  the  sensitivity  of  system  within  a 
prescribed  quantity  which  is  the  difference  between  A  &  B  in 
Fig. 2.  The  prefilter  F(s)  will  make  the  frequency  response  of 
the  system  be  bounded  within  the  design  specification  (Fig. 2). 
The  pr  blem  had  extended  to  more  than  two  degree-of-freedom 
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Fig.  1  2  D.O.F. system  structure 

system  [2,3],  such  as  multiple-loop  system  (4),  and  plant 
modification  P.M.  structure  system  (5,6).  On  the  other  hand, 
the  singe  loop  MIMO  problem  had  developed  in  old  method  [lOJ, 
improved  method  (7,9)  and  EDA  method  (11). 

For  a  heavy  uncertained  plant,  the  "cost  of  feedback", 
C.O.F.  £  noise  response  at  plant  input 
=  X^/  Nj  (refer  Fig. 16) 
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usually  high  in  prder  to  satisify  the  required  systea  perfora- 
SQCe.  In  this  cssei  both  single-loop  and  aultiple-loop  MIMO 
designs  cannot  solve  the  problea.  In  this  paper  a  MIMO  P.M. 
systea  which  allows  feedback  into  the  inter  aediate  points  of 
a  cascaded  plant,  la  discussed.  Since  the  design  degree  of 
freedoa  is  increased,  then  the  C.O.F.  can  be  reduced  and  the 
problea  is  solved.  The  P.M.  system  indues  plant  output  signal 
level  variation.  This  polynominal  is  restricted  by  a  con¬ 
straint  in  this  paper. 

Section  3  is  dealing  with  the  stateaent  of  the  problem. 
In  section  4,  we  will  explore  Signal  Level  problem,  reviews 
some  problems  in  P.M.  structure  system,  and  present  the  results 
which  shows  the  sensor  noise  effect  is  reduced.  Section  5 
illurstrates  the  system  structure.  In  section  6,  a  M. I.M.O. 
system  will  be  examined  and  2-loop  P.M.  system  will  be  success¬ 
fully  applied  to  the  MIMO  synthesis  technique  with  numerical 
exaaples.  The  discussion  about  the  observation  of  disturbance 
response,  and  sensor  noise  response  on  corresponding  output 
point  will  be  included  in  section  7.  Section  8  is  the  conclu¬ 
sion  of  the  present  paper  and  some  suggestions  for  the  further 
work.  Finally,  some  datum  are  listed  in  Appendix.  In  this 
paper,  the  P.M.  loop  is  allowed  in  the  MIMO  system  to  improve 
the  "C.O.F.". 


(««»  SgMiriCgltM 


Fig.  2  System  •pecification 


3.  PROBLEM  STATEMENT 

There  is  given  an  nxn  linear  time  invariant  plant  with  a 

cascaded  section,  P®,  P** . p"  (all  n  x  n  matrices).  The  n 

outputs  of  each  section,  may  be  measured  and  the  data  can  be 
used  for  feedback  purposes,  the  command  input  vector  R  nay 
also  be  measured.  There  are  n+1  degrees  of  freedoms,  ie,  n+1 

independent  matrices  in  NPM  systea.  F,G® . g“  in  figure  3 

are  nxn  of  compensating  transfer  functions  to  be  chosen.  There 

are  assigned  tolerances  on  these  n*  elements  of  the  overall 

system  transfer  function  T  in  the  form  of  n*  acceptable  sets. 


\ 
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Pig.  3  feedback  structure  around  n  loop  MIMO  syaten 

If  the  P.M.  loop  is  allowed,  the  aatrix  degrees  of  free¬ 
dom  is  drasically  increased  to  (n»l  )»m/2-»l  (figure  4).  In  P.M. 

system,  if  we  draw  all  loops  in  one  side  of  the  cascaded  plant 

p*  pm-l.....pC  pb  pa^  there  are  no  loop  crossing  over,  this  is 
called  no  cross  loop  P.M.  system  (Fig. 5).  The  D.O.F.  is  2*m. 
Even  in  the  NCPM  case,  the  cost  of  freedom  is  largely  reduced. 
But  one  must  careful  that  the  tolerable  signal  level  variation 
constraint  must  be  considered. 

4Su(MX)  -Cl  -6t  •0|(toXI 


Fig.  4  P.M.  feedback  structure 


Fig.  5  NCPM  feedback  structure 


4.  SIQMAL  LEVEL  CONSIDERATION  IN  PLANT  MODIFICATION  SYSTEM 

Consider  a  single  input  single  output  (S.l.S.O.)  system, 
where  the  plant  consists  of  n  cascading  sections,  see  figure  6, 
with  a  required  maximum  output  signal  level  C^(s).  The  signal 


level  at  the  input  of  P**  is: 


where  is  the  output  of  P^.  This  relation  will  not  be 
changed  in  the  NPM  cascaded  multiple-loop  feedback  structure 
in  which  all  feedback  path  return  to  the  input  of  plant  p’". 


(  2  ) 


Suppose  a  feedback  loop  is  put  around  plant  P^  with  compensator 
H(8)  in  figure  6(b). 


(a) 


(b) 

Fig.  6  (a)  a  cascaded  plant  system 

(b)  adding  a  P.M.  loop  system 

The  signal  at  is  still  C^/P^,  but 

^22  =  *1  *  »a^l  =  *  "a^^l  =  ‘  ^ 

=  (1  +  H^P®)  Xj  =  (1  +  H^P®)  Cgg  (  3  ) 

For  the  same  required  signal  level  of  C^,  adding  an  P.M.  inner 
loop,  the  resulting  signal  level  of  Cgg  equals  to  Cg^  multi¬ 
plied  by  ( 1  +  H^P®) .  The  plant  P®  appears  to  modification  and 
the  system  is  called  a  P.M.  system.  It  is  conceivable  that 
this  level  of  Cgg  may  be  so  much  larger  than  Cg^,  so  P^  may 

have  to  handle  this  large  signal  level.  If  the  'feedback 
expert’  is  working  together  with  the  'plant  expert’  in  design 
of  the  plant  itself,  then  the  trade  -  off  in  such  significant 
plant  modification  may  be  seriously  considerd.  In  the  case  of 
a  existing  plant,  a  P.M.  design  method  must  keep  the  increase 
of  the  plant  input  signal  within  a  tolerance  range  [4].  The  2 
loop  P.M.  system  structure  is  shown  in  figure  7(b).  In  addi¬ 
tion,  the  insight  obtained  from  a  synthesis  procedure  is  very 
useful  for  those  cases,  and  the  feedback  expert  is  called  to 
help  the  plant  expert  in  the  actual  plant  designed  [4]. 
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Fig. 


(a)  Single  loop  system  structure 


7  (b)  The  P.M.  2-loop  system  structure. 


In  order  to  follow  the  same  design  notation  as  in  a  non-P.M. 

b  A 

cascaded  system  design  [1,8],  let  ®  ^  n  ^  en’ 

P^  =  .  f  . ... ,  L  =H  P^  in  nominal  plant  case.  For  the  sake  of 
en  i  +  blT  an 

At) 

the  signification  signal  level  variation  due  to  L  •  it  is 
impractical  to  let  L  cope  completely  with  the  uncertainty  in 

P^.  The  P.M.  design  theory  is  developed  by  base  on  individual 
an  sidering  the  frequency  spectrum  [4,5].  While  the  uncer¬ 
tainty  in  the  low  frequency  range,  the  control  signals  be  dom¬ 
inated,  so  it  is  take  care  of  by  the  outer  loop  L^.  But 

handle  the  uncertainty  only  P^  in  high  frequency  range,  thus 
the  UHWB  region  be  determined  by  the  variation  due  to  P  .  The 
inner  loop  cannot  handle  all  the  uncertaunties  of  P  ,  ie, 

.d|P®^|  may  be  not  equal  to  zero,  so  the  outer  loop  must  have 
some  overdesign  to  make  up  the  difference.  Since  the  uncer¬ 
tainty  in  P*  is  compatible  with  L  and  it’s  a  allow  for  P* 
e  o  e 

uncertainty,  then  can  be  designed  as  a  highly  economical 
loop  in  terms  of  bandwidth. 


4 . 1  Signal  Level  Variation  ratio  (SLVR)  and  p 

The  signal  level  (  S.L.)  problem  is  the  basic  otv.-  in  the 
plant  modification  system  design.  SLVR  is  defined  witi.  ruspect 
to  a -single  loop  design  for  the  same  plant  (figure  7(a}).  The 
maximum  output  signal  level  is  : 

=  I**  |-rTTrTjw7“Lax  ’  ^  ^ 


and  the  maximum  signal  level  at  the  output  of  P* 

b,( jw) 


is 


ISs^'^''H,ax  ^  L,(jw)J  imax*  <  ®  > 


max 

T' 
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I 


The  ratio 


r^(jw)  » 


|C2g(Jw)| 


|C,(Jw)| 

Siailarly,  in  P.M.  2  loop  system  (figure  7(b)) 

L  (jw) 

=|R  F(Jw)||-.y,  njw)  Imax 


9 


L^( jw) 

Pae^  *  1  +  jw) )  I  max 


(6  ) 


(  7  ) 


(  8  ) 


^•2<j''>.ax 


|C22(jw) 


,  |Cj(jw)|  “J’' 

The  signal  level  variation  ratio  (SLVR)  p  is  defined  to  be 


(  9  ) 


P  (jw)  s- 


1^22  L( 


ax 


I  S  Imax 

■n^P — 


.  .  -  ■  ■  ■  <  ’ 

i ^2s I max 

The  P.M.  systea  synthesis  theory  is  restricted  to  the  R.M.S. 
signal  level,  not  to  peak  values.  That  is,  this  synthesis 
theory  is  based  on  the  amount  of  signal  level  variation  Q 
defined  by  : 


Q  =- 


/o  <i« 


max 


(  11  ) 


4 . 2  Division  of  the  Frequency  Spectrum 

According  to  the  single  loop  design  result  (Fig.  8).  the 
frequency  range  is  divided  into  5  distinct  parts  (where  both 

the  h.f  uncertainty  of  P*  and  P^  are  14  db). 

(1)  The  very  low  frequency  range  Rj  =  (0  ,  wl]  is  the  range  of 

|L^( jw) I  I  25  db  over  the  entire  plant  parameter  space.  In 

this  range  in  P.M.  synthesis  the  inner  loops  are  not  used 

to  help  the  outer  loop  L  .  ie.  in  R, ,  L  m  L  .  where  L 

o  1  sn  on  sn 

and  designed  the  nominal  loop  transmission. 

(2)  Middle  frequency  range  R2  =  (  Wl  ,  W2  ]  defined  by  -14  db 

<  jL^(jw)|  <  25  db,  where  -14  db  is  due  to  P^. 

(3)  High  frequency  range  I  R^  =  (  W2  ,  W3  ]  defined  by  -28  db 

$  l^g(jw)|  <  -  14  db,  where  -24  db  is  due  to  P*  +  P**. 

(4)  High  frequency  range  II  R4  =  (W3  ,  W4]  where  W4  =10  x  W3. 

(5)  The  very  high  frequency  renge  Rg  =[  W4  ,  «•] . 

It  is  helpful  for  interpretation  of  SLVR  in  different  frequency 
range,  in  order  to  develops  the  design  procedures  of  the  P.M. 
inner  loop  . 
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4.3  Relation  between  SLVR  p  and  il  '<•  L  I 
- - -  — . .  ■  - « -  an-L 

If  the  Baxiaua  output  over  P  in  figures  7(a)  and  7(b) 

should  be  the  saae,  i.e..  |C.  | _ =  |C  I  By  inspection  of 

1 ' aax  s ' Bax 


Equation  3t  (1  H)  is  an  iaportant  factor  and  it  is  useful 
to  relate  Loci  of  constant  |l  -f  H|  to  P^  H  on  the  Nichol’s 
Chart.  Let  L^=  P*H  ;  t  -  1/L^  and  x  =  —  then 


I  s s..j^  ^  ^ — .  The  relation  between  and  t  gives  the 

conversions!  Loci  of  constant  x  nagnitude  on  the  Nichol’s 
Charti  so  the  relation  of  1 1  L^|  with  respect  to  L^  is  the 

reversed  Nichol’s  plot,  obtained  by  changing  the  sign  of  con¬ 
stant  nagnitude  curves.  We  will  develope  a  subroutine  undtr 
’MATLAB’  control  progran  to  plot  this  Loci,  expression  in  Fig. 
9.  Those  Loci  is  a  very  usefully  tool  in  the  P.M.  systen 
design. 


Our  design  philosophy  is  to  sake  L  as 

a 


snail  as  possible 


in  Rj^ ,  in  order  that  the  ainiaun  signal  level  of  C,,  be  very 


22 


closely  equal  to  that  of  ^2^.  This  is  because  that  the  control 

signal  level  is  the  highest  in  this  low  frequency,  so  that 
even  snail  precent  changes  could  lead  to  large  absolute  dif¬ 
ferences.  In  the  high  freq  'ency  ranges,  where  the  signal  level 
is  not  iaportant,  only  centrate  in  the  reduction  of  the  sensor 
noise  effect.  The  details  are  illurstrated  by  a  nunerical 
exanple . 


4 . 4  Nunerical  Exanple 

Exanple  1  :  2  loop  with  P.M.  systen  (Fig.  7(b)) 

Plant  :  P  =  p*  P^ 

where  P®  =  — —  ;  P**  =  - ^ - 

s  s  -f  a 

Plant  uncertainties :  l<K<5;liMs5;.l^ai2 

Perfonance  specification  :  shown  in  figure  2 

C 

disturbance  response  :  |  — —  |  =7  <  2.3  db 

Restriction  on  signal  level  :  Q  <  1.05  for  step  input. 

The  step  by  step  design  procedures  for  any  SISO  2  -loop 
P.M.  systen  are  follows  : 

Step.l.  ;  Choose  an  acceptable  curve  of  | 1  +  L^  |  (  see  figure 

10  )  fron  a  given  value  of  peraitted  C22  power 

increase  Q  as  defined  in  Equation  11,  where 
*  indicates  the  perninary  design  in  the  t.f. 

Step. 2.  :  Deternine  the  bounds  B,  *  on  the  inner  loop  L  «  P*  H 

*’a  * 

and  design  L^*  in  the  t .t  range  R^>R2  (TlRure  11). 


340 


step.  3.  ;  Oeteraine  the  template  of  P**  where  P*g=  P*/ ( 1  + 

L  *)•  Find  the  bounds  (w)  on  the  outer  loop,  in 

o 

order  to  satisfy  the  design  specification  on  T(jw) 
(figure  12). 

Step. 4.  :  Design  the  outer  loop  fron  the  bounds  (w). 

o 

b  A 

Fixed  L^,  using  L^=G  P  P  ^  to  find  the  corresponding 

bounds  B^  (w)  in  t,f  R^,R^,Rg  range,  such  that  is 
a 

still  satisfied  T(Jw)  (figure  13). 

Step. 5.  :  Coaplation  of  the  design  of  the  inner  .loop  L  which 

A 

satisfies  both  B, *(w)  and  B,  (w). 

^a 

Froa  a  given  Q  (  Q  ^  1.05  in  this  example  )  and  base  on 
Equation  ll,  ll  4'  L  (w)  |  can  be  selected  to  satisfy  specifi- 

cation  fron  Q.  In  1978,  Bor-Chyun  Wang  had  discussed  this 
problem  (S],  and  obtained  a  set  of  datum  about  the  relation  of 
Q  and  the  corresponding  value  of  (1  -f  |  .  This  example,  we 

use  the  result  for  'CASE-C*,  as  figure  9  and  figure  10  bounds 

on  1 1  4  According  to  figure  10  the  bound  of  is  shown 

in  figure  11  with  resulting  L  *. 

an 

For  pedagogic  reason,  it  is  better  to  understand  the 
nature  of  in  Rj ,  Rg  before  considering  how  to  derive  |1  4 

L  (w)  I  fron  Q.  The  nature  of  is  decisively  influenced  by 

the  nature  of  non  P.M.  cascaded  loop  design.  Recall  that  in  the 
f.f  range  (  R^,  R2  )•  there  is  little  demand  on  L^,  the  bounds 

are  upper  ones.  The  resulting  power  variation  Q  was  defined  to 

be  tne  ratio  of  area  under  the  curves  1C_„|*  and  |C_  I* 

'  22 'max  '  28 'max 

(figure  17),  which  gives  Qs  0.9885  in  this  example,  and  satis¬ 
fies  the  specification  Q11.05. 
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Fig.  10  Bound  on  jl+L^I  in  the  low 
frequencT 
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Fig.  17  The  aignal  level  for  C,,  “"d  C, 


4.5  Noiae  Consideration 

Observe  the  noise  response  in  the  h.f  range  for  output 
sensor  noise  N. 

*  single*loop  system  : 

*2  -  L 

T  =-Tr^  — ■  -r  (  12  ) 


pa  pt 


♦  2-loop  P.M.  system 


n  «  pa  pb 

The  details  of  numerical  examsples  for  single  loop  system, 
2-loop  NPM  cascaded  loops  system  and  3-loop  P.M.  system  are 
enclosed  in  {4,6].  Here,  one  may  ask,  for  u  2-section  cas- 
cadered  plant  2  loop  system,  why  choose  the  P.M.  system  instead 
of  NPM  system.  One  of  the  reason  is  that  only  single  sensor  at 
is  available  in  a  practical  system.  So  the  2  loop  NPM  is 

not  existed.  On  the  other  hand,  both  sensors  are  avialable, 
the  noise  power  ration  (NPR)  is  a  good  index  to  indicate 

which  structure  is  suggested.  The  Noise  Power  Ratio  (N.P.R) 

is  defined  as  the  ratio  of  total  noise  power  in  the  cascaded 
2-loop  non  P.M.  system  to  that  a  2-loop  P.M.  system  (5]. 


SYSTEM  STRUCTURE 

The  MIMO  P.M.  multiple  loop  system  is  shown  in  figure  10 

5  ^ 


Pig.  18  2-loop  MIMO  P.M.  structure 


Only  the  P.M.  loo);>  aust  consider  signal  level  problea,  prevent 

nay  have  to  be  rebuilt  to  handle  this  signal  level.  The 

system  is  process  that  the  sane  as  2-loop  SISO  P.M.  system, 
and  describe  in  the  section  4.  The  system  schematic  details 
are  presented  in  figure  19. 


Fig.  19  Block  diagram  of  2-loop  P.M.  system 


6.  MIHO  SYSTEM  WITH  P.M.  MULTIPLE  LOOPS 

In  MIMO  system,  assume  the  system  with  plants  have  uncer¬ 
tainties  in  parameters,  thus,  using  Q.F.T.  synthesis  technique 
approaches  to  design  the  system.  The  solution  of  this  problea 
has  been  developed  for  two  construct  steps.  Frist,  translate 

an  nxn  MIMO  system  to  n*  equivalent  MISO  system,  by  using  the 
Fixed  Point  Theory.  Next,  accordance  Q.F.T.  to  design  each  of 
MISO  system  corresponding  to  our  assigned  tolerable  specifi¬ 
cation  respectively.  A  single  loop  MIMO  system,  2-loop  MIMO 
structure  and  MIMO  with  P.M.  system  is  considered  in  this  sec¬ 
tion.  In  the  following  a  nxn,  a  section  cascaded  MIMO  system 
be  provided.  For  simplification  both  n  and  a  are  chosen  to  be 
2,  that  is  2x2,  2  sections  system. 

The  P.M.  system  of  figure  18  is  plotted  with  the  equiva¬ 
lent  single  loop  system  in  figure  20. 


Fig.  20  Equivalent  single  loop  for  2-loop  P.M.  system 
where  P%=  [I  + 

£  ’  £%  £**  =  ItP*]"^  ♦  (  14  ) 

Il/ql  =  [P]“^  =tp’’]‘^[IP®]“^+H]  =  [l/q^][l/q%l  (  15  ) 
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Concerning  the  uhcertaintlea  of  plant  P"  is  coped  within  two 
loops,  the  inner  loop  do  very  saall  contribution  at  h.f  range. 
Hence  the  can  not  equal  zero  in  the  h.f  range,  so  the 
UHWB  region  for  outer  loop  is  not  only  depending  on  the 

variation  of  the  P^  but  also  depending  on 


NUMERICAL  EXAMPLES 


Plant  : 

P  =  P* 

P‘^ 

■  ‘'ll 

‘'12  ^ 

r  *11  “12  ] 

where  P*= 

s 

‘'21 

s  >  a 

V 

•'22 

II 

^0.1 

s  t  a  8  t  a 

“21  “22 

L  s 

s  t  a 

L  s  8  J 

Plant  uncertainties:  1  <  <  3 


•2  i  kgj  i.5 

1  5  S  2 
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‘21 


<.5 


•2  <  ^19 

2 . 4:  ,  3 


.1  i  t 
.5  < 


'12 


‘22 


i  .2 
<  1 


.1  <  a  <  2 

perfomnce  specification:  the  specification  of  t^^^  and  t22 

are  shown  in  figure  2,  and 

I  "20  db*  |t2i(  jw)  |S  "20  db 

hi 

Disturbance  response  :  |  ^ . | °  i  2.3  db  ,isl,2. 


Three  case  are  considered: 
(i)  Single"loop  MIMO  system. 
Example  2: 


R 


Fig.  21  MIMO  feedback  system 
First,  to  find  the  Q  matrix  depend  on  the  plant  P 


Q  * 


where 


r  “11 

“12  1 

^11 

**12 

s(s-fa)  s 

(s+a) 

®21 

®22 

= 

^21 

•  *^22 

La^S'fa}  8 

( s-t’aJ.j 

11=  A/X22 

'  ®12= 

a/Xi2  ; 

®2l=  A/x 

^  "*11*22" 

*12*21 

! 

li"‘'ll“ll* 

*'l2“21 

■ 

*12“ 

‘'ll“]2* 

2l'*'2l“ll^ 

‘'22“21 

1 

*22“ 

‘'21*12^ 

21 


®22" 


'^12“22’ 

=22*22* 
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The  "baelcalljr  noh-interacting‘'  (BNIC)  loop  will  be  builded  in 
the  ^21*  reject  the  unwanted  output  7^2  ^21 

to  the  inputs  Tg  and  Tj  ,  so  that,  fj2  •**‘1  ^21 


zero.  The  outer  loop  design: 

There  are  two  kinds  of  perforaance  tolerancers.  In  the  BNIC 

terns  is  denoted  as  a  D-type  specification,  and  the  interacting 
t,  .  terns  are  denoted  as  a  A-type  and  B-type  specifications. 


'ij 

There  will  obtain  the  specification  in  following 


®12  ®P®°' 


1 

1"T"L. 


'12 


22 


‘12 


‘11 


■nr 


22 


‘12 


‘11 


j  spec . 


11  spec. 


Ir-rirl  ^  ^d 

1  +  Lj  D2j  qjj  aj2  <ln 


'21 

b* 


11 


11 


12, 


For  D|2  specification,  take  the  worst  case,  find  }  — 


11 


in 


with  all  others  known  elenents,  the  D  bounded  can  be  plotted  on 
the  Nichol's  Chart.  Base  on  this  result  be  able  to  find  the 
value  of  r  .  and  the  A,  B  specifications  can  be  solved,  also, 
**12 

plot  the  a,b  bound  on  the  Nichol’s  Chart,  is  shown  in  Fig.  22. 
Accordance  A,  B  and  D  bounds  to  find  the  bounded  of  ho  and 

designed  is  shown  in  the  figure  23(a).  Sinilarity,  we  can 

find  the  bounds  of  L2^  and  designed  L2g  in  figure  23(b).  The 

systea  response  of  frequency  domain  in  the  figure  24.  There¬ 
fore,  those  time  responses  of  ^12*  ^21  ^22 

bounded  within  the  specification  are  shown  in  the  figures  26. 
Finally,  the  sensor  noise  effect  is  express  in  the  figure  26. 
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Fig.  22  The  bounds  of  0^2'Aj}«nd 
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Fig.  25  (c)  Step  reaponse  for  Y, 
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Fig.  26  Sensor  noise 
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(ii)  2-loop  non  P.M.  system 
Example  3: 


□□-rlZl'-rlZ]— [I 


Fig.  27  2-loop  MIHO  feedback  structure 

A  single  loop  design  is  used  to  demonstrate  the  advantage 
of  multiple  loop  design.  When  design  outer  loop  will  remain  5 
db  safety  margin  for  the  bounded  in  the  h.f  range.  The  outer 
loop  and  L2^  will  be  designed  that  like  to  the  case(i), 

where  results  are  shown  in  figures  28  to  30.  Details  are  in 

[121. 


Ittptmc 


10-  10*  10'  10‘  10*  "  '» 

Fig.  28  (a)  Frequency  reaponse  of  Y^j  Fig.  28  (b)  Frequency  response  of  Y^j 

(1)  without  prefilter  (1)  without  prefilter 

(2)  with  prefilter  (2)  with  prefilter 
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Fig.  29  (b)  Step  response  for  't 
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Fig.  30  (b)  Sensor  noise  for  N|^ 
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(ill)  2-loop  P.M.  MIMO  eyetem 
Exaapie  4  : (figure  18) 

Since  here  is  a  P.M.  system,  one  more  specification  is 
required  the  restriction  on  signal  level  :  Q  5  1.05  for  unit 
step  input.  The  design  steps  are  shown  in  figures  31  to  33. 
Recover  from  Q  matrix  to  P  matrix  structure,  which  system 

schematic  detail  present  in  figure  19,  the  really  results  in 
the  system  responses  is  in  figure  34  by  simulations.  From 
figure  35  it  will  be  found  the  r’teady  state  response  of  distur¬ 
bance  D  input  always  converg^^  to  near  zero,  so  this  system  will 

show  the  capability  of  disturbance  rejection.  The  figures  35 
and  37  are  appear  the  relation  of  signal  level  variation  ratio 
for  loop  1  and  loop  2.  Base  on  the  equation  11  to  calculate 
the  values  of  Q,  that  are  0.96  and  1.2.  For  a  sensor  noise 
problem,  the  effects  of  sensor  n>  rse  is  shown  in  figure  38,  we 

will  find  that  the  'cost  of  feedbuck’  be  reduced  by  P.M.  loop, 
which  is  much  economical  than  single  loop  system.  Given  a 
White  -  Noise  at  N,  the  responses  at  the  plant  inputs  yj2 

y22i  shown  in  the  figure  39.  By  inspection  of  figure  38, 

it  is  obviously  that  the  noise  response  at  h.f  range  is  sig¬ 
nificantly  reduced  which  is  unanimous  with  figure  39. 
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8.  COWCLUSIOWS 

The  QFT  synthesis  aethod  is  the  most  effective  tool  for 
system  design  with  large  parameter  uncertainties  in  the  MIMO 
plant.  For  a  multiple  loop  P.M.  system,  the  feedback  signal  is 
able  to  feed  back  into  intermediate  point  of  the  plant.  In  the 
QFT,  P.M.  MIMO  synthesis  process,  we  have  the  following 
conclusions : 

(1)  The  optimization  of  the  design  should  be  :  .mplished  with 

respect  to  (i  th  loop  overdesign)  by  t<  ..'ie-*off  between 

the  outer  (i  th)  loop  and  the  inner  ((i*-l)  th)  loop  for  a 
n-loop  system. 

(2)  The  fixed  point  theorem  will  ensure  the  solution  of  equiv¬ 
alent  MISO  system  satisify  the  MIMO  eascac'e  n-loop  system. 

(3)  In  this  paper,  we  use  equivalent  single  loops  to  design  the 
system,  produces  overdesign  in  the  second  loop.  If  the 
improve  method  of  MIMO  is  applied  to  the  second  loop,  the 
overdesign  nay  be  improved.  However  the  method  of  oesign 
may  become  complex  in  the  MIMO  multiple  loop  P.M.  system. 


35? 


(4)  The  P.M.  MIMO  structure  still  peraits  greater  reduction  in 
the  cost  of  feedback  even  consider  the  bandwidth  increasing 
due  to  its  signal  level. 

(5)  The  signal  level  problem  is  important  in  P.M.  design  to 
prevent  the  saturation  of  the  internal  plant  output. 

In  suaaary  the  peraission  of  adopting  P.M.  loop  will 
largely  increase  the  number  of  total  loops  in  the  overall 
system.  So  the  cost  of  feedback  can  be  largely  reduced. 
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APPENDIX 

Rational  Function  of  Numerical  Example 

(1)  2-loop  P.M.  SISO  system:  (example  -1) 

L  -  15x(8  +  6)(s  ♦  40)x40xl0000/240 _ 

s(s  +  2)(s  +  20)(s*  +  508  +  10000) 

L  -  0.5x(8  *  3)(308  *  I)xl2000x400 _ 

““  (s  +  9)(30tJ  +25)(s*  +1008  +120J0)(s  +  400) 

V  -  ^  ^ 

rs  +  2){a  +  6) 

(2)  Single  loop  MIMO  system:  (example  -  2) 

L  -  200x(b  +  15)(8  +130)x250x500000/1950 

s(s  +  5)(8  +  50)(8*  +  6008  +  500000) 

I  -  200x(s  +  15)(8  +120)x250x200000/1800 

*^2i^**  '■  ■  ■  —  I.- 

s(s  +  5)(8  +  50)(s*  +  3008  +200000) 

B  -  10 

+  i!)(8  +  5) - 

F  -  ® 

22  ^a  +  2)(a  +  4) — 


y53 


(3)  2-loop  non  P.'M.  MIMO  ■ynten:  (exaaple  -  3) 
16x(8  -f  8)x40000 _ 

8(8  ^  1)(8*  +  3208  440000) 

^^ae_  24x(8  4  8)xl0000 _ 

S(8  4.3)(8*  4  100a  4  10000) 

.  b  10000  X  1000 


F  s. 
'll 


(8*  4  1308  4  10000)(8  4  1000) 

_ 10000  X  1000 _ 

(a*  4  1308  4  10000)(a  4  1000) 
100 


(4)  2-loop  P.M.  MIMO  system:  (example  -  4) 
j^ae_  (s  4  6)  (a  4  40)  x  80666 _ _ 

8(8  4  2)(8  4  40)(a*  4  808  4  12100) 
j^ae_  (8  4  6)(a  4  40)  x  666667 _ 

8(8  4  2)(8  4  20)(8*  4  2008  4  40000) 
a.  O.Sx(a  4  3)(30a  4  1)  x  4800000 _ 

(a  4  9)(30s  4  2S)(8*  4  ISOs  4  16000)(s  4  300) 

,  a_  0.5x(8  4  3)(308  -f  1)  x  60000  x  500 

. . .  ..N.  I  — 


Fii=. 


(s  4  9)(30a  4  2S)(s*  4  1208  4  60000)(s  4  500) 
100 


*'22*‘~Ti" 
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A  MIMO  UNCERTAIN  SYSTEM  WITH  NONLINEAR  COMPENSATOR 
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ABSTRACT 

The  quantitative  feedback  theory(QFT)  design  techniq¬ 
ue  has  been  successfully  applied  to  solve  the  multiple- input 
multiple-output (MIMO)  uncertainty  problem.  But  there  is  no  any 
literature  studying  how  to  apply  special  compensator  to  reduce 
the  cost  of  feedback  in  the  MIMO  design  approach.  In  MIMO 
uncertain  system  design,  although  the  improved  method  can 
reduce  the  inherent  overdesign,  but  the  cost  of  feedback  (COF) 
is  still  high  in  case  of  a  large  uncertained  plant.  In  this 
paper,  a  nonlinear  elePMnt  called  "  Clegg  Integrator  "  (Cl)  is 
Introduced  as  part  of  the  compensator  in  the  design.  It  is 
concluded  that  the  "cost  of  feedback  ",  i.e.  effect  of  sensor 
noise,  is  further  Improved. 

Four  types  of  structure  with  C. I.  element  placed  in 
different  location  are  used  to  Illustrate  and  to  compare  the 
quantitative  improvement  of  the  COF  by  numerical  examples.  The 
result  gives  the  control  designer  a  more  flexible  choice  in 
the  MIMO  system. 


1  Introduction 


There  is  an  equipment  which  has  the  ability  to  ach¬ 
ieve  objectives.  It  is  denoted  as  the  plant.  Here,  the  values 
of  plant  parameters  are  not  known  precisely,  but  the  ranges  of 
their  values  are  known.  In  1972,  I.  M.  Horowitz  and  M.  Sldi 
[1]  have  resented  a  design  method  — *•  QFT  to  solve  the  single 
(  or  multiple  )  -  input  single  -  output(  SISO  or  MISO  )  single 
loop  system  (Fig.l).  A  MIMO  system  [4]  can  be  designed  by  a 
set  of  MISO  equivalent  single  loop  systems  with  a  similiar 
structure  as  in  Figure  1. 


D 


Figure  1.  A  two-degree-of- freedom  structure. 
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This  paper  is  devoted  to  find  controllers  and  prefil¬ 
ters  to  statlsfy  assigned  performance  tolerances  In  a  MIMO 
system.  The  design  approach  for  each  loop  of  the  MIMO  system 
Is  Identical  to  that  for  the  MISO  single  loop  approach.  By 
using  Schauder's  fixed  point  theory  [4],  an  uncertain  MIMO 
problem  can  be  converted  Into  separated  single-loop  problems. 
The  solutions  to  these  single-loop  problems  are  guaranteed  to 
solve  the  original  MIMO  problem.  The  COF  in  MIMO  system  Is  a 
very  Important  factor  to  Indicate  the  goodness  of  the  closed 
loop  design.  For  a  large  parameter  variation  plant,  the  COF 
usually  high,  so  the  sensor  noise  effect  Is  serlouse.  Sometim¬ 
es  the  COF  Is  so  large,  it  even  saturating  the  Input  signal  at 
the  plant  Input,  so  the  overall  system  fall  to  operate.  The 
Clegg  Integrator  (Cl),  can  effectively  reduce  the  COF  in  SISO 
[2]  and  PM  [9]  system.  Therefore,  In  this  paper,  the  nonlinear 
compensator  Is  first  tried  to  Improve  the  COF  in  a  MIMO  sys¬ 
tem.  It  Is  successful  to  develops  a  step  by  step  design  method 
for  a  nonlinear  compensator  in  the  MIMO  uncertalned  system.  It 
Is  also  proved  that  It  can  effectively  reduce  the  COF.  Since 
the  frequency  response  method  Is  not  applicable  for  a  system 
containing  nonlinear  element,  so  In  this  paper,  the  real  time 
simulation  Is  adpoted  to  prove  the  design  result.  In  the  foll¬ 
owing  paragraph,  both  MIMO  old  [4]  and  Improved  [7]  methods 
are  considered. 

A  quick  review  of  the  QFT  Is  In  section  2.  Section  3 
presents  the  characteristic  of  aC.I.  element  .  Section  4  illu¬ 
strates  the  structure  of  systems  which  are  discussed  In  this 
paper.  The  synthesis  of  MIMO  system  by  nonlinear  compensator 
is  shown  In  section  5.  For  the  purpose  of  easy  comparison,  the 
same  numerical  example  in  section  2  is  used  in  the  MIMO  NL 
design  for  each  structure.  Conclusions  and  discussion  are  Inc¬ 
luded  in  section  7.  Finally,  rational  functions  of  numerical 
examples  are  listed  In  the  appendix. 


2.  Review  of  QFT  in  MIMO  System 


2 . 1  MIMO  Compensation 


The  basic  MIMO  compensation  structure  for  a  2x2  MIMO 
system  Is  shown  In  Figure  2,  where  P  Is  the  uncertain  plant 

matrix,  G  Is  a  diagonal  compensator  matrix,  and  F  Is 


v<t) 


Figure  2  MIMO  control  structure  (2x2  system). 
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a  prefilter  matrix.  Tiie  non-diagonal  G  is  not  considered 
this  paper.  These  matrices  are  defined  as  follows: 


in 


P  - 


Pll 

P2I 


P12 
P22 

‘11  *12 


91  0 

0  92 


‘21  *22 

The  signal  flow  graph  of  a  2x2  MIMO  system 


(2-1) 
is  shown  in  Figure 


3.  There  are  four  closed-loop  system  transfer  functions  t^j(s) 
relating  the  output  y^(s)  to  the  input  rj(s),  i.e.  ,  y^(s)» 
tj|^j(8)rj(8) .  Therefore,  there  are  also  four  sets  of  acceptable 
regions  Tj^j(s).  If  we  design  the  compensator  matrix  G,  and  the 
prefilter  matrix  F  according  to  these  bounds, 

yi 


then  tjj^j(s)  € 


y2 


From  Figure  2,  the  system  control  ratio  relating  y  to 


r  Is, 


,-1. 


T  -  [  I+PG  ]  PGF  . 
If  P  Is  nonsingular,  let 


.-1 


* 

* 

11 

P12 

* 

’  * 

21 

**22 

(2-2) 


(2-3) 


The  four  effective  plant  transfer  functions  are  formed  as 

‘*ij-  ^/Pij  “  ?  •  <2-4) 

We  obtain  the  following  equations  for  a  unit  impulse  Input, 


^11- 


'12' 


'21' 


*11 


T;g:q 


'21 


*1'*11 
<11 


1*11 
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T?g^q— <9i^12 
*<22 


*12 

'22 


‘<12 
t. 


T?^2  ^^2^21 


'11 


*21 


(2-5a) 


(2-5b) 


(2-5c) 
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(2-5d) 
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Figure  4  shows  the  four  equivalent  MlSO  loc>p8. 
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-1  -1 
Figure  4  Effective  MISO  loops. 


If  all  of  these  MISO  problem  are  solved,  there  exists 
a  fixed  point,  then  y^j(s)  may  be  replaced  by  a  t^j(s).  We 

can  rewrite  the  above  expressions  as, 
where 


t, t  +  t. 


(2-6) 


^rj“  ^Ij  ' 


"d. 


^±±^ii 

1+L, 


(2-7) 


(2-8) 


Ij  — i 

^1  “  •  (2-9) 

When  the  response  of  an  output,  y^^,  due  to  an  Input, 

rj.  Is  Ideally  zero,  then  the  y^^  loop  Is  called  a  basically 

non- Interacting  (BNIC)  loop.  The  design  specification  of  BNIC 
loop  Is 

- — JJ -  ,  kyl,  (2-10) 


|1/(1+L^)|  $  Ibij/qii^ijl 


‘11 


‘Ik 


and  It  Is  denoted  as  a  D-type  specification,  specifically  . 

The  specification  on  the  Interacting  loop  Is 

a^j(w)  i  |t^  (Jw)  +  t^  (Jw)|  i  b^j(w)  »  (2-11) 

where  a^j(w)  and  b^j(w)  are  the  lower  and  upper  bounds  of  the 

design  specifications  for  the  Interacting  loop.  We  obtain  A- 
type  and  B-type  specifications. 

A  |L^/(1+Lj^)l  i  ,  (2-12) 


|1/(1+L^)|  i 


11 


‘11 


*lk 


,  k  ^  i 


(2-13) 


Equation  (  2-12  )  Is  denoted  as  and  equation  (  2-13  )  Is 
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i- 


denoted  as  B 


ij* 


Is  almost  the  same  as  D 


ij 


except  that  t. 


Is  not  knovm. 

Equilibrium  exists  when  It  Is  Impossible  to  reduce 
the  burden  on  any  without  increasing  It  on  some  other  Lj . 

This  results  In  only  one  column  of  the  equivalent  MISO  systems 
being  dominant.  Note  that  the  above  discussion  Is  at  a  fixed 
w  value.  It  may  be  that  there  are  different  columns  dominating 
at  different  w  values.  However,  after  equilibrium  Is  reached 
,  it  may  be  desirable  to  sacrifice  one  loop  for  the  sake 
of  another.  This  Involes  "  tradeoffs  "  between  the  different 
loops.  These  tradeoffs  always  make  It  harder  on  one  loop  when 
reduction  Is  accomplished  in  another. 


2.2.  Improved  Design  Technique 


The  Improved  design  technique  can  reduce  the  Inherent 
overdesign..  Since  the  old  method  In  section  2.1  does  not 
consider  the  correlation  between  the  t^j  of  the  system,  but  It 

Is  considered  when  the  Improved  method  Is  used  to  design  the 
second  and  subsequent  loop. 

Assume  that  loop  one  has  been  designed  by  using  the 
method  one.  Thus  and  f^j  are  given,  and  general  equations 

are  shown  as. 


'lj“  - - 


^2j^2'*‘^2j*^22 

l+ti— 


where 


'’2j 


-Ij-  ■^2j''‘*12  '  '‘2j 

Substituting  equation  (2-14) 

,  ^2J,4e/  <^2Je 


-2 

d- 


'2j 


t+e; 


2e 


,  (2-14) 

,  (2-15) 

92^*22  '  (2-16  a,b) 

-  -^Ij/‘l21  '  (2-17  a,b) 

Into  equation  (2-15)  yields, 

(2-18) 


where 


^2e“  l-'ri2+bj^  *  ^2*^226  ' 


(2-19) 


_  ^12^21  ^  *^11^22 
^12  P11P22  ‘*12^21 

*^22^ 

‘*22e  ”  ' 


(2-20) 

(2-21) 


^l^ljP21^^~'^12^ 
2je  ”  • 


(2-22) 


Using  equation  (2-18)  through  equation  (2-22),  the  elements 
^2j  designed  to  meet  the  desired  tolerances. 
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3 .  Nonlinear  Compensation 


3.1  Introduction  of  the  Clegg  Integrator 

The  crucial  limiting  factor  In  linear  design  Is  that 
the  rate  of  attenuation  of  (l(  can  not  be  Increased  due  to 
fixed  magnitude  -  phase  relationship,  so  that  |l|>|p|  over  a 
large  frequency  range,  in  problems  with  large  uncertainty  In 
the  plant  high-frequency  gain  factor. 

One  is  led  to  consider  the  use  of  a  nonlinear  element 
whose  describing  function  0(Jw)  has  a  smaller  phase  lag  than 
that  of  a  linear  element  with  the  same  magnitude  character¬ 
istic.  Such  an  element  as  part  of  L  would  seem  to  permit  a 
faster  attenuation  of  the  nonlinear  |L^(Jw)|  than  Is  possible 

in  a  linear  |L(jw)|.  The  Clegg  Integrator  Is  an  Integrator 
which  resets  to  zero  at  zero  crossing  of  the  Input,  and  Is  an 
ordinary  Integrator  between  zero  crossings.  Its  response  to 
a  sinusoidal  input ' Is  shown  In  Figure  5  with  the  describing 
function. 


D(Jw)> 


1.62  exp(-j38**) 


-^4^)  exp(J52®).  (3-1) 


•  -  -  W 

0(Jw)  has  the  same  magnitude  characteristic  as  an  In¬ 
tegrator  of  gain  1.62,  but  Its  phase  lag,  at  all  frequencies 


,  Is  52*  less  than  that  of  the  linear  Integrator.  Hence,  It 
appears  that  the  equivalent  |L(Jw)|  containing  the  C.I.  ,  may 
be  decreased  at  a  rate  (180-6  +52 )/( 180-0  )  faster  than  that 


of  a  purely  linear  L(jw),  where  Is  the  phasemargln  of 


system. 


Figure  5  Sinusoidal  response  of  Clegg  Integrator. 


3.2  Characterization  of  C.I.  for  Synthesis  Purpose 


It  is  difficult  that  characterization  of  the  non¬ 
linear  element  is  directly  used  for  quantitative  synthesis. 
Thus,  a  general  characterization  must  be  derived  for  quantita¬ 
tive  synthesis. 


Let  0  <  tj^  <  tj  <  . 
x(t),  the  input  to  the  C.I. 
C.I.  ,  with  tjj-O,  is 


.  <  zero  crossings  of 

Then  y_(t),  the  output  of  the 
c 


yc(t)  - 


X(T)dT 


X(t )dT 


k-1  Jt, 


x(T)dT  ,  (3-2) 


where 


However, 


Hence, 


t.  i  t  <  t. 


1“0, 1, . . . . ,n-l,  ^0*0  . 


yjt  -  r**  X(T)dT  H  y  . 

k  Jt,.  ,  ** 


(3-3) 


yc(t) 


[x(t)  -  2  y,,«(T-t  )]dT  . 
'0  k-1 


(3-4) 


valid  for  the  entire  interval,  and  assuming  that  the  last  zero 
crossing  is  at  t^.  Thus  the  C.I.  can  be  replaced  by  a  linear 

Integrator  and  a  train  of  Impulses  as  an  additional  input, 
the  strength  of  the  Impulse  at  t  being  obtained  from  the 

i_* 


output  of  the  C.I.  at  t 


The  equivalent  representation  of 


C.I.  is  shown  in  Figure  6. 

The  above  representation  is  suitable  for  analysis, 
but  the  real  problem  is  to  exploit  it  for  synthesis.  Hence  it 
is  necessary  to  turn  to  specific  problem  classes,  that  of 
step  response  being  considered  in  this  paper,  and  replacing  G 


k*l  ^  k' 


Figure  6  Equivalent  representation  of  C.I.  . 
of  Figure  1  by  Figure  7,  with  F  temporarily  taken  as  1. 


Figure  7  A  nonlinear  compensation  control  system. 

Now,  we  consider  a  typical  linear  system  which  Is 
shown  In  Figure  8,  and  Its  step  response  c^(t)  with  overshoot 

Is  shown  In  Figure  9.  VThen  x-0,  c-c^^  ,  and  the  system  transfer 

function  Is  given  by , 

C„(s) 


T(S)- 


■■■RfiT 


s  +  2Fwb  +  w^ 
n  n. 


(3-5) 


Figure  8  Second  -  order  model. 
If  r(t)«  u(t),  then 


c^j(t)-  l-exp{-fw^t)[cos(Wj^V  t)  + 

- £ -  sln(w_V  ,  ^2  t)] . 

J - 7  " 


(3-6) 


Assume  c_(t)-l  when  t-t, ,  then  e(t)»  r(t)-c  (t)»  0.  The  first 


I 

t 


I/' 


/llhiJlm 


«0+  ‘1 


rrzr 


Figure  9  Derivation  of  nonlinear  step  response  from 
that  of  equivalent  linear  system. 

reset  of  C.I.  occurs  at  t^.  From  equation  (3-6),  we  obtain 

-1. 


f  -  cos 


'1  w_ 


(3-7) 


Assume  that  the  maximum  overshoot  of  oAt)  occurs  at  t  ,  so 

o  m 

C  ( t  )  "0  — n  ^ 

o  m  m  w_  r — (3-8; 


==»  - .  .  /o  o\ 

o  m  m  (3-8) 

The  area  is  given  by, 

[l-CQ(t)]dt  »  -i-exp(-f  (ir-cos"^f  )/v'][3J^) 

[l+2fexp(f  (ir-cos"^f  )/V][3p)]  .  (3-9) 

The  system  output  response  to  a  unit  Impulse  at  a  point  x  in 
Figure  7  is  simply  Cj^-  -T/(l+b).  Now,  x(t)-  Aj^6 ( t-t ) , so  c^^- 

-CAj^T/d+b)]  1^  . 


Hence 


Ap'l- 


8  +2Fw  s+w 
^  n  n 

exp(-fw^t)  sin(w^Vj^_^2  t)  .  (3-10) 


Substituting  equations  (3-7,8)  into  equation  (3-10),  we  obtain 
“  -  -5^xp(-f»/V]^ip)[l+2fexp(f  (»-co8"^f  )/>/^^)]  .  (3-11) 
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Substituting  equation  (3-8)  Into  equation  (3-6),  we  obtain 

"  l+exp(-f»/V^3p“)  .  (3-12) 

The  maximum  overshoot  Is  found  to  be, 

“  •  b^l  exp(-f»/>/  j^_j2){b-2fexp[f  (x-cos'^f  )/Vj^_^2  ]} 

-  {b-2fexp(f(T-coa  ^f)/V]^]}-j^  ,  (3-13) 

where 


Mj^-exp(-Tf/V^_^2  )  ,  (3-14) 

Is  the  maximum  overshoot  In  the  linear  design  with  same  value 
of  f,  and  1/s  in  place  of  the  C.I.  . 

It  Is  seen  from  equation  (3-13)  that  the  nonlinear 
step  response  Is  actually  Improved  If  the  associated  linear 
response  has  significant  overshoot.  On  the  other  hand.  If 
there  Is  no  overshoot  on  the  step  response,  there  Is  no  reset 
action  at  all  and  the  nonlinear  response  Is  Identical  with  the 
linear.  If  the  linear  response  has  only  small  overshoot  which 
causes  reset,  so  the  resulting  Cj^  then  dominates  between  t^^ 

and  t2,  causing  undershoot.  Clearly, the  worst  case  Is  for  a 

critically  damped  step  response,  and  using  the  second  -  order 
response  function  as  a  model  the  value  of  Is  found  to  be 

2/Wn,  If  Is  the  natural  frequency.  Hence,  equation  (3-10) 
becomes , 

b+1  _  ..-1,  "n  ,  2^  , 


(s  +w^)‘ 


]  -  w^texp(-w^t) 


(3-15) 


Premultiplying  both  sides  of  equation  (  3-15  )  by  Aj^/(b+l) 
yields. 


-2Wnt 

"bVl  o^P(-V> 


(3-16) 


We  would  like  to  find  a  maximum  value  of  Cj^,  so  let  Cj^(t^)-0. 
It  Is  easy  to  obtain  bj^-l/w^,  and  to  substitute  It  Into  equat¬ 
ion  (3-16),  so  I  j,Qjj“0»736/(b+l ) .  Hence  the  peak  undershoot 
Is, 


0.736 

V  ~W-  •  (3-17) 

Hence,  b  must  be  chosen  such  that  the  undershoot  satisfies  the 
system  tolerances.  Such  a  tolerance  on  undershoot  becomes  a 


necessary  part  of  the  design  specifications  for  nonlinear 
design.  In  practice,  F  being  low-pass  which  can  decrease  und¬ 
ershoot  because  the  area  Aj^  In  Figure  9  Is  decreased  such  that 

Cj^  Is  decreased  also. 
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4.  Stmictura  of  the  System 


The  MIMO  system  Is  shown  In  Fig.  10,  where  p 


element  of  the  uncertainty  plant  matrix  P, 


ij 

‘ll  ^22 


Is  the 
are 

XX 

prefllters  and  g^^,  gj  are  compensators,  62  are  step- 

disturbance  Inputs  and  N2  are  white-noise  inputs.  In  this 

paper,  compensators  are  not  limited  to  be  linear.  There  are 
four  cases  :  (1)  both  g^^  and  g2  are  linear  designs,  (2)  g^^  is 

nonlinear  design  and  g2  is  linear  design,  (3)  both  g^  and  g2 

are  nonlinear  designs,  (4)  g^^  Is  linear  design  and  g2  is  nonl- 


5.  Synthesis  of  the  MIMO  System  by  Nonlinear  Compensator 


Take  example  1  from  section  6  to  explain  the  design 
technique  by  using  C.I.  element  for  MIMO  control  system. The 
loop  two  is  designed  by  using  the  improved  method. 

From  equations  (3-13,  14),  we  know  the  overshoot  In 
the  nonlinear  system  with  a  C.I.  element  is  less  than  in  the 
equivalent  linear  system.  The  value  of  f ^j^(non-llnear )  can 

therefore  be  smaller  than  that  of  linear)  for  the  same 

overshoot  -  Mj^  of  equations  (3-13,  14).  We  obtain 


Tf-raax  — 5 — 5 -  from  equation  (3-5)  and  |L/(1+L)|<t. 

w  '(w‘-w'^)+j2fw^w  1 

Let  dy/dw  be  zero,  then  w-w  (1-2F^)^^^, 

n  ^  * 


365 


hence. 


(3-18) 


We  use  equations  (3-13,14)  to  find  and  substitute  It  Into 
equation  (3-18)  to  find  Hence  can  be  larger  than 

of  an  equivalent  linear  design,  so  that  0^^  ( linear )>  0^  (non¬ 
linear),  where  0^  Is  the  phase  margin  of  system. 

Since, 

exp(  -wf /Vj^_^2)  -  17%. 

and, 

maximum  undershoot  -  20%  -  0.736/(l+b), 
so  we  obtain  f^-0.5  and  b*2.7.  Substituting  these  values  Into 

equation  (3-13),  we  obtain  0.3.  From  equation(3-18),  we 

obtain  >  5dB.  The  specification  of  disturbance  response 

becomes  |  Lj^/(1+Lj^)  |  i  5  dB. 

The  design  procedures  are  as  follows: 


Step.l. 


Step. 2. 


Step. 3. 


Step. 4. 


Step . 5 . 


Step. 6. 


Find  bounds  on  "to  satisfy  the  perf¬ 

ormance  specifications  and  the  disturbance  speclfl- 

1  L,_  , 


cation 


i  5  dB. 


Design  the  loop  transmission  function  I'j^no' 
shown  In  Figure  12. 

Design  the  prefilter  by  shaping  the  frequency 

I  , 


response  of 


to  satisfy  the  specification. 


as  shown  In  Figure  13. 

Find  bounds  on  -  92n‘*22eno  8at:isfy  the 

performance  specifications  and  the  disturbance  res- 

I  I 


ponse 


i  2.3  dB. 


Design  the  loop  transmission  function  ^2^^,  as 
shown  In  Figure  14. 

Design  the  prefilter  f22n  that  the  frequency 

|^22n^2®ri  I 

- ^ — -  meets  the  specification, 

^^4en  I 

as  shown  In  Figure  15. 


meets  the  specification. 
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6 .  Numerical  Examples 


Example  1. 


All  parameters  and  specifications  are  the  same  for 
examples  1-4  except  maximum  overshoot  and  maximum  undershoot 
specifications  are  useful  at  examples  1,  3  and  4. 


Plant  : 


P  -  P2P1  - 

Pll 

P2I 

P12 

P22 

Mil 

M., 

^11 

^1 " 

s-t-a 

”21 

s+a 

”22 

/ 

^2  - 

s 

Kg, 

_ 

s+a 

^2  2 

s 

s 

s 

s+a 

Plant  tincertalnty  :  0.1^  a^  2  ,  1.4^  K^^  i  2, 

0.2  i  i  0.4  ,  0.2  i  Kjj  i  0.3 
1.96  1  K22  $  2  ,  0.7  $  Mi,  2 

0.1  i  M,a  i  0.2  ,  0.1  i  Ma,  i  0.2 

0.5  ^  Maa  ^  1 

Performance  specifications  :  the  specifications  of  time  domain 

and  frequency  domain  on  |tj^j^(jw)| 

and  jt22(Jw)|  are  shown  In  Figure 

2.1,  |tj2(J'')l^*20dB,  and 

|t2i(jw)K-20dB. 

Disturbance  response  :  |L^/(1+L^)|  i  2.3  dB. 

Maximum  overshoot  :  17%. 

Maximum  undershoot  :  20%. 


Figure  11  MIMO  control  system  with  nonlinear  design 
In  loop  L^. 
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Figure  12  Bounds  on  L  and  nominal  loop  transmission 

L,  . 

lao 
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I 

Flgur*  17  (e)  Tla«  raaponaa  of  Yjp 


t 

Figura  17  (d)  Time  response  of  y22' 


Figure  18  (a)  Frequency  raaponaa  of  y|  to  Figure  18  (b)  Frequency  response  of  y2  Co 


•Cap  disturbance  input  d^. 


step  disturbance  input  d^- 


t 


I 


Figure  19  (a)  Tina  response  of  etep- 
dlsCurbance  output  yij- 


Figure  19  (b)  Tine  response  of  step- 
disturbance  output  ^12 


The  frequency  responses  of  '^21  ^22 

shown  in  Figure  16  (a)  -  (d)  and  their  time  responses  are 
presented  In  Figure  17  (a)-(d).  The  frequency  responses  y^  and 

y^  with  respect  to  step-disturbance  Input,  are  shown  In  Figure 

18  (a)-(b)  respectively.  The  time  responses  ^12'  ^21 

y22  with  respect  to  step  -  disturbance  input,  are  shown  In 

Figure  19  (a)-(d).  The  noise  responses,  T^^  and  T^2'  shown 

In  Figure  20  (a)-(b).  It  Is  concluded  that  the  system  respon¬ 
ses  all  meet  the  design  specifications  from  above  results. 

Example  2. (Figure  10) 

The  frequency  responses  of  tj^2»  ^21®”**  ^22 

shown  In  Figure  21  (a)-(d)  respectively  The  step  responses  of 
^11'  ^12'  ^21  ^22  shown  In  Figure  22  (a)-(d). 

Example  3. 


Figure  23  MIMO  con':;rol  syatera  with  nonlinear  design 
In  loop  !•.  and  L2. 

The  frequency  responses  of  ^^2'  ^21  ^22 

shown  In  Figure  24  (a)-(d)  and  their  time  responses  are  prese¬ 
nted  In  Figure  25  (a)-(d). 


Example  4. 


Figure  25  (a)  Tiae  reaponae  of  y 


Figure  25  (b)  Tiae  response  of  y.^2 


Figure  26  MIMO  control  system  with  nonlinear  deslg^n 
In  loop  L2 

The  frequency  responses  of  '^21  ^22 

shown  In  Figure  27  (a)-(d)  and  their  time  resi>on8es  are  prese¬ 
nted  In  Figure  28  (a)  -  (d).  Comparison  of  frequency  responses 
of  Tj^j^(s)  and  four  cases,  are  shown  in  Figure  29 

(a)-(b).  The  noise  time  responses  of  prod¬ 
uced  by  zero-mean  sensor  white  noise  are  shown  In  Figure  30 
(a)-(h). 


7 .  Conclusions 


This  paper  uses  the  Improved  MIMO  design  technique 
and  a  nonlinear  element,  C.Z.,  to  design  a  MIMO  system  to  meet 
desired  performance  tolerances  and  to  reduce  the  cost  of 
feedback.  From  numerical  examples,  we  obtain  the  following 
conclusions  : 

( 1 )  The  MIMO  Improved  method  can  certainly  reduce  the  inherent 
overdesign,  and  the  C.I.  element  can  further  reduce  the 
cost  of  feedback. 

( 2 )  The  response  cf  nonlinear  system  to  command  Input  Is  alm¬ 
ost  exactly  that  of  a  linear  system  designed  for  the  same 
specifications,  but  the  coupling  of  system  is  nonlinear. 

(3)  It  is  robustness  of  design  such  that  the  system  response 
is  Insensitive  to  variation  of  plant  parameters  and  dist¬ 
urbance.  So,  the  nonlinear  compensator  can  be  successfully 
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Flgur*  30  (•)  S«oaor  oolaa  of  I^jCcaoo  D.Flgur*  30  (f)  Sansor  noloo  of  TjjjCcaae  2) 


Figure  30  (g)  Scooor  noloo  of  IjjjCcaoo  3).  Figure  30  (h)  Sensor  noise  of  4) 


adopted  In  the  MIMO  system. 

(4)  Considering  loop  two,  the  reduction  of  cost  of  feedback  is 
not  evident  whether  the  loop  one  is  nonlinear  d  sign  or 
not.  On  the  other  hand,  if  the  C.I.  element  is  placed 
within  the  compensator  of  loop  two,  the  cost  of  feedback 
can  be  more  reduced. 
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APPENDIX 


Rational  Functions  of  Numerical  Examples 


Example  1 


gin(s)- 

W®>' 


325925926(3^-0. 6  )(s-»-45) 

( s■^8  )7s+15o77?^Hi^80s+600^ 

24 

T^+'2T(Tf37Tsr47“ 

18789903(s-H)(s■^21) 


( s■^9 )  ( s■^45 )  ( s"-^336s-^280'' ) 
*22n^®J"  Ts+^.TJ'^sTay^s-^iy  ■ 


II. 


Example  2 
91  ( s )  - 


1062901961  ( s-i-0 . 6 )  ( s■^20 ) 


■11' 


III. 


( s-^6 )  ( s-fl54 )  ( s“^-*-640s-i-800‘'' ) 
30 

(s-h2')(sT31|a+5) 

_  21581502(a-^0,62)(s■^20) 

govs)* - -5- - 5 — 

(s-^8)(s■^4)(  3“^  ■*■3903+300'^) 

55  5 

^22<®>*  -( s+275 VCs+^l ( ¥777^ r 

Example  3 


325925926(s-i-0.6)(s-f45) 

( s-f8 )  ( S-H50 )  ( s^-»-480s-*-600^ ) 
24 

Ti^TyriTTJTi^TT 

9061842(s■^l){s■»■22) 

g  ;i)m  - - — 

(s•^5)(s■^52)(s‘^■^259s■^240^) 
32 


gin(s)' 


^22nn^®^’ 


(s-*■2)(s■^4)' 


IV. 


Example  4 

gj^(s)-  — 


1062901961  (  s-kO  .  6  )  (  s+20 ) 

T. 


fll(s). 


^n2 


(s)  = 


( s+6 )  (  S-H54  )  ( s‘'-i-640s-^800‘' ) 
30 

■(■iT2yrs?3)rs+5T' 

11200000(8+0. 6  )(s-H8) 

( s+3 . 5 ) ( 8+60 ) ( s^+264s+240^ ) 


April  27, 1992 
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Multi-Input  Multi-Output  Systems* 


Myoung  Soo  Park^  Yossi  Chait’  Julie  Rodrigues'* 
Mechanical  Engineering  Department 
University  of  Massachusetts 
Amherst,  MA  01003 


ABSTRACT 

There  are  several  Quantitative  Feedback  Theory  methods  that  can  be  applied  to 
multi-ii^Nit  multi-output  systems.  These  methods,  without  exception,  ate  based  on 
inversion  of  the  plant  and  the  controller,  and  hence  cannot  be  directly  applied  to  non¬ 
square  plants. 

This  paper  proposes  a  sequential,  multi-iiqjut  multi-output  Quantitative  Feedback 
Theory  method  that  is  based  on  direct  design.  The  new  method  features  a  new  concept 
that  unifies  the  treatment  of  square  and  non-square  plants.  The  method  and  the  concept 
are  presented  in  detail  for  the  disturbance  rejection  problem  of  a  square  plant.  It  is 
shown  to  be  mathematically  equivalent  to  the  inversion  based  method.  Because  the  new 
method  is  applicable  to  non-square  plants,  it  should  be  considered  a  natural  extension  of 
present,  sequential,  multi-input  multi-output  Quantitative  Feedback  Theory  methods. 
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NOMENCLATURE 


tn 

n 

P 


Pij 

pT 

s 


The  number  of  plant  outputa 
The  aumber  of  plant  inputs. 

An  in  by  n  matrix;  P={Pij},  i“l,...,m, 

A  submatrix  formed  by  eliminating  the  i‘*i  row  and  j*"  column  of  the  matrix  P. 
The  transpose  of  the  matrix  P. 

The  inverse  of  the  matrix  P. 

The  cofactor  of  the  element  Pjj  in  a  matrix  P;  Ojj  =  (A?). 

Determinant  of  the  matrix  P. 


1.  INTRODUCTION 

Consider  a  linear  time  invariant  (LTI),  multi-input  multi-output  (MIMO), 
uncertain  plant  (shown  in  Pig.  1).  To  reflect  uncertainty  in  the  plant,  P(s)£^,  where  IP  is 
a  set  of  LTI  transfer  function  matrices.  The  control  ifesign  problem  considered  in  this 
paper  is  to  find  a  controller  G(s)  to  meet  certain  performance  specifications  on  the 
closed-loop  transmission  from  the  disturbance  D(s)  to  the  output  Y(s)  and  guarantee 
robust  stability. 


Figure  1:  The  feedback  system 

Several  methods  have  been  developed  for  design  of  such  a  controller  within  the 
framework  of  Quantitative  Feedback  Theory  (QFT).  One  similarity  among  these 
methods  is  that  they  all  involve  inversion  of  a  square  plant  and  a  square  controller 
(Shaked  et  ai  1976,  Horowitz  1979,  Horowitz  and  Sidi  1980,  Horowitz  and  Loccher 
1981,  Horowitz  1982  a,  Horowitz  1982  b,  Horowitz  et  al  1985,  Horowitz  and  Yaniv 
1985,  Yaniv  and  Horowitz  1986).  Because  of  this  inversion,  these  methods  cannot  be 
used  for  a  non-square  plant.  It  should  be  noted  that  Horowitz  (1963,  §10)  investigated 
the  non-square  plant  problem  by  considering  inversion  of  the  return  difference,  I  +  PG. 
For  the  more  outputs  than  inputs  case,  Horowitz  suggested  to  augment  the  plant  with 
zeros  as  necessary  to  obtain  a  square  plant.  For  the  more  inputs  th.an  outputs  case, 
Horowitz  suggested  that  the  designer  eliminate  certain  rows  from  the  plant  in  order  to 
square  it  (e.g.,  rows  that  arc  highly  coupled  to  others).  Notewoithy  is  the  recent  results 
by  Nwok^  and  his  co-workers  (Nwokah  et  al.  1990,  Perez  et  al.  1991).  In  these  works, 
key  developments  from  the  “British”  frequency  domain  methods  are  extended  to  a  class 
of  uncertain  plants  within  the  geiKral  spirit  of  QFT.  These  results  are  fundamentally 
different  from  present  QFT  methods  for  the  following  reasons:  (1)  they  do  not  involve 
plant  inversion,  (2)  they  involve  of  a  certain  degree  of  conservatism  in  cases  of 
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parametric  uncertainty;  and  (3)  the  closed-loop  specifications  arc  given  in  terms  of  the 
diagonal  ekments  and  a  certain  degree  of  interaction.  .... 

The  objective  of  this  paper  is  to  develop  a  new  QFT  design  method  based  on  a 
unified  treatment  of  the  general  mxn  MIMO  plant.  Naturally,  this  can  be  n^  poss^lc 
only  if  the  method  does  not  involve  inversion  of  the  plant  and  of  the  controlicr.  1  he 
un^rlying  concept  used  to  develop  this  method  is  presented  in  dcUil  using  a  disturbance 
rejection  problem  with  a  square  plant  (m=n).  The  applicability  of  this  conrept  to  non- 
square  plants  will  become  clear  from  the  presentation  in  this  paper,  and  further  details 

will  be  the  topic  of  future  papers.  ..  r  ju  i, _ »,«i 

This  paper  is  organued  as  follows.  Section  2  dcsciibcs  the  feedback  control 

problem.  In  Section  3.1,  we  first  describe  the  present  QFT  sequential  method  for  the 
disturbance  rejection  problera  In  Section  3.2,  the  new  QFT  meth^  is  presented,  where 
a  recursive  equation  is  derived  for  a  square  plant  In  Sections  3.3-3.4,  we  comp^  the 
two  riKthods  and  show  they  arc  mathematically  equivalent  Finally,  in  Sections  4-5  we 
discuss  the  problem  of  robust  stability  and  application  to  a  non-square  plant,  respectively. 

2.  STATEMENT  OF  THE  CONTROL  PROBLEM 


Consid<-^r  the  feedback  system  shown  in  Fig.  1.  The  plant  transfer  fiinction  tnat^ 
(TFM)  is  P(s)  =  [pij],  where  P(s)elP,  iP  is  a  set  of  LTI  transfer  function  matri^ces.  The 
uncertainty  can  be  of  any  type,  e.g.,  parametric,  additive, 

TFM  from  the  disturbance  to  the  output  is  desenbed  by  Y(s)=(I+P(s)G(s))  P(s)D(s). 
Denote  the  transfer  function  D(s)  to  Y(s)  by  T(s), 


T(s)  =  a+P(s)G(s))'‘P(s)  . 

The  control  objective  is  to  design  the  controller,  G(s),  that  satisfies  the  following 
performance  specification 


In  addition,  the  closed  loop  system  must  be  robustly  stable. 

3.  QFT  DESIGN 

In  this  section,  we  present  the  concept  underlying  the  derivation  of  our  new 
method.  For  several  reasons  we  consider  here  only  square  plants,  i.c.  ni“n-  These 
reasons  are:  the  con^lctc  presentation  has  been  divided  to  several  standard  Icn^h  pajxrs 
and  the  need  to  compare  to  present  QFT  methods  that  deal  only  with  square  plants.  For 
comparison  purposes,  we  begin  by  briefly  reviewing  the  present  QFT  sequential 

method.  Throughout  the  paper  we  use  the  brief  notation  of  P  for  r(s)  (where  possible), 
and; 


P  =  {Pij}.  T  =  {t,j}  and  G  =  diag(g„  g^,  -  ,gj 


i=l,2, 

j=l,2. 


,n 

,n 


The  main  idea  in  the  present  MIMO  QFT  method  is  to  solve  the  feedback  problem  in  n 
sequential  steps.  At  the  i^"  step,  one  derives  from  Eq.  (1)  the  appropriate  relations  for  ty 
in  terms  of  the  single  controller  &.  QFT  bounds  on  this  g;  arc  then  obtaiiwd  to 
simultaneously  satisfy  the  specifications  on  the  closed-loop  transfer  functions  in  the  i 
channel,  ty,  j=l,2,  -  ,n.  Subsequently,  the  designer  proceeds  sequentially  to  synthesize 
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in  a  similar  manner  the  remaining  controllers.  The  new  method  presented  in  this  paper 
employs  this  same  idea  of  sequential  design. 

3. 1  The  Present  QFT  Method 


Assume  that  the  plant  inverse  exists.  The  present  QFT  involves  inversion  of 
the  transfer  function  (PG).  Using  such  inversion,  Eq.  (1)  can  be  written  as 

(I+G-‘  P-')T  =  G*'  .  (2) 

Using  the  notation  P''={qij},  expand  Eq.  (2)  as  follows 


qiygi 

^21^82  ^"*^2^82 


^  q.i/8. 


i+qj8,^  ^*.1 


J 


/<l/g,  0  •• 
0  l/gjO- 


V  0 


•  M 

•  0 


0  i/g/ 


Using  Gauss  elimination  (Strang  1980),  the  TFM  I+(PG)'*  is  transformed  into  an  upper 
diagonal  matrix.  The  final  resuU  of  this  process  is 


/l+qu/8i  qi2/8»  • 
0  l+t^g2  • 


qu'gi  N 

if" 


i: 


0  J'*^n-lX«-!/8(o-l)  q(«-l)«/g(»-l) 

0  l+«L./g.  J 


/  c„/g,  0  0-  •  ON 

^2/82  *22^82  O’  ’0 

*'nl^gn  *'ii(n-l/g®  ^«n^gii 

where  qij=qij  and 


(3) 


m  1 

qmj  ~  qmj 


i-l 


m=2,3,...,n 


and 
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c 


mj 


n*  .  c.. 

w  gi+qii 


whenm  >  j,  whcrein=2,3,"',nandj  =  2,3,*",n-l 


0  when  m  <  j 

1  when  m  =  j 


After  several  algebraic  manipulations,  one  can  derive  the  relations  for  tj|  in  terms  of  q^j , 
gj  and  tj),  iT^j.  The  following  is  the  final  relations  for  ijj  (Chait  and  Park,  1992) 


Uj| 


Cij-  ^(q!k‘kj) 
iFi+l 
gi-^ii 


^  Pij(<0) 


(4) 


3.2  The  New  QFT  Method 

The  new  QFT  method  employs  the  same  sequential  design  principle  used  in  the 
present  method.  However,  the  new  method  does  not  require  explicit  inversion  of  the 
TFM  (PG).  In  contrast  to  (2),  the  new  method  utilizes  the  following  equation 

(I  +  PG)T  =  P,  (5) 

that  can  be  rearranged  to 

(PG)T  =  P-T.  (6) 

Expand  Eq.  (6)  as  follows 


'Png| 

Pl2g2 

‘  Pli£.' 

't,, 

*12  • 

*1.' 

"Pii-*n 

Pl2“*12 

Plii“*U^ 

P2lgl 

P22g2 

'  P2sga 

*21 

*22  • 

*2» 

= 

P21~*2I 

P22~*22 

P2»~*2b 

^Palgl 

Pa2g2 

PaBga> 

<*nl 

*b2  • 

*»■> 

^Pd1~  *■! 

Pn2“*ii2 

Pbb  ”■  *Ba  > 

Now,  consider  Eq.  (7)  for  the  column  only 


Pllgl  Pl2g2 

P2lgl  P22g2 

PIbEb' 

P2a6a 

ft  ^ 

*1K 

*2X 

(  r.  I  ^ 

PlK'MK 

PZK  ' *2K 

^Palgl  Pa2g2 

PbiiSd> 

k*BX> 

vPnK ■ *nK> 

Since  the  controller  O  is  diagonal,  the  above  can  be  written  in  a  compact  form 

P  ‘l'ag[g„g2,  -  ,g.]  [tik  *2K  -  ‘.kF  =  P  diag[t,i  t^^  -  t.^]  [gi-gj,  -  ,g.F  . 


That  is 


^Pll*lX  Pl2*2K  •  Pu^brN 

^g|> 

P2l*IK  P22*2K  •  P2b‘bK 

g2 

ss 

P2K"*2K 

VPbI  *iK  Pb2  *2K  •  Pbb  *Blcy 

'^bK-‘.K^ 

In  Eq.(8),  there  are  n  equations  and  n  unknown  (the  gj's).  This  system  of  equations  can 
be  solved  directly  tor  any  using  LU  decomposition  or  Cramer's  tuic.  Of  course,  a 
necessary  condition  for  such  procedure  is  that  the  inverse  of  the  plant  P  exists. 

The  concept  underlying  the  new  method  can  now  be  presented.  Denote  Eq.  (8)  in 
a  conqjact  form  by  A  x  =  b.  For  simplicity  of  notation,  it  is  assumed  here  that  the 
sequential  procedure  starts  from  i=l  and  proceeds  in  order  to  i=n.  If  necessary,  Eq.  (8) 
should  be  first  permuted  to  allow  this  sequence.  As  is  done  in  the  present  method,  we 
derive  relations  for  tij  in  terms  of  the  single  controller,  gi.  The  sequential  procedure  for 
deriving  these  relations  is  outlined  in  Table  1. 


Step 

Procedure 

1 

Replace  the  i^^  clement  in  the  vector  b  by  p^^ 

2 

Replace  the  i*^*  element  in  the  vector  x  by 

3 

Replace  the  column  in  A  matrix  by  the  column 
[pliSi  P2i&  P(Hl)iSi  ^  Pii  &)  P(i+|)iSi  Pfti  Sj] 

4 

Using  Cramer's  rule,  derive  for  tjj, 

5 

Repeat  Steps  1-4  for  the  (i+1)***  element  while  preserving  previous 

replacements 

Table  1.  The  procedure  for  deriving  ty^^  relations 
Using  the  procedure  in  Table  1,  at  the  i^^  step,  we  have 


'l+Piigi 

Pl2g2 

Piigi 

PlataK 

^  ‘iK  ^ 

PlK  ' 

P2:gi 

1  +  P22g2 

•  P2igi 

P2BtaK 

P21C 

Piigi 

P.2g2 

■  1  + Piigi 

P.B*nK 

‘iK 

= 

Pile 

P(i  4.  l)lgt 

P{i  ♦  l)2g2 

■  P(i  +  l)igi 

■  P(i4l)B*BK 

g(i*l> 

P(i<l)K  •  *(iO)IC 

Piilgl 

Pa2g2 

Paigi 

Pbo^K  > 

\  go  / 

^  P»K  ■  *iilC  / 

From  Eq.  (9),  the  relations  for  tjj^  can  be  easily  obtained  by  using  Cramer's  rule  a' 
follows  (Strang  1980).  Denote  the  above  equation  in  a  compaci  lorm  as  B  y  =  c,  where 
B=[bj  bj  —  bj  —  b,]  and  bj  is  the  i*h  column  vector.  Application  of  Cramer's  rule  gives 
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(10) 


- Z5 

The  matrix  B  can  be  written  as  a  prcxiuct  of  two  matrices,  B  =  M  N,  where  M  and  N  arc 
defined  by 


'  1+Piigi 

Pl2g2 

Pligi 

PlB 

P2lgl 

I+P22g2  • 

P2igi 

P2b 

M  = 

Pilgl 

fh2g2 

l  +  Piigi 

PiB 

P(i4^l)lgt 

P(i  ♦  I)2g2  • 

P(i  4^  l)igi 

•  P(i4l)B 

V  P«lgl 

Po2g2 

Pnigi 

Pub 

N  = 

diag[l,  1, 

**bk]  • 

To  compute  AB  =  A(MN)  =  AM  AN,  since 


AN  =  n‘« 

let  us  consider  the  matrix  M.  Since  the  controllers  [gi,—>g(j.])]  already  designed  in 
the  previous  (i-1)  steps,  the  first  (i-1)  columns  of  the  matrix  M  can  be  written  as  follows 


where 


M  = 


Pll 

Pn  • 

Pugi 

P2I 

2 

P22 

P2igi 

1 

Pil 

2 

P.2 

•  +  Pngi 

1 

P.I 

2 

P.2  • 

PoiSi 

«=j 


Next,  define  a  matrix  L'  as  follows 
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and  hence 


'pIi 

P?2 

•  Ph 

Pi.' 

pIi 

■  Pii 

P2. 

.pIi 

ph 

■  Pm 

P-> 

AM  =  AL'gi  +  a«’ 

Finally,  the  denominator  of  Eq.  (10)  has  the  form 


(11) 


Next,  we  turn  our  attention  to  the  numerator  in  Eq.  (10).  The  matrix  in  the 
numerator  in  Eq.  (10)  can  also  be  written  as  the  product  of  two  matrices,  VW,  where 


(  1 

2 

Pii 

P12  • 

Pix 

Pi. 

1 

2 

P21 

P22  • 

P2K 

P2. 

V  = 

p!i 

•  .  • 

• 

• 

Pi2  * 

PiK 

Pi. 

<Pnl 

pIi  • 

P.K-1.K  • 

PoB> 

W  diag[l,  1,  ,  1,  t^j,.|jn,  ,tju]  . 

Expanding  A[b,  —  c  b(j+,)  —  b,]  =  A(VW)  =  AV  AW,  where 


AV  -  ^{PkK  ®ki)  -  )  • 

k-l  k-i+l 

and 


AW 


=  n‘« 


i-i+l 


yields  the  final  form  for  the  numerator  of  Eq.  (10) 


390 


A[b,  — 


^+1) 


^{PkK®ki}’  ^{^kK®lti  } 


n-K 


LkM 


k-i+1 


i-i+l 


Because  the  numerator  and  the  denominator  of  Eq.  (10)  have  a  common  term, 
becomes 


(12) 

Eq.  (10) 


t 


iK 


•  B 

]^{PkK**ki}'  ^{‘kK®ki  } 
k-l _ k-i+l _ 


AUgi  +  O^^' 


(13) 


Note  that 


i{pkKal;!)  = 


K  =  i 
K9ti 


The  structure  of  Eq.  (13)  is  similar  to  that  obtained  in  present  MIMO  QFT  sequential 
methods.  This  itt^ilies  that  QFT  bounds  for  gj  can  be  computed  using  the  approach 
suggested  in  these  methods  (e.g.,  see  Chait  and  Park,  1992).  Roughly  speaking,  at  each 
step  we  derive  QFT  bounds  for  g;  using  the  relations  for  tj^,  k=l,...,n,  and  their  closed- 
loop  specifications, 


3.3  A  Conparison  Between  Present  QFT  and  New  QFT  Methods 

Now  that  we  have  presented  the  relations  for  t,„  t,2,  "•  ,  t,„  in  Sections  3.1 
(present  method)  mid  3.2.  (new  method),  we  will  prove  that  both  methods  arc 
mathematically  equivalent  for  this  special  case  of]  square  plants  (n=m).  Consider  Eq. 
(13)  for  n=2  i=l.  In  this  case,  AL'  =  AP  and  Ot^,  =0^1.  Hence, 


5^{PkK  ®k|}  ■  ]^{*kK®kl} 

,  =  k-l - tiz - 

APg, +a,, 

By  definition 


(14) 


Oji  (-1)»^»  (APji)  Adj  Pjj^ 

AP  AP  AP  ‘’‘j  . 


Divide  each  term  on  the  right  hand  side  of  Eq.  (13)  by  AP 
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t 

IK 


X{PkK«ki} 

k-l _  fc-2 _ 


AP 


AP 


a, 


AP 


•-  +  § 

i» 


Using  the  definition  of  qjj,  the  denominator  is  simplified  to  qii'*^i>  whik  in  the 
numerator  we  obtain 


]^{®kl  *kK  } 


k-2 


AP 


£(qiklkK  } 
k*2 


For  K=I,  t,|  can  be  written  as 


t 


II 


Q 


*  *53{^lk*kl  } 
k-2 _ 


<1  +  g 

Ml 


and  for  K>1,  t^^  becomes 


t 


IK 


k-2 _ 


q  +  g 

Ml 


Therefore,  we  have  shown  that  for  the  special  case  of  square  plants,  both  methods 
(present  &  new)  yield  a  closed-loop  relations  the  first  step  that  are  mathematically 
equivalent.  Although  the  relations  for  the  next  steps  are  not  shown  here,  the  equivalency 
holds  for  any  step  in  the  sequential  procedure. 


3.4  Examples 

As  an  illustrative  example,  let  us  compare  the  two  methods  with  the  case  of  two 
inputs  and  two  outputs.  Given  n=m=2,  we  have 


"Pll  Pl2^ 

r*ii  *12'! 

_  fgl 

T  = 

^P21  P22'^ 

^*21  *22'' 

lo 

gzj 

(i)  Present  QFT  method 

Using  the  definition  of  q^j, 
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P22 

~P!2 

AP 

AP 

~P2I 

Pll 

.  AP 

AP 

where  AP  =  Pi,P22-p,2P2,. 

Substitute  these  expressions  into  Eq.  (4) 


j  _  ^1  ^  Pll  P22  ~  Pl2  P2I  P12  *21 

**  (PtiP22‘ P12  Pii)  81  ■•■P22 


'<ll2  *22 


P12  *22 


8i'*'<lii  (P11P22  ■  Pi2  P21)  81  P22  • 

For  the  second  step,  Eq.  (4)  gives 

t,,^ - P2I - 

(P11P22  *  Pi2P2i)8i82  +  P„8,+P22  82  ''-1 


^  _  (P11P22  ■  P12  P21)  81  ■*'P22 

(P11P22  *  P12  P21)  81  82  ■*'Pli8l '*'P22  62  '*’1 

(ii)  The  new  QFT  method 

For  the  first  step  (i=l),  we  use  Eq.  (14)  to  derive  t,,  and  t,2  The  cofactors  and 
the  AP  in  Eq.  (14)  are 

®n  =  P22  . 

®2I  “  ■  P12  . 

AP  =  Pll  P22  -  Pl2  P2I  . 

Substitute  these  expressions  into  Eq.  (14), 


j  _  Pn  P22  ~  P12  P21  P12  *21 

**  ^PiiP22  ■  Pi2  P21)  81  P22 
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^  _ _ Pn  *22 _ 

(P11P22  ■  Pn  P21)  gi  P22  . 


For  the  second  step,  Eq.  (14)  is  used  to  obtain 


‘21  = 


P21 


(P11P22  *  Pl2P2l)g|g2+Png|''‘P22g2''‘i 


and 


^2 


(Pi:P22  *  Pu  P21)  g|  '*’P22 


(P11P22  -  Pl2P2l)g|g2'*-pIlgl'*‘P22g2'''> 


Therefore,  we  have  shown  equivalency  between  the  present  and  new  methods  for  the  two 
input/output  case. 

Next,  we  present  the  specific  equations  for  the  three  input/output  case  using  the 
new  method.  For  i=l,  the  procedure  in  Table  I  gives 


l  +  Pllgl  Pn*2K  Pl3*3K^ 

PiK 

P2lgl  P22t2K  P23t3K 

g2 

=s 

P2K“*2K 

^  P3lgl  P32*2K  P33l3K> 

<83^ 

^P3K”*3Ky 

Using  Eq.  (13),  AL'  =  AP,  and 


J  _  PlK^ll'*~P2fc<*2l  '^P3K<^3l  '13X^31 

AP  gi  +  ttit 

For  the  second  step  (i=2),  the  procedure  in  Table  1  gives 


'l  +  Pllgl 

Pl2g2 

Pl3t3K' 

^  r.  ^ 

PiK 

P2igl 

1  +  P22g2 

P23t3K 

‘2K 

a 

P2K 

<  P3lgl 

P32g2 

P33*3K^ 

^g3, 

^P3K~*3Ky 

AL2  = 


f  «  ^ 

Pii  P12  Pn 

P2I  P22  P2J 
1 

^^Pjl  P32  Pj3^ 


Application  of  Eq.  (13)  yields 
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and  apply  Eq.  (13)  with 


1 

Pll 

2 

P12 

Pu 

1 

P21 

1 

P31 

Pm 

P23 

P« 

P33 

PtK  aK  +  P2K  ah*  Pile  ah* 

AL’  g3+a33 


_  glg2(PlKPl3  +  P2K<*23'*'  P3Ktt33)'*~  g|(P3KPu  ~  PikPbi)  g2(P3KP22  ~  P2KP^2)'^'  P3K 
g3(glg2  A  P  +  g2au  +  gia22  +  P33)  +  Jlg20t33  +  Pllgl  +  P22g2  +  1 

4.  STABILITY 

Robust  stability  of  the  control  system  shown  in  Fig.  I  is  related  to  sequential 
design  of  the  return  difference  1+PG.  The  present  QFT  sequential  procedure  for  closed- 
loop  robust  stability  (e.g.  Yaniv  and  Horowitz  1986,  Chait  1991,  Chait  and  Park,  1992) 
follows  closely  the  one  suggested  by  Mayne  (1973,  1979)  for  fixed  systems.  This,  in 
fact,  allows  QFT  methods  to  readily  make  use  of  related  results  on  stability,  interaction 
and  integrity  of  feedback  systems  with  decentralized  design  (Mayne  1973,  1979). 
Nwokah,  in  recent  works  has  been  making  am  explicit  use  of  the  similarities  between  the 
“British”  and  the  QFT  frequency  domain  design  nnethods  (e.g.,  Nwokah  et  al.  1990). 

5.  NON-SQUARE  PLANTS 

The  new  method  developed  in  this  paper  considers  square  and  non-square  plants 
in  a  unified  manner.  This  is  because  its  focuses  on  the  return  different  I+PG  which  is 
always  a  square  MTF  regardless  of  the  dimensions  of  P  and  G  (recall,  present  MIMO 
QFT  methods  involve  l+G^’P'*).  Therefore,  the  new  concept  inti^uced  for  deriving  t,j 
relations  for  computing  bounds  at  each  design  step  (as  outlined  in  Table  1)  is  also 
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appiicabk  for  the  non-square  case.  [Details  of  the  new  method  applied  to  the  non-square 
case  and  for  other  MIMO  feedback  problems  will  be  presented  in  future  papers. 

6.  CONCLUSIONS 

A  new  direct  Quantitative  Feedback  Theory  Design  method  for  multi-input  multi¬ 
output  systems  has  been  developed.  It  was  shown  that  tin  direct  QFT  design  nnethod  is 
mathematically  equivalent  with  the  present  QFT  method  that  involves  plant  and 
controller  inversion.  However,  the  underlying  concept  used  to  derive  the  direct  QFT 
method  is  also  applicable  to  a  non-square  MIMO  system. 
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QFT  Design  of  Earthquake  Simulator  Machines 
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Eden  Prairie,  Minnesota  55344-2290 


Abstract 

One  commonly  used  type  of  earthquake  simulator  machine  is  the  servohydraulically 
actuated  specimen  platform  or  shaking  table.  High  accuracy  servocontrol  of  such  ma¬ 
chines  is  very  difficult  because  of  the  large  load  impedance  uncertainty  of  the  specimen 
(large  amplitude  tests  to  catastrophic  failure).  It  is  also  difficult  because  of  the  basic 
nonlinear  nature  of  large  amplitude  servovalve-actuator  force  and  velocity  character¬ 
istics.  Another  problem  is  the  requirement  to  control  the  system  through  multiple 
resonances  of  the  machine  itself,  in  addition  to  the  specimen’s  dynamic  characteristics. 
The  process  of  developing  mathematical  models  suitable  for  applying  QFT  techniques 
to  the  earthquake  simulator  machine  problem,  and  the  results  of  that  application  will 
be  discussed. 
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A  Model  Reference  Quantitative  Feedback  Design  Theory 
and  Aircraft  Engine  Application 


Chin-Homg  Yau*,  Joseph  E.  Gallagher*  and  Osita  D.I.  Nwokah** 

School  of  Mechanical  Engineering 
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West  Lafayette,  IN  47907-1288 

May  12, 1992 


ABSTRACT 

A  new  decentralized  robust  control  design  framewotic,  model  reference  quantitative  feedback  design 
(MRQFD),  is  developed  for  the  design  of  the  MIMO  parametric  uncertain  control  systems.  An  internal 
model  reference  loop  is  proposed  to  obtain  the  achievement  of  generalized  diagonal  dominance  (GOD)  and 
the  reduction  of  uncertainty  in  the  resultant  compensated  internal  loop  system.  Based  on  non-negative 
matrix  theory,  a  useful  design  guide  is  derived  to  achieve  the  GOD  condition  fcr  the  internal  model  ;ieienc,.' 
loop.  Then  a  sensitivity-based  quantitative  feedback  design  (QFD)  method  is  developed  and  used  to  solve 
the  resulting  series  of  single  loop  QFD  problems.  The  MIMO  quandutive  specifications  are  guaranteed  to 
be  satisfied  by  the  proposed  design  rramework  for  largely  uncertain  systems.  A  successful  application  to  fee 
design  of  a  robust  multivariable  controller  for  fee  Allison  PD  5 14  aircraft  turbine  engine  is  presented  to 
demonstrate  the  effectiveness  of  fee  methodology  developed  here. 


*  Ph.D.  Candidate.  *  Graduate  student. 

**  Professor. 
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1.  INTRODUCTION 


Over  the  last  a  steady  and  growing  research  effort  has  been  invested  into  the  robustness 
aspects  of  muluvaiiable  control  system  design  (see  for  example,  Dorato  and  Yedavalli,  1990  and 
references  cited  therein).  In  particular,  the  familiar  classical  concepts  of  gain  and  phase  margin 
have  been  generalized  to  the  multivariable  case  (Posdethwaite  et  al.,  1981),  whilst  concepts  such  as 
Bode’s  sensitivity  function  (Bode,  1945)  have  been  introduced  into  muldvahable  system  design  in 
the  foim  of  the  spectral  norm  of  the  retum  difference  matrix  (Doyle  and  Stein,  1981).  The  majority 
of  the  research  efifon  has  been  devoted  to  the  systems  that  are  assumed  to  have  unstiuctured 
uncertainty.  This  allows  such  problem  to  be  transfonned  into  a  form  where  the  small  gain  theory 
(Desoer  and  Vidyasagar,  1975:  Zames,  1981)  and  powerful  recent  mathemadcal  techniques  from 
funcdonal  analysis  and  operator  theory  (Francis,  1987;  Doyle  et  al.,  1989)  can  be  successfully 
employed  for  system  analysis  and  synthesis.  However  many  problems  of  pracdcal  interest  appear 
as  models  with  both  targe  parametric  uncertainty  and  high  frequency  non-paiametric  uncertainty. 
Typical  examples  include  flight  control  and  turiromachinery  control  over  a  flight  envelope 
parametrized  by  power  level,  height  and  mach  number,  as  well  as  general  automodve  engine 
control  systems.  All  these  problems  yield  a  collecdon  of  linear  time-invariant  models  obtained  by 
linearlizadon  of  a  parametrically  dependent  nonlinear  differendal  equadon  set  about  a  finite  number 
of  different  operating  points.  This  problem  class  is  often  endowed  with  hard  stability  and 
performance  contiaints  such  as  on  rise  dme  and  overshoot.  It  is  important  to  keep  in  mind  that  for 
pracdcal  control  engineen  the  control  design  process  is  interacdve,  which  involves  an  interplay 
between  customer  specificadon,  almost  always  quandtadvely  described,  uncertain  plant 
charaoerisdcs,  and  the  muldvariable  feedback  design  process  itself  (O’Reilly  and  Leithead,  1991). 
The  quandtadve  feedback  design  (QFD)  robust  control  methodology  for  multiple  input  multiple 
output  (MEMO)  systems  introduced  by  Horowitz  (Horowitz,  1979;  1991)  is  perhaps  the  only  known 
technique  that  considers  large  parametric  uncertamty  and  quantitative  performance  requirements. 
The  Horowitz’s  MIMO  QFD  method,  using  Schauder’s  fixed  point  theory,  requires  an  nxn  time 
solution  for  the  elements  of  the  closed  loop  transfer  matrix.  The  downside  is  that  the  method 
though  useful  and  transparent  in  the  hands  of  an  experienced  control  engineer  has  not  until  recently 
lent  itself  easily  to  formal  mathemadzation  as  in  the  more  recent  paradigms  such  as  H**  control  and 
p  synthesis. 

Here  we  present  a  systematic  methodology;  a  model  reference  quantiutive  feedback  design 
(MRQFD)  theory,  for  the  design  of  robust  decentralized  controllers  for  MIMO  uncertain  systems. 
Kidd  (1984)  has  proposed  a  linear  model  reference  feedback  system,  combined  with  direct  Nyquist 
array  (DNA)  design  techniques  (Rosenbrock,  1974;  to  extend  the  DNA  techniques  to  multivariable 
uncertain  systems.  One  of  our  efforts  is  to  develop  a  useful  systematic  design  procedure,  based  on 
non-negative  matrix  theory,  to  achieve  generalized  diagonal  dominance  for  parametric 
multivariable  uncertain  systems  within  the  model  reference  concept.  Tne  theory  of  non-negative 
matrices  plays  a  key  role  in  assuring  that  the  internal  model  reference  loop  system  satisfies  the  H- 
mairix  condition,  that  is,  generalized  diagonally  cominant,  over  the  frequency  range  of  interest 
(Berman  and  Plemmons,  1979;  Nwokah,  1988).  A  ^^nsitivity  based  QFD  method  is  then  developed 
and  used  to  solve  the  resultant  robust  control  problem  for  each  loop  of  the  generalized  diagonally 
dominant  uncertain  system.  The  QFD  method  proposed  here  ensures  that  satisfaction  of  the  QFD 
specifications  for  each  individual  channel  is  g-aranteed  to  satisfy  the  MIMO  quantitative 


specification.  A  successful  application  to  the  design  of  a  robust  multivariable  controller  for  the 
Allison  PD-S14  aiiaaft  turbine  engine  is  presened  to  demonstrate  the  effectiveness  of  the 
methodology  developed  here. 


2,  MODEL  REFERENCE  QUANTITATIVE  FEEDBACK  DESIGN 


2.1  The  3  Degree-of-freedom  Feedback  Structure 

Consider  the  three  degrce-of-frccdom  multivariable  feedback  structure  shown  in  Figure  1.  The 
n-dimensional  signals  i<s),  w(s),  e(s),  u(3),  d(s),  y(s),  and  n(s)  represent  command  input,  filtered 
command  input,  error  signal,  control  input,  external  disnirbance,  controlled  output  and  sensor  noise 
respectively.  The  matrices  G(ot,s),  K,(s),  Hm(s).  K(s),  and  F(s)  are  all  nxn  rational  transfer 
matrices.  G(a,s)  is  the  parametric  uncertain  plant  with  real  parameter  vector  a  being  a  member  of  a 
compact  parameter  space  O.  K.(s),  H„(s),  K(s),  and  F(s)  are  respectively  the  internal  loop 
controller,  the  reference  model,  the  outer  loop  controller,  and  prefilter  matrix.  ITie  transfer  matrices 
K,(s),  Hn,(s),  K(s)  and  F(s)  have  the  additional  property  of  being  diagonal. 

The  intemal  mode!  reference  loop  (IMRL)  can  be  redrawn  as  shown  in  Figure  2.  Let  the 
reference  model  H„(s)  be  described  by  a  transfer  matrix  with  the  same  pole-zero  structure  as  the 
plant  transfer  matrix  G(a4),  V  a  e  Q.  Suppose  an  intemal  loop  controller  K,(s)  is  chosen  such 
that  the  resulting  transfer  matrix  between  u(s)  and  y(s),  H,(a,s),  behaving  dynamically  as  the 
reference  model  H„,(s).  Then,  the  resultant  control  design  problem  leads  to  a  two  degrec-of- 
freedom  (DOF)  feedback  structure  as  shown  in  Figure  3.  Such  a  structure  is  similar  to  the  standard 
two  DOF  control  structure,  which  was  advocated  by  Horowitz  (1963)  and  is  now  very  popular  in 
the  control  community.  However,  in  Figure  3,  the  transfer  matrix  H,(a,s)  is  compensated  to  be  in 
generalized  diagonal  dominance  (GDD)  condition,  which  is  a  key  feanire  that  distinguishes  over 
formulation  from  the  standard  2-DOF  structure .  As  shown  in  the  work  of  Yau  and  Nwokah  (1991), 
due  to  the  GDD  condition  of  H,(a,s),  the  resulting  2-DOF  control  design  is  much  easier  than  those 
in  the  classical  MIMO  QFT  method  (Horowitz,  1979)  and  the  sequential  MEMO  QFT  method 
(Yaniv  and  Horowitz,  1986). 

The  intemal  mcxlel  reference  loop  can  be  also  used  in  connection  with  the  Nyquist  array  methoa 
(Rosenbrock,  1974).  Actually,  the  work  here  is  motivated  by  Kidd  (1984)  on  the  extension  of  the 
Nyquist  array  method  to  uncertain  systems  with  the  intemal  model  reference  concept. 


2J!  The  Feedback  Control  Specifications 

The  closed  loop  transfer  matrix  for  Figure  3  can  be  given  as: 

T(a,s)  =  (I-»-H,(a,s)Kfsi)"'  H,(a,s;K(s)Ffs)  (2.1) 

and  the  MIMO  quantitative  design  specificatior.  would  be  formally  stated  as  follows: 

(1)  T(a,.<!)  is  stable  for  every  a  e  O, 
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(2)  |tu(a,j(B)-tf(jcD)|  :SMi(co),  Voi^O,  V  Ot  €  Si, 

(3)  I  tijCoujco)!  STSjCo)).  isq.  V  a e  Q, 

n 

(4)  Z  Tij(<“)  <min|tu(o,ia)|  ,  i-1^ . n.Vae  Q, 

isl.wj  ® 

(5)  ,  , ;;  ■  Smi((0),  i=1.2 . n.VaeQ. 

1+L‘(a,jw) 

where  L‘{o,jO))  is  the  i-th  diagonal  entry  of  H,(a,s)K(s).  with  4i(ci))  and  Y,j((D)  being  prespecified 
peifonnance  bounds,  and  tfCoi)  representing  the  target  tracking  response.  Condition  (1)  is  a  robust 
stability  requirement,  while  (2)-(4)  are  quantitative  robust  performance  criteria.  Condition  (5)  is  a 
disturbance  ammiarinn  criterion.  Note  that  condiden  (4)  is  a  formal  statement  that  the  closed  loop 
specification  matrices  T(j<»)  satisfies  a  diagonal  dominance  criterion  (Rosenbrock,  1974).  This 
condidon,  suggested  by  Nwokah  (1988)  ,  provides  a  link  between  the  Nyquist  array  method 
(Rosenbrock,  1974)  and  Horowitz’s  MEMO  QFT  method  (Horowitz,  1991). 


3.  THE  INTERNAL  MODEL  REFERENCE  LOOP  (IMRL) 


3.1  Model  Matdiing  Problem 

As  shown  in  Figure  2,  the  transfer  matrix  between  u(s)  and  y(s),  H,(a,s)  may  be  written  as 

H,(a.s)  =  ( I  +  G(a,s)  K,(s)  r‘  G(a,s)  [  I  +  K,(s)  H^(s)  ].  (3.1) 

In  pardcular,  H^  can  be  chosen  to  be  equal  to  Gq  where  Go  is  the  diagonal  elements  of  G(ao.s)  for 
a  specific  parameter  vector  Ooe  O  (this  choice  of  H^  may  be  arbitrary).  The  output  error  vector, 
between  the  reference  model  and  the  plant  is  given  by 

et(s)  =  yni(si-y(s),  02) 

and  the  enor  vector  e,  is  related  to  the  input  vector  u  by  the  transfer  matrix  equadon 

e.(s)  =  [  I  +  G(a,s)K.(s)  f'  [H„,(s)  -  G(a.s)]ufs) 

=  (I  +  G(a,s)K.(s)r*G(a,s)G-*(a,s)(H„fs)-G(a,s)]u(s)  (3.3) 

Define 
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S,(a,s)?=(I  +  G(a.s)K.(s)r‘. 

H2(a,s)  :=  [  I  +  G(a,s)K,(s)r‘  G(a,s), 

A,(a,s):=H„(s)-G(a,s),  and 
A„(a,s)  ?=G-‘(a,s)  [H„(s)  -  G(a,s)]. 

where  S,(a,s),  H2(a,s),  A«(oc,s),  and  Am(a,s)  aie  respectively  the  sensidvity  fiincdon  of  the  IMRL 
system,  the  closed  loop  transfer  matrix  of  the  H2  subsystem,  the  model  eiror,  and  the  reladve  model 
enor.  Hence,  from  (3.3),  we  have 

c,(s)  =  S,(ot,s)  A,(a,s)  u(s)  =  H2(cx,s)  Am(a,s)  u(s).  (3.4) 

Internal  stability  requires  that  the  error  vector  e.(s)  be  bounded  for  all  bounded  input  u(s).  Thus, 
the  matching  criterion  can  be  represented  as 

||S,(tx,jto)A,(a,s)ll  =  l|H2(a,ja))A„,(a,s)||Se('..>,  V(Dfe[0,  ~),  Vaefl.  (3.5) 

where  e(;o)  is  the  desired  bound  for  the  error  vector  e((jO))  for  all  bounded  |i  u(j(D)  ||. 

(3.5)  is  certainly  satisfied  if  A,(a,s)  0  (or  equivalently,  -4  0),  V  toe  [0,  »»),  and  V  ae£l 

It  is  noted  that  A,  -♦  0  implies  that  G(<x,ja))  -4  (jto).  The  mo(^l  error  A,  and  the  relative  model 
error  A„,  are  fixed  when  a  parametric  uncertain  plant  G(a,s),  as  Q.  is  given  and  the  reference  model 
Hm(s)  is  selected. 

Suppose  that  Aa(a,jo))  and  Am(a,j(i))  are  real  stable  transfer  function  matrices  for  every  asQ 
and  u(s)  is  the  set  of  input  signals  2-norm  bounded  by  unity.  If  H2(a,s)  is  diagonally  internally 
stabilizable  by  the  internal  loop  controller  K,(s),  then  we  may  utilize  the  H»  norm  (Francis,  1987) 
to  rewrite  (3.5)  as 


max-^ll  Sa(a,s)  Aafa,s)  |U  5  1 ,  or 

(3.6) 

^ca  E 

max— II  H2(a,s)  AT,(a,s)  IU  ^  1  . 
oca  e 

(3.7) 

Note  that  (3.6)  is  a  weighted  senstiviry  H-  optimiz~uon  problem.  Let 

Sa'jto)  :=max  ;  5,(a,j(o)  ||. 

OECtl 

Thus,  for  the  purpose  of  the  design,  we  may  rewrite  <3.6)  as 

max  II  S,(a.jo^Hi- -I-.  (3.8; 

acQ  Oa 

Observing  equation  (3.1),  we  know  that  if 
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1 1 + G(a,ja))K,(jci))  || »  1  and  |1 1  +  K,aa))Hn,ao))  II  »1 

V<0€[0,*»),  Vaefi,  (3 gj 

then  II  H,(ja))  ||  -♦  ||  II-  Therefore,  if  a  sufficicndy  high  gain  controller  K,(s)  is  allowed  to 
be  applied  to  the  IMRL  system,  then  H,(a,s)  will  approach  the  reference  model  Hm(s)  By  (3  8)  it 
is  equivalent  to  asking  the  sensitivity  function  to  be  sufficicndy  smaU  for  the  error  vector  e  (itai’to 
be  very  small  in  nann. 

We  also  may  decompose  Ha(ot,s)  as  the  following 

H.(ot,s)  =  H„(s)  +  H,(a,s)  -  H„,(s) 

=  [  I  +  (H.(a,s)  -  H„(s))  (s)]  H„,(s) 

and  let 


M.(a.s)  :=  (H.(a,s)  -  H„(s))  H"'  (s). 

Note  that  the  coodidon  (3.9)  would  cquivalcndy  make  M,(a,s)  sufficicndy  small,  that  is. 
11 M,  II  <  1  for  evciy  ca.  and  every  ae  C2,  which  provides  a  foundation  of  the  diagonal  stabilizability 
for  Ha(ot,s)  and  will  be  discussed  later. 

However,  in  practice  there  is  likely  to  be  some  frequency  above  which  equation  (3.9)  is  not 
satisfied.  This  agrees  with  the  fundamental  understanding  that  the  benefits  of  feedback  in  reducing 
sensitivity  to  parameter  uncertainty  is  restricted  to  a  low  frequency  region,  normally  up  to  the 
bandwidth  of  the  system  (Horowitz,  1963;  Freudenberg  andLooze,  1988). 

As  discuss^  prwously,  it  is  assumed  that  the  variations  or  uncertainty  in  the  plant  parameters 
m  known  to  lie  within  certain  range,  that  is,  the  compact  parameter  set  Q  is  known  a  priori  The 
internal  loop  controller,  K,(s),  is  then  determined  such  that  the  modulus  of  the  diagonal  elements  of 
the  plant  transfer  function  matrix  equals  the  modulus  of  the  reference  model  transfer  function 
matrix  over  the  desired  range.  The  off-diagonal  entries  of  the  reference  model  transfer  function 
matrix  are  chosen  to  be  zero,  since  this  then  tertds  to  reduce  interaction  within  the  resulting 
cranpensated  system.  For  the  case  of  the  diagonal  reference  model  considered  here,  this 
corresponds  to  making  the  system  H,(a,s)  diagonally  dominant  or  generalized  diagonally 
dominant,  Le.  H-matrix  condition,  over  the  frequency  range  of  interest  for  every  ae 


3.2  The  Pote>Zero  Characteristics  of  the  IMRL 

For  simplicity,  the  noutions  s  and  a  will  be  omised  in  the  appropriate  places  without  confusion 
in  the  following  discussions.  From  Figure  2, 

y  =  (l-»-GK,)~' G(l  +  K3rLn)u  =  H2Hiu  =  H,u  (3.10) 


where 

H,  =  H2H,  ,  H,  =l-fK,H_  .  H2  =  (1  +  GK.)-‘ G. 
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In  general,  since  the  selection  (if  possible)  of  the  matrices  Hm(s)  and  K,(s)  are  unoer  the  control 
of  the  designer,  the  subsystem  Hi  may  be  assumed  to  be  stable,  and  therefore  the  stability  of  the 
overall  inner  loop  system  depends  only  on  the  stability  of  the  subsystem  H2.  If  the  open  loop  plant 
transfer  function  matrix  has  tinstable  poles,  then  the  plant  may  be  stabilized  by  the  appropriate 
choice  of  a  stable  controller  truurix  Kt(s).  It  has  been  shown  (Kidd,  1984;  Yau  and  Nwokah,  1991) 
that  the  pole-zero  characteristics  of  the  IMRL  system  have  the  following  relation. 

2h  Zg 

det{H.]=  '  .  (3.11) 

Ph.Ph, 

where  Zh,  and  2^  are  the  transmission  zero  polynomials  of  Hi  and  G,  and  pH^and  Ph,  are  the 
pole  polynomials  of  H„,  and  H2  respecdvely. 

Hence,  it  can  be  seen  that  the  transmission  zeros  of  the  IMRL  system  are  the  set  of 
transmission  zeros  of  the  plant  plus  the  set  of  transmission  zeros  of  the  subsystem  H] .  The  poles  of 
the  system  H,  are  the  set  0/  poles  of  the  reference  model  plus  the  set  of  closed  loop  poles  of  the 
subsystem  H2.  Suppose  H^,  and  G  have  the  same  number  of  unstable  poles.  Suppose  further  that 
H(  and  H„  have  the  same  number  of  unstable  poles.  Then,  it  is  implied  by  (3.1 1)  that  H2  should  be 
stable.  Therefore,  if  G  is  minimum  phase  and  high  gain  diagonal  stabilizable,  then  H2  is  high  gain 
stabilizable.  If  Zh,  and  Ph^  are  both  Hurwitz,  then  H,  and  G  as  well  as  H^  have  the  same  number 
of  unstable  poles.  Write  G(a,s)*[I+(G(a,s)-Hn,(s)  )Hm  (s)  ]Hm(s),  and  define 

MGo(a,s)  =  (G(a,s)  -  Hm(s) )  Hji'  (s),  (3.12) 

then  we  have  G(a4)=(I+MGo(ot.s))Hm(s).  Therefore 

I  +  GK,  =  I  +  (I-hMgo)H„K.=  [I  +  McoH„,K,a+H„K.)-»  ](I+H„K,).  (3.13) 

Define  T„(s)=H„K,(I+H„K,)-‘ .  Then  (3.13)  leads  to 

I  -K  GK,  =  (I+McoT„)(I+H,„K,).  (3.14) 

It  is  noted  that  the  stability  of  T,„  is  implied  by  the  stability  of  I+Hn,K,  (that  is,  Hj).  Suppose  that 
Mgo(«,s)  is  a  non-singular  perturbation  of  the  nominal  plant  Hn,(s)  for  every  a.  Hence  by 
Rouche’s  Theorem  (Rosenbrock,  1974),  the  stability  of  I+G(a,s)Kg(s)  is  implied  by  the  stability  of 
I+Hm(s)K,(s)  together  with  the  condition  of  the  spectral  radius  of  MGo(a,s)Tm(s)  being  less  than 
one,  p(MGoTn,)<l,  for  every  a  and  for  every  s. 

From  the  analysis  of  the  IMRL  presented  above,  it  is  clear  that  such  a  system  possesses 
characteristics  that  can  be  used  in  the  design  of  feedback  control  systems  for  multivariable  plants 
subject  to  parametric  uncertainty.  If  a  sufficient  feedback  gain  is  applied  to  the  subsystem  H2,  then 
the  plant  poles  can  be  moved  sufficiently  leftward  in  the  s-plane  such  that  the  dominant  response  is 
that  of  the  reference  model.  Hence  K,(s)  should  be  chosen  to  robustly  stabilize  G(a,s).  The 
conditions  for  robust  diagonal  stability  will  be  discussed  in  the  next  section. 
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3J  Conditions  of  Robust  Diafl:9iialStabilizability 

As  discussed  pteviously,  the  basic  idea  of  the  IMRL  system  is  to  choose  the  imemal  loop 
conTOller  K,(s)  such  that  Ha(a,s)  is  restricted  strongly  near  H^Cs)  for  every  ocsfl.  Then  we 
stabilize  I^(s)  by  choice  of  an  outer  loop  controller  K(s)  in  the  resulting  2*DOF  design  as 
described  in  section  2  such  that  Hg(ot,s)  is  also  stabilized  for  every  as  CL  From  the  analysis  of  the 
IMRL  system,  it  is  noted  that  the  existence  of  an  IMRL  diagonal  connoUer,  K,(s),  is  strongly 
dependent  on  tha  feasibility  of  robust  diagonal  stabilizablity.  Here  we  first  present  some  easUy 
computtble  existence  conditions  tor  robust  diagonal  stabilization.  Let  G{a,s),  a€  Q  be  an  nxn 
uncertain  plant  matrix  set  and  Dn  be  the  usual  Nyq  uist  contour.  Then,  by  the  Nyquist  hodograph  of 
an  element  of  the  matrix  G(a4).  we  shall  mean  the  fuzzy  Nyquist  diagram  generated  by  the  union 
of  the  value  sets  (or  templates,  Horowitz,  1991)  of  the  said  element  of  G(a,s)  as  s  transverse  Dm 
and  a  ranges  over  D.  Write  ’ 

G  =  Gd+Gc  =  [I+GcGd']Gd,  VeteQ, 

where  GD=<iiag(gii,  gjj, ...,  g^).  and  Gc  is  the  matrix  of  the  off-diagonal  elements  of  G,  with  zero 
diagonal  elements.  Define  the  interaction  matrix  of  G  as: 

Mq  =  Gc'Gd'  .  Vae  £I 

Then  detG  =  detn  +  MG]  detGD. 

Theorem  3.1  :  The  transfer  matrix  G(a,s)  is  robustly  internally  diagonally  stabilizable  on  Q  if  and 
only  if  ^ 

(i)  Each  gii(a,s)  is  robustly  internally  stabilizable  by  some  k,i(s),  for  iai,?.  n 

(U)  Zm,  (a)  -  PMo(a)  =  0,  where  Zm^  (a)  and  Pm,  (o)  are  respectively  the  number  of  zeros  and 
poles  of  dctfl  +  Mo]  contmned  in  €+«  for  every  asD,  Or  equivalently,  the  Nyquist 

hodograph  of  detG(a,j©)rngu(a,jo))]“‘  neither  touches  nor  encloses  the  origin  for  all 

i=l 

ae  O. 

(lii)  det  G(a,s)  and  det  GD(a,s)  (that  is,  ngu(ot.s))  have  the  same  number  of  unstable  poles  in 

isl 

for  every  a. 

Proof:  By  the  principle  of  argument  and  the  generalized  Nyquist  stability  criterion,  the  proof  can 
be  established  straightforwardly.  A  slight  modification  of  Perez  et  al.(lWI)  would  also  give  the 
proof. 

Let  {G(a,s))  be  the  open-loop  plant  transfer  matrix  family  and  let  {G(a,o<.))  be  the 
corresponding  family  of  the  high-frequency  plant-gain  matrices  of  {G(a,s)},  where 
{G(a,<»)  )={G(a,s) :  |  s  |  oo).  a  necessary  condition  for  the  existence  of  a  fixed  diagonal  robust 
stabilizing  controller  for  the  family  (G(ot,s))  is  that  for  every  nominal  Gfoo,**)  and  every  other 
G(a,oo)  in  {G(a,o<»)},  detG(a,«»)(detG(ao.<»))"‘  >0.  The  essence  of  this  condition  was  noted  by 
Horowitz  (1963)  a  long  time  ago,  but  has  recently  been  reinvestigated  (see  for  example, 
Kwakemaak,  1982;  Nwokah  and  Thompson,  1989  and  references  cited  therein).  It  has  been  shown 
(Nwokah,  1988)  that  all  the  known  necessary  condiuons  for  robust  stabilizability  were  equivalent  to 


the  topological  path  connectedness  of  the  high-frequency  plant-gain  family  {G(a, 

In  the  firamework  of  the  IMRL  system,  if  G(oe,s)  is  high  gain  stabilizable,  then  both  GDD  of 
H,(a,s)  and  stabilization  of  H2(ot,s)  are  feasible.  For  single-input  single-output  systems,  the  root 
locus  technique  is  a  powerful  tool  giving  a  significant  insight  upon  the  behavior  of  a  feedback 
control  system  with  adjustable  gain.  An  extended  tool,  multivariable  root  locus  technique,  has  been 
introduc^  to  multivaiiable  systems  (Owens,  1978;  MacFarlane,  1979).  It  is  clear  that  for  MIMO 
systems  the  finite  eigenvalues  of  the  closed  loop  system  approach  the  transmission  zeros  of  the 
open  loop  system  whereas  the  asymptoms  of  the  remaining  poles  are  again  symmetrically 
distributed  within  the  complex  plane.  Since  for  uncertain  plants  the  right-half  plane  plant  zeros  are 
not  exactly  known  and  carmot  be  compensated  for  by  unstable  compensator  poles,  the  plant  zeros 
must  lie  in  the  left-half  complex  plane.  Funhermore,  the  asymptotes  can  be  adjusted  by  means  of 
the  controller  so  as  to  point  to  stable  pole  positions  only  t/ there  are  at  most  two  poles  more  than 
plant  zeros,  or  equivalendy,  G(a,s)  has  uniform  rank  r  <1 2  for  every  ae  £2  (Owens,  1978). 

The  condidons  for  robustly  diagonal  stabilizadon  are  stated  in  the  following  theorem. 

Theorem  32:  The  sufficient  condidons  for  the  existence  of  a  fixed,  diagonal,  proper,  stable,  and 
minimun-phase  controller  K,(s)  such  that  H2(ot,s)=[l+G(a,s)Ka(s)r*G(a,s)  is  asymptodcally 
stable  for  every  ae  £2  are  as  following; 

(i)  Each  plant  in  (G(a,s)]  is  arises  from  a  stabilizable  and  detectable  system; 

(ii)  The  number  of  transmission  zeros  of  each  G(ot,s)  in  {G(ci,s))  is  the  same,  and  furthermore 
every  transmission  zero  is  in  a  bounded  region  of  the  left-half  complex  plane; 

(iii)  Each  plant  is  a  nonsingtilar  perturbadon  of  the  nominal  plant  and  has  uniform  rank  r  ^  2; 

(iv)  There  exists  a  fixed  posidve  diagonal  matrix  D  such  that  for  each  plant  the  matrix  rL.D  has 
all  its  eigenvalues  in  a  bounded  region  of  the  right-half  complex  plane  for  every  ae  £2,  where 
n«=  lim  G(a,s)G(ao,s)“^ 

|si 

Proof :  The  proof  can  be  obtained  from  Kwakemaak  (1982)  by  changing  the  square  matrix  therein 
with  the  posidve  diagonal  matrix  in  condidon  (iv)  presented  here. 

The  minimum-phase  condidon  and  uniform  rank  limitadon  are  required  to  guarantee  high  gain 
stability.  However,  in  the  real  world,  it  is  impossible  to  have  infinitely  high  gain  due  to  the 
bandwidth  consideradon.  Tlie  IMRL  system  can  axso  be  applied  to  non-minimum  phase  systems  if 
the  number  of  nen-minimum  phase  transmission  zeros  is  the  same  for  every  plant  in  {G(oc,s)}  and 
only  a  reasonable  level  of  gain  is  required  for  GDD  achievement,  that  is,  the  feedback  would  not 
push  the  closed  loop  poles  to  the  unstable  transmission  zeros.  The  applicadon  of  the  design 
methodology  to  a  MIMO  aircraft  engine  control  problem  presented  in  this  paper  is  indeed  a 
successful  demonstration  of  the  IMRL  scheme  being  applied  to  a  non-minimum  phase 
muldvariable  system. 
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4.  ACmEVMENT  OF  GENERALIZED  DIAGONAL  DOMINANCE 


4.1  Prdiininaries 

Here  we  present  a  brief  summary  of  relevant  non-negative  matrix  theory.  Let  R,  C  and  P 
represent  respectively  the  set  of  real  numben,  complex  numbers  and  non-negadve  numbers.  If  S  is 
any  set,  then  MmnlS)  represents  the  set  of  mxn  matrices  with  entries  firom  the  set  S.  The 
comparison  matrix  M(Z)  of  a  complex  matrix  Z  e  M^n(C)  is  defined  by:  =  I  zy;  | , 

and  micd  =  -|zk(||  for ,  k4=I,2 . n. 

Definition  4.1  (Berman  and  Plemmons,  1979)  :  A  matrix  Ae  Mn  „(R)  is  called  non-negative 
(denoted;  A^ )  if  all  the  elements  of  A  are  non-negative  (aj^j^O  for  i=l,2,...,n;  j=l,2,..„m).  We  say 
thatA>BifA-B^. 

Definition  42  (Rosenbrock,  1974)  :  A  matrix  Z  €  M„.„(C)  is  said  to  be  diagonally  dominant  if 
either 

n 

(i)  I  Zkk  I  >  E  I  I  •  dominance),  or 

n 

(ii)  1  Zkk  I  >  2  I  ^  i  *  (column  dominance) 

Definition  43  (Berman  and  Plemmons,  1979) :  A  matrix  Z  e  Mn.n(R)  is  called  an  M-matrix  if  the 
diagonal  elements  are  non-negadve,  the  off-diagonal  elements  are  non-posidve  and  principal 
minors  are  positive. 

Definition  4.4  (Ostrowski,  1937)  :  A  matrix  Z  e  M„,„(C)  is  called  H-matrix  if  M(Z)  is  an  M- 
matrix. 

Definition  43  (Fan,  1967)  :  A  mauix  Ze  M,_a(C)  is  irreducible  if  there  does  not  exist  a 
permutation  matrix  P  €  M„,„(P)  such  that 

\zn  Zn 

PZP^‘  = 

jo  Z22 

L 

where  Z]  j  and  Z22  are  square  submaoices. 

A  real  mauix  A  6  Mn,„(P)  is  said  to  dominate  a  complex  mauix  Z  6  M„,„(C)  if  ajj  ^ 

=1,2 . n.  Next  the  famous  theorem  of  Perron  and  Frobenius  on  the  spectral  properties  of  non¬ 

negative  matrices  is  stated. 

Theorem  4.1 :  Suppose  A  s  Mn.n(P)  is  irreducible.  Then  there  exist  an  eigenvalue  Xo  of  A  (called 
the  Ferron-Frobenius  eigenvalue)  such  that 
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(i)  Xoe  R,andAo>0; 

(ii)  with  Xo  can  be  assocuied  positive  left  and  right  eigenvectors; 

(iii)  Xo  ^  I X.  I  for  every  other  eigenvalue  X  of  A; 

(iv)  the  eigenvectors  associated  with  Xo  are  unique  to  constant  multipliers; 

(v)  if  0  S  B  ^  A  and  P  is  an  eigenvalue  of  B,  then  |  p  |  S  Xq;  moreover,  !  P  |  =  Xo  implies  B=A; 
and, 

(vi)  Xo  is  a  simple  root  of  the  characteristic  equation  of  A. 

The  Perron  root  of  a  non-negative  irreducible  matrix  is  the  maximum  eigenvalue  of  the  matrix. 
By  Theorem  4. 1,  this  eigenvalue  is  real  and  non-negative. 

Definition  4.6  :  A  matrix  A  €  M,^„(C)  is  generalized  row  diagonally  dominant  if  there  exists  an 
X  €  R",  x>0  such  that 

n 

|aiilXi>  X  laijixj  for  i=l,2 . n. 

A  matrix  A  6  M^o(C)  is  generalized  column  diagonally  dominant  if  there  exists  a  x  s  R",  x>0 
such  that 

n 

|aii|xi>  £  Ujil  Xj  for  i=l,2,...,n. 


Let  Z  €  Mn.n(C),  write 

Z  =  D-f  C  =  [I-hCD-*]D,  (4.1) 

where  D=diag(zii,  Z22,...Abi).  C  is  the  matrix  of  the  off-diagonal  elements  of  Z,  with  zero 
diagonal  elements.  Detine  the  interaction  matrix  of  Z  as  M  =C  D~^ . 

Theorem  42  :  For  an  irreducible  matrix  Z  e  M„.„(C),  the  following  are  equivalent; 

(i)  M=CD“*  has  perron  root  Xo<l. 

(ii)  Z  is  generalized  row  diagonal  dominant. 

(iii)  There  exists  a  diagonal  Q>0  such  that  Q"'  ZQ  is  row  dominant. 

(iv)  Z  is  generalized  column  diagonal  dominant. 

(v)  There  exist  a  diagonal  Q>0  such  that  QZQ  '  ;  j  column  dominant. 

(vi)  Z  is  an  H-mairix. 

Proof :  The  proof  can  be  obtained  with  a  slight  mocriication  of  Lime beer(  1982). 

Corollary  42  (Nwokah,  1978) :  If  Z  e  Mn,n(C),  then  its  eigenvalues  are  contained  in  the  union  of 
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the  discs 

|X-Zii|  SXolZiil,  fori=l,2 . n.  (4.2) 

where  Xq  is  the  perron  rtwt  of  M=CD“’ . 

4.2  (^neralized  Diagonal  Dominance  of  The  IMRL 

Consider  a  MIMO  system,  with  a  diagonal  reference  model  denoted  by 

Hm=diag (h„,, .... 

^mn)  *  (4.3) 

a  diagonal  compensator  denoted  by 

K,  =  diag(k,i . k„),  (4.4) 

and  with  the  inner  loop  system  denoted  by  the  transfer-function  matrix  equadon 

H,  =  (I  GK,)-'  G(I  -K  K.H„).  (4.5) 

Let 

Hi  =  I  +  and  =  (I  +  GK,)'* G  .  (4.6) 

Since  K,  and  Ho,  are  diagonal  matrices.  Hi  is  a  diagonal  matrix,  and  hence  is  already  an  H- 
matrix.  Since  the  product  of  an  H-matiix  with  a  diagonal  matrix  with  non-zero  diagonal  elements 
also  gives  another  H-matcix,  it  follows  that  H,  is  an  H-manix  if  and  only  i/  Hj  is  an  H-matrix 
(Helder  and  Patk,  1962).  Hence  it  is  sufficient  for  H2  to  be^  an  H-matrix  in  order  for  H,  to  be 
generalised  diagonally  dominant  The  inverse  transfer  matrix  H2  is  given  by 

Hi‘  :=  H2  =  G  +  K..  (4.7) 

Let  B=(bi^)  and  W*diag(wi,  W2, . .  ,w„, )  ,  where  bkk=0  for  1  S  k  i  m,  bi^  =  |  h2^  |  for  ,  k, 
(|=l,2,...,m,  and  w^  =  |  h2^  j  for  1  S  k  S  m.  Write  =  Xo(BW“* )  for  the  Perron  root  (maximum 
eigenvalue)  of  BW*.  Then  from  Tlieorcm  4.2,  H2  being  an  H-matrix  is  equivalent  to  the  condidon 
Xo<l. 

By  Gershgorin’s  theorem  (Rosenbrock,  1974)  and  Corollary  4.2  ,  it  follows  that  if: 

^=|hkkr‘  2  |hk^,  <  1,  k=  1,2 . n,  (4.8) 

#=i,(yk 

then  H2  is  an  H-matrix.  Hence,  for  design  purposes,  wc  can  let 

Xolhkkl2  i  |hw  .  k=l,2 . n,  (4.9) 

and  Xo  <  1,  to  guarantee  that  H2  is  an  H-matrix.  We  state  the  result  as  the  following  Lemma. 

Lemma 4.1;  If  |k,j  +  gii  |  >  —  |  gij  I,  for  i=;,2,...,n.  and  Xo  <  1,  then  H2  is  an  H-matrix. 


410 


Proof:  Since  H2  =  K,  +  G,  the  lemma  is  a  direct  result  of  the  above  discussion. 

A 

For  design  purposes,  the  main  concern  is  designing  a  conffoller  K.ls)  to  make  H2  an  H-matrix. 
Thus,  by  Lemma  4.1  and  the  property  of  norms 

Ik^  +  gHUIkdl-igiil.  (4.10) 

we  obtain  a  bound  on  k,i  to  insure  diagonal  dominance: 

|k«l  i  IgijI-  (4.11) 

The  above  result  provides  a  guide  to  the  design  of  the  controller  K,  to  make  H,  an  H-matrix. 
However,  of  particular  importance  is  the  design  of  the  controller  which  makes  the  inner  loop 
transfer  matrix  H^  an  H-manix. 

From  the  definition  in  equations  (4.1),  we  have 

Z  =  (I-hM)D.  (4.12) 

Taking  inverse  in  (4.12)  gives: 

Z-*  :=  Z  =  D“‘  (I  +  M)-*  .  (4. 1 3) 

Since  D  is  diagonaL  asking  (I  +  M)~^  to  be  an  H-matrix  is  equivalent  to  making  Z  an  H-matrix.  We 
therefore  need  to  provide  conditions,  which  guarantee  that  Z  is  an  H-matrix  whenever  Z  is  an  H- 
matrix.  By  the  properties  of  non-negative  manices  (Berman  and  Plemmons,  1979),  it  is  clear  that 
Xo(T)  <\if  and  onfy  1/(1  -  T)“*  exists  and 


a-T)-‘  =  £t*<o..  (4.14) 

kaO 

Let  Xo  =  Xo(M)<l,  then  the  eigenvalue  problem  Mx=Xo(M)  x  has  a  positive  solunon  x.  Such  an  x 
exists  by  the  Perron-Frobenius  theorem.  Thus 

(I-hM)x  =[1-Hm]x,  x>0,  (4.15) 


implies  that 


(I  +  M)-*  X 


1 

1  +  Xo 


*  ' 

=  I-t-  £(-1)'‘M---  X 

jCsI 

V  ^ 

=  (T+  M  )  X , 

where  M  =  2)(-l)‘‘  M‘‘.  Due  to  the  fact  that  Xq  <  1 .  ±en 
k=l 


(4.16) 


—  =  1  —  Xo  +  -  Xj  +  Xo  - . . . 

1  +  Ao 

<  1  +  Xfl  +  Xq  +  Xo  +  Xq  + . . . 

=  -r-V-  (since  0<Xo<l).  (4.17) 

1  —  A<) 

Hence 

Therefore,  for  I  +  M  to  be  an  H-matiix,  we  need  Xo(M)  <  1,  i.e.  the  Perron  root  of  M  less  than  1,  or 
— -ir - 1  <  1 ,  which  implies  Xo(M)  <  .  Hence  we  state; 

1  -Xfl  2 

Lemma  42  :  Let  Ze  M^fC)  have  the  interaction  matrix  M  =  Q)~*,  with  perron  root 
Xo(M)  =  Xo(aD“‘).  Suppose  Xo(M)  <  y,  then  Z  and  TT*  are  both  H-matrices. 

Coinbining  l^jnma  4.1  and  Lemma  4.2,  we  obtain  the  main  result  of  this  setdon  as  follows: 

Theorem  4.3  :  In  the  internal  model  reference  loop  system  proposed  in  Figure  2,  if 

l^til  Z  liijl  +  lial*  . n,  VS€  Dn, 

and  Xo  <  y ,  then  H,  =  H2H1  is  an  H-matrix  for  all  s  on  D^. 


43  GDD  for  Parametric  Uncertain  Systems 

Consider  the  IMRL  systent  with  the  parametric  uncertain  plant  G(a,s)  as  shown  in  Figure  2. 
The  output  vector  is  relat^  to  the  input  vector  by  the  following  transfer  matrix. 

H,(a,s)  =  (I  +  G(a,s)K,r'  G(a,s)  a  +  K.H„)  (4.19) 

Let 

H2(a,s)  =  (1  +  G(a.  s;K,)-'  G(a.s)  (4.20) 

The  main  purpose  in  this  section  is  to  make  H,  'a,s)  GDD  for  every  member  of  G(a,s)  in  the 
parameter  set  a  e  Q.  Equivalently,  we  need  to  insure  that  H2(a,s)  is  GDD  for  every  plant  member. 
Taking  inverses  in  (4.20),  we  have 

H2(a,s)=--K,r.y  +  G(a,s)  (4.21) 

Write 
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W(a.s)  =  H2(a.s) 

(4.22) 

Let  Wo(s)  be  the  majorant  transfer  matrix  of  W(ot,s),  which  is  defined  as  follows 

|w§|  =  min  |wii{a,s)|  ,  i=  1,2,. . .  ,n;  and 

06  a 

(4.23) 

|w§|  =  max  1  Wj:(a,s)|  ,  i^j,  i=l,2 . n. 

oeQ 

(4.24) 

Define 

Do(s)  =  diag(|wg(s)|), 

(4.25) 

and 

Co(s)  =  C5(s)  =  ||  ^  j  ^  j  j  ^  j  2 . n. 

(4.26) 

The  majorant  matrices  are  most  e'.sily  obtained  from  the  QFD  uncertainty  templates 

(Horowitz, 

1979).  Let  the  interaction  index  ita,(s)  of  Wo(s)  be  the  majoiant  interaction  index  of  W(a,s),  and  let 
Xo((z,s)  be  the  interaction  irdex  of  W(ot,s)  V  a  e 

Lerrnia 43  :  X„,(s)  ^  ^^(ous)  for  ail  a  s  .where  Xo(a,s)  is  the  Perron  root  of  W(a,s). 

Proof :  This  follows  the  fact  that  the  Perron  root  of  an  irreducible  non-negative  matrix  is  a 
continuous  and  monotonic  function  of  the  matrix  elements  (Seneta,  1973). 

Suppose  W(a,s)  is  generalized  diagonally  dominant  for  all  a  €  Q  at  every  s  considered.  i.e. 
A^(a,s)  <  1  for  every  s,  or  the  slightly  stronger  condition  arising  from  Lemma  3.3,  X^Cs)  <  1  for  all 
s.  We  note  here  that  Xo(s)  can  be  ma^  less  than  1  at  every  s  by  suitable  choice  of  K.(s). 

Let 

lga(s)|  =  min  |gii(a,s)|  ,  i=  1.2 . n;  and  (4.27) 

act! 

I  gS(s)  I  =  max  I  gij{a,s)  |  .  i  ,j  =  1.2, . . .  ,n.  (4.28) 

Parallel  to  Lemma  4.1,  we  can  have  the  following  Lemma  for  uncertain  systems. 

Lemma  4.4:  If  |k^(s)|  >  |g°(s)|  +  .  ,  Z  !  gij(s)l.  i=l,2,....n.  for  all  s  e  Dn,  and  <  1, 

.  A  ,(S) 

then  H2(a,s)  is  an  H-matrix  for  all  a  €  Q,  and  for  aii  s  considered. 

Similarly,  we  have  a  parallel  version  of  Theorem  4.3  for  parametric  uncertain  systems. 

Theorem  4.4:  If  |k,i(s)|  a  |g°(s)|  ^  lgu(s)l.  >=1.2 . n,  for  all  ssOn,  and 

j=l..  *1 

'Kn<  then  H,(a,s)  =  H2(a,s)  Hi  is  an  H-matrix,  for  all  a  €  Q,  and  at  every  s  considered. 
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In  fact,  if  I k|a(s)f  is  very  large  then  Ha((X,s)  will  approach  Hni(s),  which  is  the  very  idea  for  the 
model  reference  feedback  system  proposed  here.  By  Theorem  4.4,  we  can  find  k,i(s), 
i  =1,2, . . .  ,n ,  at  every  frequency  such  that  Theorem  4.4  is  satified.  Our  recommendation  is  to 
make  <  0.2  (Aiald  et  al.,  1981). 


5.  INDIVIDUAL  CHANNEL  DESIGN  WITH  QFD  METHOD 


Once  a  reasonable  level  of  diagonal  dominance  has  been  achieved  (Xq  C  0.2)  over  the  set  Cl,  we 
can  use  single  loop  QFD  design  methodology  for  the  design  of  each  loop  of  the  MIMO  system. 
The  QFD  problem  can  be  posed  as  a  formal  sensitivity  constrainted  optimization  problem  which 
reduces  to  the  problem  statements  in  H**  control  when  the  hard  performance  constraints  and 
parametric  uncertainty  oescriptions  are  relaxed.  Details  of  the  sensitivity-based  QFD  are  provided 
in  Nwokah  et  al.(1992). 

Suppose  there  is  given  an  ideal  target  closed  loop  transmission  function  T|)(s)  and  an  ideal 
disturbance  response  transfer  function  T^fs)  for  the  resulting  i-th  single  loop  channel  obtained  by 
the  internal  mo^l  reference  loop  method  developed  in  the  last  section.  The  QFD  problem  is  to  find 
(if  possible)  an  admissible  pair  of  snictly  proper,  real  rational,  and  stable  functions  {Iqfs),  fj(s)}  in 
the  two  degree-of-fieedom  feedback  arrangement,  which  is  shown  in  Figure  3,  such  that  the 
following  conditions  are  satisfied  with  some  measure  of  optimality  (for  various  individual  channels 
I,  i=l,2,,..,n). 

(i)  robust  stability:  T(ot,s)is  stable,  Vae  Q, 

(ii)  robust  performance:  max  |'F(a,s)-To(s)|  ^5V(s).  Vs, 

ae  a 

(iii)  disturbance  attenuation:  max  |Tb(s)|  S  IToTs)!  =5i)(s),  V  s 

a£  n 

where  5V(s)  ^  0  and  5b(s)  ^  0  are  speefied  a  priori,  and 

r(a,s)  =  H‘(a.s)  •  fjfs).  T},(s)  =  HI,  •  fi(s) 


Hka,s)  =  - 

S'(a,s)  =  - 
L‘(a,s)  =  hi 


L*(a.s) 

1  +  L'(a,s)  ’ 

1 

1  +L‘(a,s)' 
(a,s)  •  ki(s). 


Hi,(s)  = 


Lj)(s) 

1  +  L{,(st 


36(s)  = 


1 

1  +Li,(st 


Ll,(s)  =  h'ao(s)  •  k,(s) 


under  the  constraint  that  ki(s)  is  an  internally  stabilir.."?  controller  for  the  plant  set  {hi,(s)). 
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After  appropriate  algebraic  manipulations,  we  can  obtain  the  equivalent  descriptions  for 
condipons  (i)  to  (iii)  in  terms  of  sensitivity  function  constraints.  Furthermore  by  suitable  choice  of 
the  real  rational  stable  weighting  functions  W*(s)  and  V‘(s),  the  following  equivalent  H** 
minimiTarinn  problem  foT  the  QFD  optimization  problem  can  be  set  up  (Nwokah  et  al.,  1992): 


min  sup 
k,eii:  (0 


Altemadvely  we  can  solve  the  simpler  H**  problem  (Chiang  and  Safanov,  1988): 


min 

kt€K 


W‘S' 


V‘H> 


(5.1) 

(5.2) 


Indeed  ^<1/"^  is  a  sufficient  condidon  for  the  original  H”  to  be  solved  (Francis,  1987).  Once  kj 
is  determined,  we  draw  the  graph  of  Lc^haoki  on  the  Nichols  chart.  This  forms  the  inidalizing  loop 
transmission  funcdon  for  the  QFD  opdmizadon  algorithm.  On  the  same  Nichols  chan  are 
superimposed  the  standard  QFD  performance  and  stability  boundaries.  Then  the  QFD  opdmizadon 
routine  strives  to  reduce  the  gain-bandwidth  area  of  loop  transmission  funcdon  by  moving  L|) 
towards  the  boundaries  at  every  frequency,  as  the  work  done  by  Thompson  and  Nwokah  (1991).  If 
the  exact  target  funcdon  Ti)(s)  is  the  required  performance,  we  can  go  further  to  design  a  prefilter 
fi(s)  making  the  closed  loop  system  sadsfy  the  quandtadve  specificadons. 


6.  AN  AIRCRAFT  ENGINE  APPLICATION 


The  appUcadon  of  the  developed  MRQFD  method  to  the  design  of  a  robust  controller  for  the 
Allison  PD-514  aircraft  turbine  engine  is  presented  in  this  secdon.  Tnc  PD-514  is  a  low-bypass- 
rado,  twin-spool,  axial  flow  turbofan  aircraft  engine  with  augmenter  as  shown  in  Figure  4.  The 
PD-514  has  two  control  inputs,  namely,  fuel  flow  and  exit  nozzle  area,  which  are  used  to  control  the 
output  of  thrust  and  total  air  flow. 

The  objeedve  of  the  muldvariable  engine  controller  design  is  to  provide  stable  performance, 
and  to  improve  the  engine  thrust  response  by  providing  fast  response  with  no  overshoot,  and  zero 
stead-state  error  over  the  flight  envelope.  Also,  the  control  system  is  required  to  be  robust  in 
achieving  desired  performance  despite  uncertainty. 

The  performance  of  aircraft  engines  can  be  modelled  accurately  through  aerothermodynamic 
reladons.  The  result  of  this  modelling  process  is  a  set  of  highly  nonlinear  differcndal  equadons. 
However,  the  resuldng  models  are  too  complex  to  be  used  in  controller  design.  Therefore,  in  order 
to  simplify  the  controller  design  process,  the  penr»rmance  of  the  engine  is  linearized  about  an 
operating  point,  which  is  defined  by  altitude,  mach  nezmber,  and  power  lever  angle  (PLA)  or  throttle 
setdng  of  the  aircraft.  The  modelling  process  is  then  repeated  for  a  number  of  operating  points  in 
order  to  define  the  performance  over  the  entire  .'^ight  envelope.  The  resulting  linear  models 
introduce  structured  uncertainty  due  to  parameter  variations  between  models.  Unstructured 
uncertainty  is  also  present  in  the  form  of  unmodcllcc  dynamics,  unmodelled  parameter  variations. 
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and  measuiement  errors. 

The  modelling  process  of  the  PD-S14  is  described  in  the  work  of  Gallagher  (1992).  The  models 
of  the  PD-514  are  originally  obtained  in  state-space  form.  In  order  to  apply  the  MRQFD  method  to 
the  control  system  design,  the  models  are  transformed  to  the  form  of  transfer  matrix  lepresentadon. 
The  flight  envelope  including  forty  seven  operating  points  is  shown  in  Figure  5.  Here,  a  robust 
decentralized  controller  is  designed  for  a  set  of  thirty  seven  operating  points  of  the  PD-514  engine. 
The  number  of  the  non-minimum  phase  transmission  zeros  is  the  same  for  all  these  thirty  seven 
operating  points. 

The  input-output  reladonship  may  be  wrinen  as: 

y  =  G(a,s)u  (6.1) 

where 


and 


u  = 


“1 

fuel  flow 

yi 

thrust 

“2 

nozzle  area 

.  y= 

.y2. 

air  flow 

G(a.s)  = 


gll  gl2 
g21  g22 


(6.2) 


The  transfer  funcdon  for  each  entry  of  G(a,s)  may  be  represented  as  follows. 


kjjfs+z^jXs-fzr,)  .  .  ,  - 
~ — r — e-,  i,j=i,2, 
(s+Pi‘j)(s-»-pr,; 


The  values  of  kjj,  zjj,  z^,  pfj,  and  pfj,  i,j=l,2  for  different  operating  points  were  given  in  Gallagher 
(1992).  Figure  6  contains  the  Nyquist  arrays  for  the  thirty  seven  operating  points.  In  Figure  6,  the 
uncertainty  of  the  system  is  represented  by  the  spread  of  the  Nyquist  plots  for  a  single  channel.  In 
this  application,  the  thrust/fuel  flow  (gj  i )  channel  snows  the  most  uncertainty,  and  the  air  flow/fuel 
flow  (g2i)  the  least  figure  7  shows  that  the  interaction  indices  air  not  lees  than  one  for  every 
operating  point  that  is,  the  system  is  not  robust  GDD. 


The  first  step  in  the  controller  design  is  the  se  lection  of  an  appropriate  reference  model  Hn,(s). 
The  reference  model  was  obtained  by  taking  the  ‘cenar  of  gravity'  of  the  oansfer  matrix  set  and 
neglecting  its  off-diagonal  elements.  This  produces  *-nc  transfer  matrix: 


H„(s)  = 


-0. 1371  (s-Ht.2407Ks-l  1.1 86T) 


(s+3.1340)(s-M.2407) 

0 


0.1891(s-(-3.134)(s^-10.7487) 
(s-t-3  1340)(s^4.2407) 


(6.3) 


Then  from  Theorem  4^4,  and  letting  =  0.2,  we  rr.  av  generate  the  design  bounds  for  the  internal 
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loop  controller  Ka(s).  Hguie  8  shows  the  design  bounds  of  kij  (s)  and  ki2(s)  for  the  thirty  seven 
operating  points.  Implementation  of  the  internal  loop  controller 


(6.4) 


into  the  IMRL  of  Figure  2  results  in  the  Nyquist  arrays  in  Figure  9.  This  figure  shows  that  the 
uncertainty  is  significandy  reduced  and  the  system  is  generalized  diagonally  dominant.  Figure  10  is 
a  plot  of  the  interacdon  indices  (Perron  root)  for  the  compensated  inner  loop,  Ht(a,s),  which  also 
shows  that  the  system  is  now  sufficiendy  GDD,  since  (6r  most  of  the  operating  points 

considered  as  suggested  in  Section  4.  Now  that  the  system  is  sufficiendy  GDD,  the  single  loop 
QFD  method  as  described  in  Section  5  may  be  applied  for  the  design  of  each  individual  loop. 

The  initial  step  of  the  QFD  problem  is  the  description  of  the  desired  performance  of  the  system. 
Figure  1 1  shows  the  upper  and  lower  time  response  bounds  for  thrust/fuel  flow  channel  and  the 
corresponding  fiequency  response  for  the  upper  (T^),  lower  (Tj),  and  nominal  (To)  performance 
bounds.  Also,  the  maximum  disturbance  response  was  selected  as  2  (6  dB)  and  the  relative  stability 
margin  was  selected  as  1.25  (1.94  dB).  The  normalized  plant  uncertainty  Ski  was  obtained  from 
the  Bode  diagram  of  the  plants  for  the  compensated  innsr  loop  transfer  function.  The  constraint  for 
the  sensitivity  function,  Mi((t}),  is  thus  obtained  as  described  in  Section  S.  Figure  12  shows  that  the 
oesinsd  time  response  bounds  and  their  corresponding  frequency  response  bounds  of  the  second 
channel  (air  flow/nozzle  area).  The  required  maximum  disturbance  response  and  relative  subility 
margin  for  the  second  channel  is  the  same  as  the  first  channel.  Thus,  we  also  obtain  the  sensitivity 
function  constraint  M2  (to)  for  channel  two. 


K,(s)  = 


20( 


3.28 


+1) 


0 


<^0 


Now,  we  may  apply  the  QFD  technique  for  designing  the  outer  loop  controUer  ki(s)  and  k2(s). 
If  necessary,  we  may  go  further  to  design  the  prefilters  fi(s)  and  fzis).  The  outer  loop  controller  is 
designed  to  be 


K(s)  = 


388.2(s-t4.3)(s+:0.0) 

s(s+11.8)(s+3(X/.0) 


0 


0 

507.0(8440) 
s(s+ 13.0)2 


(6.5) 


The  compensated  loop  transmission  function  and  the  performance  boundaries  in  the  Nichols  chan 
are  shown  in  Figiore  13  for  channel  one  and  in  Figure  14  for  channel  two.  The  thrust  response  to  a 
unit  step  input  of  fuel  flow  is  shown  in  Figure  15  frjr  four  typical  operating  points.  This  response 
satisfies  the  design  requirements  so  it  is  not  necessary  to  go  further  to  design  prefilter  fj  (s).  Notice 
that  the  reverse  reaction  near  t=0  is  due  to  the  effect  of  the  existence  of  one  nonminimum  phase 
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zero  in  the  resulting  closed  loop  transfer  matrix.  Hie  air  flow  response  to  a  unit  step  input  of  nozzle 
area  is  shown  in  Figure  16,  which  shows  that  the  desired  performance  requirement  is  sadsfied  by 
the  designed  control  system.  Hence,  it  is  not  necessary  to  design  the  prelilter  for  the  channel  two 
either. 


7.  CONCLUSIONS 


In  this  paper  we  have  introduced  a  new  methodology:  model  reference  quandtadve  feedback 
design,  for  the  design  of  the  MIMO  parametric  uncertain  control  systems.  If  sufficient  feedback 
gain  for  a  MIMO  uncertain  system  is  allowed,  we  may  achieve  robust  generalized  diagonal 
dominance  and  uncertainty  leducdon  with  the  model  reference  concepts.  The  design  guides  for 
obtaining  generalized  diagonal  dominance  condidon,  that  is,  H-matrix,  have  been  derived  for  the 
parametric  uncertain  muldvariable  systems.  Since  the  quandtadve  specificadons  for  uncertainty 
and  performance  are  of  pracdcal  importance,  a  scnsidvity  based  QFD  method  has  been  developed 
and  been  used  for  each  individual  channel  so  as  to  obtain  a  robust  controller  which  made  the  closed 
loop  system  sadsfy  the  MIMO  quandtadve  specificadons. 

The  developed  MRQFD  method  has  been  successfully  applied  to  the  design  of  a  robust 
decentralized  controller  for  the  Alliron  PD-514  aircraft  turbine  engine.  This  applicadon 
demostrated  the  effeedveness  of  the  proposed  method  for  pracdcal  applicadons.  Although  further 
nonlinear  opdmizadon  techniques  may  be  applied  to  obtain  the  opdm^  controller  gain-bandwidth 
area,  it  was  not  done  here.  Nevertheless,  it  was  shown  that  the  designed  controllers  gave  a  very 
good  result  in  stability  and  performance  robusmess. 
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ABSTRACT 

This  paper  introduces  some  recently  developed  frequency  domain  design  techniques 
that  are  effective  in  the  design  of  control  systems  that  are  robust  under  parametric 
uncertainty.  We  have  extended  the  well  known  classical  control  tools  (i.e.,  Nyquist 
plot,  Bode  plot,  and  Nichols  chart)  developed  for  a  fixed  plant  to  the  domain  of 
uncertain  interval  plants.  Using  this  new  family  of  plots,  classical  control  design 
techniques  can  be  used  to  design  robust  control  systems.  The  technique  is  illustrated 
by  examples. 

1.  INTRODUCTION 

Control  under  parametric  uncertainty  is  a  problem  of  longstanding  interest  cmd  many 
useful  results  have  been  developed  in  the  QFT  school  of  thought  ([!])  as  well  as  the 
parameter  plane  approach  ([2]  and  see  references  in  [3]).  There  appeared  a  renewed 
interest  in  this  area  following  the  discovery  in  1978  of  Kharitonov’s  Theorem  for  in¬ 
terval  polynomials  [4].  Despite  its  elegance  this  result  could  not  be  directly  applied  to 
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control  (yitemi  due  to  the  severe  restrcition  in  Kharitonov’s  Theorem  that  requires 
independent  perturbations  of  the  coefHcients  of  the  polynomial.  A  breakthrough  was 
made  by  Chapellat  and  Bhattacharyya  in  their  1S89  paper  (CB  Theorem)  which  lifted 
this  limitation.  This  paper  introduced  the  notion  of  interval  plants,  namely  a  family 
of  plants  consisting  of  a  ratio  of  interval  polynomials,  and  dealt  with  the  problem  of 
determining  the  robust  stability  of  an  interval  plant  contained  in  a  control  loop  with 
a  fixed  controller.  The  CB  Theorem  gives  Kharitonov-like  restilts  for  this  problem 
by  constructing  certain  one  parameter  segments,  called  CB  segments  [5],  which  com¬ 
pletely  and  nonconservatively  characterize  the  robust  stability  of  such  interval  control 
systems.  This  novel  result  has  also  been  extended  to  show  that  the  worst  case  H*” 
stability  margin  of  sm  interval  control  system  occurs  on  one  of  these  CB  segments  [6]. 

Despite  these  developments,  this  area  has  mainly  concentrated  on  analysis  prob¬ 
lems  and  still  suffers  from  a  lack  of  effective  design  methodologies.  The  present  paper 
is  an  attempt  to  show  that  classical  control  design  methods  can  indeed  be  coupled 
with  the  above  results  to  develop  controller  design  strategies  for  robustness  under 
parametric  uncertainty.  This  is  done  here  by  developing  robust  versions  of  the  simple 
and  powerful  graphical  tools  such  as  Nyquist  plot.  Bode  plots,  and  Nichols  Chart.  We 
show  that  these  extended  plots  can  be  precisely  constructed  from  the  CB  segments. 
Moreover  extremal  classical  stability  margins  occur  on  these  segments.  Consequently, 
one  can  achieve  complete  frequency  domain  information  about  this  important  class 
of  systems  and  apply  this  to  the  controller  design  problem.  This  is  demonstrated  in 
the  paper  and  illustrated  by  an  example. 

The  paper  is  organized  as  follows:  We  first  give  a  brief  summary  of  of  the  essen¬ 
tial  results  on  parametric  robust  stability  and  control.  In  section  3,  we  give  procedures 
for  constructing  various  envelopes  that  contain  the  entire  frequency  response  of  the 
interval  system.  Section  4  discusses  the  problem  of  extremal  gain  and  phase  margins 
of  the  family,  and  a  simple  method  of  computing  these  margins  are  given  in  Section 
5.  Using  these  frequency  envelopes,  lead-lag  compensation  is  attempted  by  examin¬ 
ing  the  band  of  crossover  frequencies  much  as  in  classical  control  for  fixed  systems. 
Illustrative  examples  are  included.  Finally,  some  concluding  remarks  are  given. 

2.  PRELIMINARIES 

Consider  the  feedback  system  shown  in  Figure  1  with 


m 


F{s) 


G(s) 


Figure  1.  Feedback  System 


(2.1) 


/' 


Gis)  := 


N{s) 

DisY 


We  lappose  that  N{s)  and  D(s)  lie  in  uncertainty  sets  described  by 


N{a)  :=  no  +  nj s  +  njj*  +  nas*  H - h  +  ripS^ 

D{s)  :=  do  +  dis  +  djs*  +  dss*  +  •  •  •  +  dp_is*’“^  +  dpS^  (2-2) 

where 

»i  e  (n,“,n+]  and  d.-  €  [dr.dt],  for  i  G  {0, 1,  •  •  •  ,p}  :=  £  (2.3) 

and  Ji(s)  and  /j(s)  are  fixed  polynomials  in  s.  Let  us  define  the  interval  polynomials 


/r(s)  :=  {W(s)  1  no  +  njs  +  nja*  +  •  •  •  +  npS**,  nj  G  [nf ,  n+],  t  €  £} 

C(s)  :=  {■D(j)  I  do  +  diJ  +  djj*  +  •  •  •  +  dpS^,  d<  G  [df ,  df ],  »  6  £}  (2.4) 


and  the  corresponding  interval  system  consisting  of  the  set  of  transfer  functions: 

G(-)  ^  I  (^(-).  ■D(-))  e  (^(-)x2?(s))  } .  (2.5) 


Let  the  Kharitonov  polynomials  associated  with  //'(s)  and  'D(s)  be  respectively: 

■^n(^)  •=  no  +  n^s  +  nJ'j*  +  nj j*  +  n^s*  +  ngS*  +  •  •• 

■K*(s)  J—  no  +  nj"*  +  nj  s*  +  ng  <*  +  nJ’j^  +  n^s*  +  •  •  • 

•^n(*)  •“  nj  +  nj  s  +  njs*  +  nj s*  +  nj 3^  +  nj  s*  +  •  •  •  (2*6) 

^n(^)  •”  nf  +  n^s  +  nja*  +  nj  3*  +  nja^  +  nf 3*  +  •  •  • 


■^i(^)  •”  do  +  dj’3  +  dj  3*  +  dj  3* 'i*  dg  3^  +  dj  3*  +  •  •  • 

Fj(a)  :=  dg  +  dj"  3  +  dj  3*  +  dj  3*  +  d^  3^  +  d^^  3*  +  •  •  • 

Fj(a)  :=  Jq  +  dj  3  +  dj  3*  +  +  d^3*  +  •  •  •  (2-7) 

■^^(3)  :=  d^  +  d^3  +  dj  3*  +  dj  3*‘ +  djj’3*  +  dj3*  +  •  •  • . 

We  write 

x:v(-)  :=  {ff^(^).iir’(3),if*(3),iir:(3)}  (2.8) 

«®(-)  :=  W(^)./i'J(-),ifi(-),/i':(-)}  (2.9) 


and  also  dehne  the  set  of  line  segments  joining  appropriate  pairs  of  Kharitonov  poly¬ 
nomials. 


M<’'(a)  +  (l-A)K^(s),  for  A  G  [0,1],  (»,j)  €  {(1,2),(1,3),(2,4),(3,4)} 
A^i(-)  +  (l- W(3),  for  Ag[0,1].  (t,i)G{(l,2),(l,3),(2,4),(3,4)} 

We  call  these  Kharitonov  segments  and  denote  the  segment  sets  associated  with  V(a) 
and  A^(a)  respectively  as, 

5i,(3)  := 
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[  A/ri(f)  +  (l- A)iir>)  I  A  6  [0,1],  (i.i)  €  {(1.2),  (1,3),  (2, 4),  (3, 4)}  ]  (2.10) 

and 

[  I  ti  6  [0,1],  (t,i)  €  {(1,2),  (1,3),  (2, 4),  (3, 4)}  ] .  (2.11) 

We  now  coniider  the  uncertainty  set  //‘(a)xP(a)  and  introduce  the  set  of  seg¬ 
ments  introduced  by  Chapellat  Bhattacharyya  [7]. 

(//'(s)xD(s))cb  :=  {{N{s)xD{m))  \ 

N{a)  6  ACv(/),  Z?(a)  6  Sv{»),  or  W(s)  6  Su{»),  D{a)  6  Kv{»), }.  (2.12) 

The  characteristic  pol}momial  of  the  system  is  denoted  as 

His)  =  D,is)Dis)  +  N,i,)Nis)  (2.13) 

Similarly  the  characteristic  polynomial  n(s)  ranges  over  the  corresponding  uncer- 
.  tainty  set  denoted  by 

n(s)  =  {/!i(a)Dt  0  -f-  Fi(s)iV(s)  :  (.V(a),  D(a))  €  //'(s)x7>(a)}.  (2.14) 

We  now  introduce  the  CB  subset  of  the  family  of  interval  systenu  G(s): 

Gcb(-)  ^  :  m^),Dis))  6  (A/'(s)xP(a))cB  }  .  (2.15) 

These  subsets  will  play  a  central  role  in  all  the  results  to  be  developed  later.  We  note 
that  each  element  of  Gcb(4)  is  &  QilS  parameter  of  transfer  functions  and  there  are 
at  most  32  such  distinct  elements.  Referring  to  the  control  system  in  Figure  1,  the 
following  transfer  functions  are  of  interest  in  analysis  and  design  problenu: 


y(s) 

u(j) 

=  G(s) 

(2.16) 

ns) 

—  yifl 

e(s) 

=  G(s)F’(s) 

(2.17) 

Via) 

.=  Eifl 

r(s) 

G(s)F’(s) 
l  +  Gia)Fia) 

(2.18) 

Tia) 

._  fill 

1 

(2.19) 

r(s) 

■  1  +  Gia)Fia) 

r“(s) 

Fia) 

(2.20) 

r(s) 

l  +  Gia)Fiay 

As  (?(a)  ranges  over  the  uncertainty  set  G(s)  (equivalently,  (W(j),  Z?(a))  ranges  over 
U{s)xDia))  the  transfer  functions  T°{a),  T‘'(a),  7’“(s),  T*ia)  range  over  correspond¬ 
ing  imcertainty  sets  T®(s),  T>'(s),  T”(3),  and  T*(3),  respectively.  In  other  words, 

T‘’(,)  :=  {F(s)G(s)  :  G{a)  €  G(a)}  (2.21) 
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^  ®<'>  ^  °(*)>  <“’> 


The  CB  sublets  of  the  transfer  function  sets  (2.21)  -  (2.24)  and  the  polynomial 
set  (2.14)  are  also  introduced: 


TSb(-)  “  {^(-)G(^)  :  G(s)  €  Gcb(-)}  (2.25) 

==  ^—fWG(^)  ^  ^2.27) 

'=  ^i+>(s)G(s)  =  ^ 


nc(s)  :=  {Ft(»)D(s)  +  F^(3)N(s)  :  (JV(a),  D{a))  €  (^(s)x2?(a))c.}  (2.29) 

In  the  paper  we  shall  deal  with  the  complex  plane  image  of  each  of  the  above  gets 
evaluated  at  «  =  jw.  We  denote  each  of  these  two  dimensional  sets  in  the  complex 
plane  by  replacing  s  in  the  corresponding  argument  by  w.  Thus,  for  example, 

n(w):={n(s)  :  j=ia;}  (2.30) 

and 

TSb(u;):={T^b(^)  :  •  ^  j^}  (2.31) 

The  Nyquist  plot  of  a  set  of  functions  (or  polynomials)  T(.*)  is  denoted  by  T: 

T  :=  Uo<<.t<ooT(u>)  (2.32) 

The  boundary  of  a  set  ^  is  denoted  dS. 

The  control  system  of  Figure  1  is  stable  for  fixed  F(s)  and  G{s)  if  the  charac¬ 
teristic  polynomial 

n(s)  =  Fj(s)Z)(a)  +  Fi{s)N{s)  (2.33) 

is  Hnrwits,  i.e.  has  all  its  n  —  g-f-  degree  [!?(«)]  roots  in  the  open  left  half  of  the 
complex  plane.  The  system  is  robustly  stable  if  and  only  if  each  polynomial  in  n(s)  is 
of  degree  n  (degree  D(a)  remains  invariant  and  equal  to  g  as  D{a)  ranges  over  ^(a)) 
and  every  polynomial  in  n(j)  is  Hurwitz. 

The  following  important  result  was  provided  in  Chapellat  and  Bhattacharyya 

17). 

Theorem  1.  (CB  Theorem)  The  control  system  of  Figure  1  is  stable  for  all  G(a)  £ 
G(s)  if  and  only  if  it  is  stable  for  all  G(s)  £  Gcb(«)- 
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The  above  Theorem  gives  a  constructive  solution  to  the  problem  of  checking 
robust  stability  by  reducing  it  to  a  problem  of  checking  a  set  of  (at  most)  32  root  lo¬ 
cus  problems.  In  the  following  sections  we  point  out  that  these  segments  also  suffice 
to  characterise  the  Nyquist  and  Bode  bands  and  Nichols  chart  templates  of  inter¬ 
val  systems.  This  quantitative  information  is  useful  for  developing  robust  controller 
designs. 

3.  CONSTRUCTION  OF  FREQUENCY  ENVELOPES 

In  this  section,  we  develop  three  importimt  frequency  domain  design  tools. 


3.1,  Bode  Magnitude  and  Phase  Envelopes 


For  any  function  say,  T(s)  let  wd  :=  iTiJu)  denote  the 

magnitude  and  phase  eroluated  at  s  =  ju.  If  T(s)  denotes  a  set  of  functions  we 
let  the  extremal  values  of  magnitude  and  phase  at  a  given  frequency  be  defined  as 
follows: 

itriut)  :=  sup  |r(iw)| 

TOw) 

(3.1) 

Similarly 

^((j)  :=  sup  £T{ju) 

T{j«) 

(3.2) 

Suppose  that  G(s) 

is  an  interval  family  as  in  (2.5).  Our  objective  is  to  compute 

Ag(w),  HgC") 

(3.3) 

and 

^  (<*')• 

(3.4) 

We  begin  with  the  following  two  simple  lemmas. 


Lemma  1.  Ltt  A  be  a  closed  polygon  in  the  complex  plane,  and  "a"  he  an  arbitrary 
point  in  A.  Let  VU  be  the  set  of  vertices  and  Ea  be  the  set  of  edges  of  A.  Then  the 
following  statements  are  true. 


max  a 

=  max  a 

A  '  ' 

VU  ' 

min  |al 

=  min  |al 

A  '  ' 

Ea 
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Lemma  2.  Let  A  and  B  he  diajoint  closed  polygons  in  the  complex  plane,  and  “a " 
and  he  arhiirary  points  on  A  and  B,  respectively.  Let  and  Vg  he  the  sets  of 
vertices  and  let  Eji  and  Eb  he  the  sets  of  edges  of  A  and  B,  respectively.  Then  the 
following  statements  are  true. 

1)  maxlZa  —  £b}  =  max  {Za  —  Z6} 

2)  min/Za  -  Z6}  =  min  {Za  -  Zfc} 

‘  AxB''  ■’  V>»Vb 


Proo£i  of  the  above  two  lemmas  are  obvious  from  geometric  considerations. 

Let  hf{u)  denote  the  complex  plane  image  of  the  set  of  polynomials  N{s)  €  .A/’(s) 
evaluated  at  s  =  ju.  Similar  definitions  hold  for  V{u),  Sj^{w)  and  is 

bounded  by  the  set  of  Kharit  jnov  segments  Similarly,  X>(b;)  is  bounded  by 

the  set  These  facts  along  with  Lemmas  1  and  2  lead  to  the  following  results. 

Before  we  state  Theorem  2,  let  us  define  the  following  sets. 

G(a;)  :=  ^  N{ju>)  ^  (3.5) 

6cb(«')  :=  {Gifu)  = \  N(ju))  €  lC,>/{u),P{ju)  e  (3.6) 

fics(«-)  :=  {G{j<^)^^^\NU^)eSv{u>),DUu>)eK:vH}.  (3.7) 

Theorem  2.  For  every  frequency  w  >  0, 

Mg(w)  = 

Let  us  also  define  the  set  of  systems  constructed  from  Kharitonov  vertices  as 
follows: 

GK(a;)  :=  {G(iu;)  =  |  Ar(iu;)  €  D{ju;)  €  Kviu,)}.  (3.8) 

Theorem  3.  For  every  frequency  u;  >  0, 

^g(w)  =  ^Gk(w) 

Using  the  above  extremal  properties  it  is  possible  to  evaluate  the  Bede  magnitude 
and  phase  envelopes  of  interval  transfer  functions.  Let  us  consider  the  fanoily  of 
transfer  functions 

P(s):={F(s)!G(s)F(3),  G(s)€G(s)}.  (3.9) 
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Since  f (j)  is  fijced, 


/tp(w)  =  IFOw)!  ^g(w) 
fipM  =  I^O")l£iGH- 

Similarly, 

^p(a;)  =  lF(ju/)  +  ^g(‘*') 

^p(a;)  =  lF{ju)  +  ^(w).  (3.11) 

These  relations  are  sufficient  to  construct  the  Bode  magnitude  and  phase  envelopes. 

3.2.  Nyquisi  Envelope 

We  further  investigate  the  extremal  frequency  domain  properties  of  the  transfer  func¬ 
tions  which  occur  in  the  configuration  given  in  Figure  1. 

Theorem  4.  For  every  w  >  0, 


dG{u))  C  GcbC**')  (3*12) 

5T»(a;)  C  TSb(‘*')  (313) 

C  TJb(‘*')  (314) 

5T“(a;)  C  TSb(‘*^)  (3-15) 

aT'(a,)  C  T-cB(a;)  (3.16) 


The  proof  of  this  theorem  may  be  developed  from  geometric  arguments  and  is 
omitted  here.  This  result  shows  that  at  every  u;  >  0  the  image  set  of  each  transfer 
function  in  (2.21)  •  (2.24)  is  bounded  by  the  corresponding  image  itet  of  the  CB 
segments. 

FVom  the  theorem  4,  we  obtain  the  following  corollary  which  deals  with  the 
Nyquist  plots  of  each  of  the  transfer  functions  in  (2.21)  •  (2.24). 

Corollary  1.  The  Nyquiai  plots  of  each  of  the  transfer  function  sets  T®(s),  T*(«), 
T“(j),  and  T*(s)  are  bounded  by  their  corresponding  CB  subsets: 


dT^ 

c 

fpo 

i-CB 

(3.17) 

aT* 

c 

Tcb 

(3.18) 

aT" 

c 

•*-CB 

(3.19) 

aT* 

c 

rp« 

-CB 

(3.20) 

This  result  has  many  important  implications  in  control  system  design  and  will 
be  explored  in  the  next  section. 
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3.3.  mcholi  Chart  Template 

Using  the  magnitude  and  phase  data  obtained  to  generate  Bode  envelopes,  it  is 
straight  forward  to  construct  Nichols  Chart  templates.  At  each  fixed  frequency  the 
magnitude  and  phase  have  certain  ranges,  the  corresponding  rectangle  is  created  on 
the  magnitude  vs  phase  plane.  As  frequency  moves  from  zero  to  oo,  different  sizes  of 
rectangles  are  created.  Finally,  the  Nichols  Chart  Envelope  consists  of  the  collection 
of  all  these  rectangles.  An  Illustrative  example  is  given  showing  more  detail. 

Remark  1.  Fur  a  fixed  system,  all  of  the  above  three  frequency  plots  provide  the 
same  information.  However,  for  the  case  of  interval  systems,  it  is  important  to  note 
that  neither  Bode  nor  Nichols  chart  envelopes  provide  as  accurate  information  as  the 
Nyquist  envelope  does.  It  is  due  to  the  fact  that  in  genend  different  parameter  values 
provide  extremal  values  of  magnitude  and  phase  envelopes. 

4.  EXTREMAL  GAIN  AND  PHASE  MARGINS  FOR  INTERVAL  CON¬ 
TROL  SYSTEMS 

If  a  fixed  closed  loop  system  is  stable  we  can  determine  its  gain  margin  7  as  follows: 

7+(G(s),>P(-))  :=  max{^  :  F’,(s)D(s)  +  iirFi(s)N(s) 

is  Hurwitz  for  K  €  [1,.^]  }  (4.1) 

7-(G(s),F’(s))  :=  max{i:  :  F’,(s)D(s)  +  ^Pi(s);7(» 

is  Hurwitz  for  K  €  [^,  1]  J  (4.2) 

Similarly  the  phase  margin  ^  is  defined  as  follows: 

<J+(G(s),F(s))  :=  max{^  :  F2(s)D{s)  +  ei*F,{a)N{s) 

is  Hurwitz  for  ^  €  [0,  J  (4.3) 

r{G{*),F{a))  :=  max{  ^  :  F’,(s)D(s)  +  e->^F,(s)iV(s) 

is  Hurwitz  for  ^  €  [0,5^  |  (4.4) 

Note  that  7'*’,  7“,  and  are  uniquely  determined  when  F{s)  and  G{a)  are  fixed. 

We  now  state  some  fundamental  results  on  the  extremal  gain  and  phase  margins 
over  the  uncertainty  set  A/’(a)x2?(s). 

Theorem  5.  Suppose  that  the  closed  loop  system  shown  in  Figure  1  is  robustly  stable, 
i.e.  stable  for  all  G{s)  €  G(s).  Then 


max  7^ 

=  max  7* 

(4.5) 

C(.)6G(0 

C(*)eGcB{») 

max  6^ 

=  max  6^ 

(4.6) 

C(.)6G(.)^ 

G(»)6Gc8(») 
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and 


min  7*  =  min  7*  (A  7^ 

C(«)6G(*)  C(.)6Gcb(.)  '  ^  ^ 

min  <f>^  =  min  6^  (A  8^ 

Proof.  It  is  obvious  that  the  extremal  gain  and  phase  margins  occur  on  the  bound¬ 
aries  of  the  set  of  Nyquist  plots  of  F{3)G(3)  for  all  (3(s)  e  G(a).  From  the  theorem  4 
and  corollary  1,  the  Nyquist  envelopes  are  contained  in  the  the  set  of  Nyquist  plots 
of  F(s)G(s)  for  G(s)  €  Gcb(s).  Therefore,  computing  extremal  gain  and  phase  mar¬ 
gins  of  F(s)G(s)  over  G(s)  6  Gcb(s)  is  identical  to  determining  these  margins  over 
G(#)  €  G(s).  Q.E.D. 

5.  ANALYTICAL  COMPUTATION  OF  EXTREMAL  GAIN  AND  PHASE 
MARGINS 

In  this  section,  we  consider  an  analytical  way  to  compute  extremal  (i.e.,  both  maxi- 
mnffl  and  minimum)  gain  and  phase  margins.  As  discussed  earlier,  the  extremal  gain 
and  phase  margins  are  the  minimum  and  maximum  values  of  extremal  margins  of 
individual  segment  systems  of  the  form 


r 

^Si{3,\) 


I  A  6  [0, 1]}  or 


^  KM 


A  6  [0,1]} 


<wr  {i,k)  €  {(1,2,3, 4)  x  (1,2, 3,4)}.  Therefore,  in  this  section,  we  develop  simple 
techniques  to  compute  the  extremal  gain  and  phase  margins  over  a  tingle  segment 
system.  This  technique  is  useful  when  the  designer  wants  to  know  which  member  of 
the  system  among  the  family  provides  the  sictremal  (minimum  or  maximum)  margin. 
The  particular  member  is  determined  by  the  corresponding  value  of  A.  Hence,  the 
problem  is  reduced  to  choose  the  optimal  value  of  A  G  [0, 1]  so  that  the  corresponding 
fixed  system  has  the  minimum  or  maximum  stability  margin. 

Now  Let  ns  consider  the  following  segment  system  for  convenience. 


Figure  2.  Segment  System 


p(jw,A)  = 


_  PoU<^) _ 

Pi(jw)  +  Apa(jw) 
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whete  Po(*)i  pi(*)i  and  pj(«)  are  fixed  polynomials  in  s,  and  A  €  [0,1]. 

Tke  problem  of  computing  the  extrem^J  gain  and  phase  margins  at  the  loop 


breaking  point  “m”  over  a  single  segment  system  is  described  as  follows, 
denote 

(Axfl)  :=  {(A,a;)  |  Zp(ju,,A)  =  180»,A  €  [0,1]} 

Let  us 

(5.2) 

and 

Mp  := 

(5.3) 

a.  * 

(5.4) 

(5.5) 

(5.6) 

Then 

maximum  gain  margin  over  p(s) : 

1 

^  &p 

(5.7) 

minimum  gain  margin  over  p(s)  : 

1 

^  ~  Ap 

(5.8) 

maximum  phase  margin  over  p(s)  : 
minimum  phase  margin  over  p(s)  : 

^  ^  -  180“ 

^  -  180“. 

(5.9) 

(5.10) 

Similar  definitions  can  be  made  for  the  c^lse  of  gain  margins  less  thui  1. 

As  seen  in  eqs.  (5.7)  •  (5.10),  the  problem  of  computing  the  extremal  gain  or 
phase  margin  over  the  segment  system  is  a  two  parameter  optimization  problem.  This 
can  be  reduced  to  a  simple  one  parameter  problem  as  follows.  Write 


Then 


P.(jw)  :=  PiJiM  +  iPi/(‘*') 


p(ia;,A)  = 


Po(j^) 

Pi(jw)  +  -^PrOw) 


_  _ Pon(«^^)  +  iPo/(<t>) _ 

^^(w)  +  ^P3Jl(<^)]  +  ibl/(‘^)  +  ‘^P3/(<*')] 

_  Pt'a(a>)Pifl(<»>)  +  Poi(<*>)piiM  +  A[po/;(u;)p;fl(a;)  +  PQ/(c.;)pa/(a>)] 

[Pii«(‘^)  +  ‘^P2fi(w)]*  +  Ipu(u>)  +  Ap2j(a;)]» 

^  ■■■  . .  V  '  '  . . * 

Re{p(j".A)} 

.  Po/(<*^)Pin(t*')  -  PoB(t*^)pi/(<*')  +  A[poj(a;)p;fl(a»)  -  Pob(u;)p2/((i3)]  .  . 

^  + -'P2fi(‘^)l*  +  IPi/(‘*’)  +  ^  ' 

_ _ L  -  ^  - -  -  -  - 
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In  order  to  determine  the  gain  margin,  we  set 


A)  =  180* 


(5.12) 


which  implies 

Im{p(iu»,A)}  =  0.  (5.13) 

Note  that  (5.13)  will  be  satisfied  when  A)  =  0*  or  180*.  We  exclude  frequencies 

u  for  which  =  0*.  I^om  eqs.(5.13)  and  (5.11),  we  have 

Im{p(iw,  A)}  =  [po/(w)piii(w)  -  pon(w)pi/(w)]  +  A[po/(w)paii(w)  -  PoJi(‘*')pj/(ta;)] 
=  0  (5.14) 


equivalently 


X  _  PoR{<^)Pui<^')  -  Po/(t«>)Pin(t«>) 

^  Po/(w)p2«(‘*')  -  Pofi{w)Pa/(w) ' 


(5.15) 


FVom  this  representation,  we  can  easily  conclude  that  instead  of  searching  over  both 
u  E  (0,oo)  and  A  €  [0, 1],  searching  only  selected  ranges  of  u  that  satisfy  A  £  [0, 1]  is 
enough.  Thus,  we  let 


_  Pob(<*^)pi/(««>)  -  po/(w)pin(t«^) 

Po/(w)paii(ti;)  -  poji(w)pa/(a;) 

=  0  or  1. 


(5.16) 


Without  loss  of  generality,  we  have 


for  A  =  1  Poii(‘*')pii(a;)  -  Po/(w)piii(w)  -  Pm(u>)pjji(u>)  +  Poii(w)pa/((i/)  =  0 

for  A  =  0  poii(w)pi/(ta;)  -  po/(w)piii(u;)  =  0  (5.17) 

The  valid  ranrc:  of  u  with  respect  to  the  condition  A  €  [0, 1]  can  be  easily  de¬ 
termined  from  the  roots  of  the  above  two  equations.  Thus,  the  problem  posed  in 
eqs.  (5.7)  and  (5.8)  is  reduced  to  selection  of  maximiim  and  minimum  magnitudes 
over  the  magnitudes  evaluated  over  the  admissible  ranges  of  w  determined  from  the 
roots  of  eq.  (5.17).  Furthermore,  the  optimal  value  A*,  equivalently  optimal  values  of 
parameters  over  the  segment  system,  can  also  be  easily  determined  by  substituting 
w*  that  corresponds  to  the  maximum  gain  margin  into  eq.  (5.15). 

If  the  segment  system  is  of  the  form 


p(a)|A)  := 


Pi(s)  -f  Apa(s) 


one  can  follow  a  similar  procedure  to  determine  the  extremal  margins  and  the  corre¬ 
sponding  optimal  systems  over  the  segment  system.  Similar  procedures  can  also  be 
applied  for  computing  extremal  phase  margins  over  a  single  segment.  This  is  easily 
derived  by  replacing  the  condition  (5.12)  by 


|p(jw,A)!  =  1 


(5.18) 
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6.  EXAMPLE:  LEAD-LAG  COPMPENSATION 

In  this  section,  we  give  an  example  of  lead  •  lag  compensation  design  utilizing  the 
developments  described  above.  Let  us  consider  the  interval  plant 

where  its  coefficients  are  bounded  by  the  given  intervals  as  follows: 

oo  €  [4,6]  63  €  [.4,  .6] 

fc,  6  [1.4.,  1.6] 

h  e  [.8,1.2] 


The  objective  of  the  design  is  to  achieve  that  the  entire  family  of  systems  has  the 
phase  margin  at  least  30*  and  gain  margin  at  least  20dB. 
l^th  the  lag  compensator 

_  ,  ,  21.2?66s  +  1 

Cils)  = - 

’  280.505s +  1 

we  have  achieved  approximately  35*  of  guaranteed  phase  margin  and  lOdB  of  guar¬ 
anteed  gain  margin. 

With  the  additional  lead  compensator 


C3(S) 


s  +  .4 
a  -I-  2.5 


we  have  achieved  approximately  55*  of  guaranteed  phase  margin  and  22dB  of  guar¬ 
anteed  gain  margin.  Therefore,  the  controller  is 


C(  \  =  21.2766J  -f  1  s  -I-  .4 
280.505S  + Is -1-2.5 ■ 


Figure  3  shows  Bode  envelopes  of  the  uncompensated  system  G(s)  Figures  4  and  5 
show  Bode  envelopes  of  the  lag  compensated  system  smd  the  lag-lead  compenated 
system,  respectively.  Figure  6  has  been  constructed  to  show  changes  of  frequency 
reponses  of  uncom^  ensated  and  compensated  systems.  Figures  7,  8,  and  9  show 
the  Nyquist  envelopi.?,  and  Figures  10,  11,  and  12  show  the  Nichols  charts  of  the 
respective  systems. 


7.  CONCLUDING  REMARKS 

The  new  results  given  here  characterize  the  entire  frequency  domsdn  design  infor¬ 
mation  needed  for  interval  systems.  Using  this  development  we  also  showed  that 
basically  all  frequecny  domain  based  classical  control  design  and  analysis  techniques 
can  be  applied  to  interval  uncertain  systems. 
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Figure  3.  Uncor^ensated  System 
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Figure  5.  Lag-Lead  Compensated  System 
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Figure  8.  Lag  Compensated  System 
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ABSTRACT 

The  approach  of  Quantitative  Feedback  Theory  (QFT)  for 
robust  control,  has  been  receiving  increasing  attention  lately. 
The  basic  QFT  technique  comprises  of  these  four  steps  :  template 
generation,  derivation  of  the  bounds  on  loop  transmission, 
determination  of  cm  api>ropriate  loop  transmissicn  function  and  the 
synthesis  of  the  pre-filter.  The  usual  'gridding'  method  of 
template  generation  has  a  great  deal  of  subjectivity,  is 
potentially  risky  as  crucial  points  may  not  be  considered,  and 
worst  of  all,  becomes  computationally  untractable  with  increasing 
number  of  uncertain  parameters.  As  such,  this  method  has  been 
sever ly  criticized  (Doyle  1986).  In  this  paper,  we  deal  with  the 
problem  of  obtaining  the  bounds  on  the  loop  transmission  function, 
for  plants  with  parameters  varying  Independently  in  prescribed 
intervals.  A  technique  for  calculating  tne  bounds  in  loop 
transmission  is  developed,  after  suitably  extending  some  recent 
results  conceiming  the  r.le  of  Kharitonov  segments  in  robust 
stability  analysis  (Chapellat  et  al.  1990)  .  The  duvelopments 

reported  here  should  be  viewed  as  a  first  attempt  to  use  robvst 
stability  results  based  on  the  Kharitonov  approach  to  benefit  the 
synthesis  procedure  of  QFT  for  achieving  robust  peformance. 

1.  INTRODUCrriON 

Quantitative  Feedback  Theory,  pioneered  by  Horowitz 
(Horowitz  1991),  is  one  of  the  few  approaches  for  synthesis  of 
feedback  systems  for  plants  with  significant  parameter  and 
disturbance  uncertainty.  The  design  is  quantitative  in  the  sense 
that  it  is  intimately  related  to  the  sizes  of  the  uncertainty  sets 
and  the  level  of  performance  desired.  QFT  has  been  under 
development  since  1959  and  can  currently  handle  several  problem 
classes  Involving  large  parameter  uncertainty:  SISO  and  HIMO  linear 
and  non  linear,  lumped  and  distributed,  output  and  internal 
variable  feedback,  time  invariant  and  time  varying  plants,  etc.. 


(Consider  a  lumped  minimum  phase  (HP)  single- input 
single-output  (SISO)  line;ir  time  Invariant  (LTI)  plant  g(s)  in  a 
two-degree-of-freedom  feedback  stnicture  s)iown  in  Fig.l  .  Suppose 
the  uncertain  parameters  of  g(s)  vary  independently  in  prescribed 


ranges  to  give  a  set  of  plants  G  = 


,  Despite  the  uncertainty  in 


the  plant  parameters,  it  is  required  that  the  following  be 
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satisfied  by  choosing  LTI  rational  strictly  proper  c(8)  and  f(s), 
V  <•>,  V  g  €  G; 

0  <  I  A  (jto)  I  <  1  I  B  (Jw)  I  (la) 


j  1  +  g(j<‘')C(jw)  j 

y(s) 

where  T  (s)  =  -  ,  and  A(a),  B(s>  are  stable  MP  tranefer 

r  (8) 

functions. 

Since  w  shall  consider  ony  MP  plants,  the  above 
nagnitude  specifications  a^  eniffici'  nt.  Specification  (la)  refers 
to  the  tracking  properties  of  the  closed  loop  system,  while 
specification  (lb)  captures  the  extra  stability  (  gain-pheise) 
margins  usually  desired  by  the  desi«oer.  Note  that  6  can  include 
unstable  plants  as  veil. 

With  the  aiwcifications  (1)  given  in  the  frequency 
domain,  the  QFT  design  procedure  consists  of  the  following  basic 
rt^ps  (Horowitz  and  Sidi  1972) 

(a)  Comp^itation  of  the  set  of  values  g(j(^^)  I-  to  give  the 
plant  template  I  g(j«£)  I  in  the  Nichols  plane  for  some 


in  the  Nichols  plane  for  some 


selected  values. 


(b)  Using  g(j<^j^)  derivation  of  the  bounds  B(w^)  in  the 

Nichols  plane,  on  the  nominal  loop  transoiission  L  =  eg  ,  where  g 

o  o  o 

is  the  nominal  plant. 

(c)  Determination  of  a  (sub  optimal)  L  that  satisfies  the  boimds 

o 

B(w. )  and  has  a  pre-assigned  pole-zero  excess. 


(d)  Synthesis  of  a  pre-filter  f(s). 

Since  the  plant  parameters  vary  in  continuous  sets,  in 
practice,  approximate  plant  templates  T  (  g(J<^>)  )  are 

P®  I  ^  J 

generated  in  step  (a)  and  used  in  step  (b)  to  obtain  the 
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approximate  boundo  B  (<*>.  )  on  L  (.iw.). 

o  X  OX 


Several  methods!  exiat  for 


the  purpose  (Eaet  J9H1 ,  1982,  Bailey  et  al.  -986).  The  moat  widely 
uaed  techni(|ue.  according  to  (Yaniv  and  Horowi  tz  1987),  ia  as> 
follows.  For  each  uncertain  parameter,  the  minimum,  imsan,  and 
maximum  values  are  picked,  i.e.  a  grid  of  3  points  is  made,  and 

T  <  )  ie  generated  for  all  possible  parameter 

pa  I  1  j 

combinations  using  the  picked  values. 


The  above  'gridding'  technique,  however,  leaves  much  to 
be  desired,  at  least  on  two  major  issues.  Firstly,  gridding'  is 
highly  subjective  in  nature,  with  the  burden  on  the  designer  to 
Judiciously  select  the  number  and  location  of  the  grid  points. 
Even  with  fine  grids  it  is  potentially  risky  as  there  is  no 
guarantee  that  all  the  critical  points  of  Tp  (  critical  for 

obtaining  B(w.)  )  are  actually  present  in  T  .  Secondly,  the 
1  pa 

procedure  can  mm  into  severe  computational  problems  on  most 

departmental  irorkatations,  possibly  precluding  the  use  of  the  QKF 

technique  itself.  Tliis  is  because,  at  each  u>,  one  considers  m^ 

plants,  where  m  is  the  number  of  grid  points  and  p  is  the  number  of 

uncertain  parameters.  Should  (m,p)  be  large,  the  quantum  of 

computation  becomes  tremendous.  For  example,  if  p  15  and  one 

used  the  3  point  grid  technique,  then,  at  each  w,  plants  arc  to 

be  considered.  Again,  if  the  parameter  variations  are  large,  m  “  3 

might  be  grossly  inadequate,  with  possibly  at  least  an  occasional 

example  demanding  m  =*  10.  Clearly,  if  QFJ’  is  to  be  used  in  such 

situations,  alternatives  to  this  strategy  of  a  ’brute  force  global 

search'  (Fan  et  al.  1991)  are  needed. 


In  this  paper,  we  propose,  for  the  case  of  SISO  LTI  MP 

plants  with  independent  parameter  uncertainty,  on  efficient 

technique  for  generating  the  boimds  B  (<*>.)  on  L  .  The  proposed 

a  1  o 

technique  is  free  from  subjectivity,  takes  into  account  all  key 
parameter  combinations,  and  yields  practically  the  exact  boimds  on 
L^.  Another  significant  feature  is  that  this  is  achieved  with  a 

tremendous  saving  in  computations  (  over  that  required  for  the 
gridding  technique  )  for  cases  where  the  number  of  uncertain 
parameters  and/or  the  parameter  variations  are  large.  The 

technique  is  developed  by  extending  recent  results  of  the 
Kharitonov  approach  to  robust  stabilization  (Chapel lal.  et  al  . 
1990 ) . 


This  paper  is  organized  as  follows:  Section  2  contains  a 
brief  overview  of  the  Kharitonov  approach,  together  with  an 
important  lemma  that  will  be  needed  in  the  sequel.  The  proposed 
technique  is  developed  in  section  3.  In  section  4,  an  exampJe  to 
demonstrate  the  technique  is  pf-esented.  Finally,  section  5 
contains  the  conclusions  and  scope  for  further  research. 
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2  THE  KHARITONOV  APPROACH  TO  ROBUST  STABILIZATION 


In  this  section, we  first  briefly  i*eview  some  important 
concepts  of  Kharitonov  polynomials  (Kharitonov  1976),  and  then 
give  an  important  lemma  that  will  ^  needed  in  the  development  to 
follow. 


Consider  a  real  polynomial  p(s).  Let  p*'^*''(s)  and  p°'*‘^{8) 
be  the  even  and  odd  parts  of  p(s)  .respectively.  That  is. 


P  (s) 


=  ( 


Po  P2  P4 

I _ ^ _ 


(a) 


(2.1a) 


odd  ,  . 

P  (a) 


We  also  have 


•  vori.  .  ovori  .  ,  .  2  4 

P  (w)  =  P  (J<^)  =  P0  ~  P2  “  +  P4  + . 

(2.1b) 

odd  ,  .  odd  ...  2  4 

P  («)  =  P  (JW)  =  -  Pg  W  +  PgW  + . 

j<3 

Mow  consider  a  family  F  of  real  interval  polynomials: 


p(s)  = 

Pg  +  PjS  +  .... 

- +  p„  is”  ^  P_  s” 

n— i  n 

(2.2) 

where 

•>0  ‘  [ 

*0’  ^0] •  Pi  ^ 

[jCj.  7J.  . . i 

[  *n'  ^nj ' 

(2.3) 

Associated  with  the  intei^al  polyomial  p(8)  are  four  Kharitonov 
polynomials  defined  as  follows  : 

^  c 

+  +  x^s  +  *5^  ^6®  _ - 

(2.4.1) 

o  ^  c  e 

+  XgS  +  x^s  +  ygS  +  ygS  +  - 

(2.4.2) 

3  4  5  6 

+  yqS  +  y  +  Xt-B  +  x_8  +  .... 

O  4  0  o 

(2.4.3) 


k/ib)  =  x^  +  x^s  +  y^s^ 


=  *0  ^1®  +  ^2®^ 


=  ^0  +  *1®  *2®^ 
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V*®*  =  '«  ■"  ^1®  ^  *2®^  ^  *3®^  ^  ^4®^  '"S®^  ^  *6®^"*^ 


We  next  consider  the  family  G  of  SI SO  plants  : 

n  (s) 


«(b)  = 


d  (s) 


(2.4.4) 


(2.5) 


Here,  n  (s)  belongs  to  a  family  of  real  interval  polynomials  N,  and 
d  (s)  belongs  to  a  family  of  real  interval  polynomials  D,  as 
defined  below 


M  =  I  n 


(s)  I  n  (s)  =  n^  +  nj^s  + . +  n^  s** 


where  n^^  c  j  .  ^  i  =  0 _ _  p| 


(2.6) 


1 


D  =  ^  d  (s)  I  d  (s)  =  dg  +  d,a  +  . +  d^  s 


idiere  d^^  c  <5^j,Vi  =  0...,qj 


(2.7) 

Let  be  the  set  of  four  Kharitonov  polynomials 
associated  with  N.  Further,  let  KC||  be  the  subset  of  N  consisting 
of  the  four  following  line  segments 


[  K^^(s)  ,  K^2(8)  ]  ;  [  K„^(s)  .  k/(s)  ] 

[  K^^(s)  ,  Kj,^(s)  ]  ;  [  K^^(s)  .  K^'*(s)  ] 


(2.8) 

Thti:e  are  called  the  four  Kharitonov  segments  associated 
with  N.  By  line  segment  Kjj^(s)  ,  Kj^^(b)  j  ,  we  mean  of  course  all 


convex  combinations  of  the  form 


[  1  -  X  j  Kjj^(8)  +  X  K^^(8) 

The  subsets  Kjj  and  BTjj  of  D  are  simileirly  defined  .  Finally,  let 
Gj^  be  the  subset  of  G  defined  by 
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= 


n(B) 


-  ^  G  :  n(a)  £  and  d(a)  £  KC^ 

d(a)  L  N  D  J 


or 


^  n(a)  £  KCjj  and  d(e)  £  Kp  j 


(2.9) 


Thus,  Gjjj,  contains  at  moat  32  one  parameter  families  of  rational 
functions.  Theae  are  known  as  the  'Kharitonov  segments'. 

Before  proceeding  further,  we  state  the  following  two  lemmas. 

Iiemna  2.1  (Chapellat  et  al.  1990) 

Let  g  (a)  =  n  (s)/^ be  a  proper  (real  or  complex)  rational 
function  in  (C^)  ,  with  deg  {d(s))  =  q,  then  1 |g|  <  1 

iff  ® 

1)  I  ”ql  <  1  dql 

id 

2)  d(a)  +  e**  n  (a)  is  Hurwitz  for  all  ©  r  f  0,  2n  ). 


Lemna  2.2  (Chapellat  et  al.  1990) 

Let  Q(s)  and  R(a)  be  two  arbitrary  but  fixed  complex  polynomials 
and  consider  the  family  P  of  polynomials 

Q  (s)  n  (s)  +  R  (s)  d  (s)  ,  n(s)  c  N,  d(s)  c  D  . 

Then,  all  polynomials  in  P  are  Hurwite  stable  iff  it  is  the  case 
»d.«n  n(s),  d(s)  are  such  that  n(a)  G„^  . 

X  0(0)  K 

We  now  prove  an  important  lemma  that  is  of  fundamental  importance 
in  the  sequel. 

Lemma  2.3 

tet  g(s)  =  n(s)/d(8)  €  G,  be  a  family  of  strictly  proper 
stable  MP  plants,  such  that  n(s)  and  d(B)  have  fixed  degrees.  Let 
A(s)  and  B(a)  be  stable  MP  transfer  functions  such  that  A(s)/B(s) 
is  proper.  Then,  if  c  is  a  stabilizing  controller, 

AIsi|g  c  (1  +  gc)“^|  <  Isj|B{jw)l  -  Lm|A(dcj)|  V  w,  V  g  r  G 

iff 

AIsi|g  c  (1  +  gc)~^l  <  LintB(jw)|  -  Ijn|A(ja>)|  V  w,  V  g  r  G 
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(1a  denotes  the  log  nagnitude.  in  decibels) 

Proof:  We  equivalently  have  to  prove  the  following 


Ia 

«lC 

-  Lm 

1  +  gjC 

1  +  82^ 

iff 


<  lA|B(,ic>))|  -  Ia|A(ow)| 

gj.Bg  ^  G  ,  V  w 


Ia 

«lC 

-  Ija 

1  +  g^c 

1  +  g2C 

<  Lm(B(jw)|  -  lA|A(jw)( 
®1*®2  ^  ®KC 


,V  w 


(2.10) 


Eliainating  Ia  in  the  above  expressions  ,  we  have  to  show  that 


g^c(l  +  g^c) 

< 

B(J«) 

^2®^^  +  gj^c) 

A(d«) 

iff 

fijCd  +  ggC) 

< 

B(dw) 

g2c(l  +  gjc) 

A(dw) 

^  €  G,  V  w 


^  ®1’®2  ^  “ 

(2.11) 


Multiplying  across  by  |  A(  j<»>)/B(  jw)  |  .and  from  the  definition  of 
(  1  *  I  loo*  have  to  prove  that 


Agj^cCl  +  g2C) 
Bg2c(l  +  g^c) 


AgjC(l  +  g^c) 
Bg2c(l  +  gj^c) 


00 


iff 


Let  A  =  n^/d^.  B  =  n^/d^,  C  =  n^/d^ 
Then,  we  can  write 


^  » Sg  €  G  , 

^  gj,g2  € 

(2.12) 

®1  ■  ^2  = 

(2.13) 


Agj^cCl  +  g^c) 
Bg2C(l  +  g^c) 


Va"l^c^2^c 

Va”2"c'^l‘^c  ■*■  %‘^a"2"c"l”c 


(2.14) 
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Xf  Part  :  We  start  by  noting  that 


Ag^c(l.  *♦*  1  •  ^  g^sg^ 


l"ql  <l‘^ql 


.V  gi,g2  ^ 


(2.15) 


<"bV2"c‘^l‘^c  ■"  "bV2"c"l"c^ 

^  ®  ^^<‘*b"a"l"c‘^‘^c^  Va"l"c"2"c^ 


is  Hurwitz  'i  6  c  [0,2rT)  ,  V  gj^,g2  ^  G^ 


(2.16) 


Consider  (2.16)  which  can  be  rewritten  as 
id  id 

n,  (n.d  n^n  n  +  e*'  d.n  n  d„d  +  e**  d,n  n  n^n  )  +  d,  (n,  d^n^n  d^) 
l  ba2^cc  Dac2c  Dac2c  l  ba2cc 

is  Hurwitz  'i  Q  c  C0,2n)  ,  V  ^^,^2  ^  G^^  . 

(2.17) 

From  Lemma  2.2,  it  is  seen  that  (2.17)  is  equivalent  to 

"l<Va"2"c"c-"  ^^^Va'^cVc-'  Va"c"2"c >  ‘^l^ Va"2"c‘*c^ 

is  Hurwitz  V  e  £  [0,2n)  ,  V  g^£  G,  gg  ^  Gj^^,  . 


(2.18) 


Now  ,  (2.18)  can  be  rewi'itten  as 


”2<Va"c‘^lV  Va"c"l"c''  Va"l"c"c >  Va"l"c‘^c^ 


is  Hurwitz  V  ©  £  [0,2n)  ,  V  gj^£  G,  £  Gj^^  , 

(2.19) 

so  that,  by  invoking  Lemma  2.2  once  more,  we  have 
"2^"b‘*a"c‘*l‘*c-"  "b'*a"c"l"c''  ®^^Va"l"c”c^  ""  Va^l^c'^c ^ 


is  Hurwitz  V  ©  £  [0.2fi)  ,  V  G.g2  «  G  . 


We  also  note  the  following 


(2.20) 


l"ql  «l*«2  °R,  l"q*  ®1’*2  ^  ®  ' 

(2.21) 
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Thp«, 


42-20)  ,  (2.21)  and  Irf»jnmn  2.1.  we  can  concludf:  that 


ACjCCl  +  62® J  ^  ^  ^1*^2  ® 

Bg2c(l  +  gjc)  ^ 

which  is  what  was  required  to  be  proved. 

Only  sort  :  the  proof  is  obvious  as  is  a  subset  of  G. 

D 

On  similar  lines  ,  it  can  be  proved  that 
I  (1  +  ec)~^|  S  p  V  w.  V  g  £ 
iff 

I  (1  +  gc)~^|  <  u  Vw.  VgiG 

Therefore,  if  a  controller  c(s)  is  synthesised  so  that  the 
performance  specifications  are  satisfied  for  all  g  £  ®Kr  * 

they  are  also  be  satisfied  for  all  g  £  G. 

3.  TEMPLATE  GENERATION 

As  has  been  discussed  earlier,  template  generation  is  the 
main  computational  bottleneck  in  QFT  design  procedures,  especially 
in  cases  where  the  number  of  uncertain  parameters  and/or  their 
range  of  variation  is  large.  In  the  light  of  Lemma  2.h.  it  is  seen 
that  the  design  specifications  i.e.  (la)  and  (lb)  a  c  satisfied 
for  all  g  £  G  iff  they  are  satisfied  for  all  g  £  .  The 

important  and  interesting  implication  of  this  lemma  is  that  the 
idiole  QFT  design  procedure  can  now  be  carried  out  using  only  the 
subset  Gjj^  of  the  entire  uncertain  set  G.  A  real  rational  proper 

stabilizing  controller  c(o)  and  prefilter  f(s)  can  be  designed  so 
that  the  design  specification  are  satisfied  for  all  g  c  G™. 

I«mma  2.3  assures  us  that  the  specifications  will  be  satisfied  for 
all  g  £  G. 

More  specifically  and  importantly,  the  template  )| 

at  any  can  be  now  generated  by  considering  a  maximtim  of  32 

parameter  families,  namely,  the  Kharitonov  segments.  At  any 
frequency  the  parameter  i  is  varied  in  discrete  steps  (  the 

number  of  steps  depending  on  the  accuracy  desired)  in  the  interval 
[0,  1]  and  the  resulting  template  is  used  to  evaluate  the  bounds 
B(w^).  The  consequent  reduction  in  computations  is  tremendous. 
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Firstly,  the  number  of  Kharitonov  se^ents  is  at  a  mriximum.  li'A,  and 
this  is  independent  of  the  number  of  uncertain  parameters,  their 
rspgg  of  vsEriatian,  and  the  system  order.  In  many  cases  (as  in  the 
ey^plg  in  Section  A)  the  number  of  segments  is  much  less. 
Secondly,  the  choice  of  a  very  fine  grid  for  A  f0,  II,  say  100 
points,  does  not  render  this  method  computationally  untrac table,  as 
would  have  been  the  case  in  the  'brute  force'  method.  We 
illustrate  this  through  the  following  example.  Let  p  -  5,  and  m  = 
100,  say,  due  to  the  fact  that  the  range  of  variation  of  the 
parameters  is  rather  high.  Then,  by  the  brute  method,  at 

every  frequency  ,  the  number  of  computations  is  10^  ,  Varying  K 

in  1^0,  1  j  in  steps  of  0.01  i.e.  100  points,  results  in  a  maximum 

of  3200  computations  at  every  frequency  ta..  Thus,  very  accurate 

results  may  be  sought  without  the  fear  of  excessive  computations. 

It  is  thus  readily  appreciated  that  the  method  of 
template  generation  proposed  above  results  in  significant 
computation  reductions  in  QFT.  It  is  also  seen  that  this 
reduction  becomes  more  and  nrare  significant  as  the  number  of 
uncertain  parameters  and/or  their  range  of  variation  increases.  At 
this  point  a  few  remarks  are  in  order. 

Remark  3.1  :  The  case  of  dependent  parameter  variation  can  also 

be  considered,  using  the  proposed  method.  The  results  may 
ho»»ever  be  overly  conservative. 

Remark  3.2  :  The  proof  of  Leimaa  2.3  will  go  through  without  the 

restriction  on  the  poles  of  the  plant  .  The  restriction  on  the 
zeros  of  the  plant  i.e.  that  the  plant  z'sros  must  lie  in  the 
L.H.P.,  is  necessary.  In  other  words,  the  above  Lemma  holds  for 
\mstable  plants  which  have  no  R.H.P.  zeros.  However,  we  shall  show 
later  that  Lemma  2.3  holds  \inder  much  weaker  assumptions. 

We  now  illustrate  the  theory  with  an  example. 


A  ILLUSTRATION  OP  THE  PROPOSED  METHOD 

In  this  section,  we  solve  an  example  to  illustrate  the 
method  outlined  in  the  previous  section.  We  consider  the  design 
example  solved  in  (Horowitz  and  Sidi  1972).  Here 


g  (s) 


K 

a  (s  +  aj 


(4.1) 


K  f  [1,100]  ,a  c  [1,10] 


For  this  example,  the  Kharitonov  polynomials  for  the 
numerator  and  denominator  are 
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Ki(s) 

=  kJ(s)  =  1 

(4. 2. a) 

K^(8) 

=  kJ(s)  =  100 

(4.2.b) 

kJ{s) 

=  K^(s)  =  s  +  s^ 

(4.2.C) 

=  kJ(s)  =  10  a  +  s^ 

(4.2.d) 

We  thus  have  four  Kharitonov  segments  which  are  formed  as 
described  in  Section  2.  Using  these  four  segments,  and  by  varying 
X  in  the  interval  [0,1]  in  steps  of  0.2,  the  approximate  template 

g(J«j_)  ^  is  generated  for  w  =  2,  5  and  15  rad/sec.  This  is 

shown  in  Fig.  2  for  oj  =  2.  Also  shown  in  this  figure  is  the 

corresponding  template  generated  by  the  'brute  force'  method.  It 
is  seen  that  the  template  generated  by  the  Kharitonov  segments 
completely  encloses  the  latter.  Using  the  specifications  given  in 
(Horowitz  and  Sidi  1972) the  bounds  on  the  nominal  loop  transmission 
i.e.  are  also  calculated  by  both  the  methods.  These 

are  tabulated  in  Table  1,  It  is  readily  seen  that  the  bounds 
obtained  by  both  the  methods  are  exactly  the  same. 

5.  (30WCLUSI0WS  AND  SCOPE  FOR  FURTHER  WORK 


In  this  paper  we  have  presented  a  method  that  helps  to 
reduce  the  computational  burden  associated  with  template  generation 
in  OFT.  The  proposed  method  is  based  on  concepts  from  Kharitonov 
polynomials  developed  in  (Chapellat  et  al.  1990).  Only  SISO  plauits 
with  independent  parametric  uncertainty  are  discussed  in  this 
paper.  The  case  of  dependent  uncertainty  can  also  be  handled,  but 
the  results  may  be  overly  conservative  and  lead  to  severe  over 
design.  A  future  paper  will  explore  methods  of  handling  the 
dependent  case  ir.  a  non-conservative  fashion.  A  natural  off-shoot 
of  this  will  be  the  extension  of  the  proposed  method  to  MIMO  QFT 
and  this  will  indeed  represent  a  significant  contribution  to  this 
design  procedure.  We  thus  hope  that  this  work  will  go  a  long  way 
in  making  QFT  a  viable  method  of  controller  design. 
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TABUS  1;  Bounds  on  the  noalnal  loop  tranninisuion 


Fr»  q  Bounds  on  the  nomincil  loop  transmission  Lg  in  dll 


rad/sec 

Phase 

angle  0=  -30  -60 

(deg) 

4>-  -90 

0-  -120 

0=  -150 

0~  -165 

1 

Brute  5-875  3.375 

force 

method 

2.1875 

1 . 935 

8.562 

10.340 

5.875  3.375 

2.1875 

1.935 

8.562 

10.340 

“2 

2 

Bn.te  -2.3468  -4.000 

force 

method 

-5.500 

-6.500 

-2.687 

5.453 

-4.000 

-5.5005 

-6.500 

-2.687 

15.453 

“3 

Brute  -9.125-10.093 

force 

method 

-11.109 

-10.750 

-8.234 

1.310 

-11.109 

-10.750 

-8.234 

1.310 

*^4 

Brute  -20.125  -20.750 

force 

method 

-20.820 

-19.640  - 

15.340 

-10.980 

-20.750 

-20.820 

-19.640  - 

15.340 

-10.980 

'"5 

30 

Brute  -33.000  -32.625 

force 

method 

-31.375 

-29.625  - 

24.980 

-19.320 

-32-625 

-31.375 

-29-625  - 

24.980 

-19.320 
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Abstract;  In  this  paper,  we  consider  the  direct  application  of  to  a  con¬ 
trolled  object  that  is  described  by  a  partial  differential  equation.  In  partic¬ 
ular,  we  are  interested  in  distributed  mechanical  systems  described  by  various 
versions  of  the  "beam''  equation.  It  is  demonstrated  that  OFT  can  be  applied  di¬ 
rectly,  without  resorting  to  sioplifications  such  as  the  use  of  a  finite-state, 
state-variable  approximation  during  the  design  phase. 

Ihe  price  that  one  pays  for  not  woticing  with  a  finite-t  tate  approximation 
is  that  the  transfer  function  is  an  irrational  function  of  complex  frequen¬ 
cy,  a. 

The  advantage  of  working  directly  with  the  irrational  transfer  function  is 
that  one  obtains  a  more  accurate  estimate  of  stability  margins  and  other  high- 
frequency  (post  cross-over)  effects  such  as  bandwidth  constraint  violations. 

We  demonstrate  that  the  irrationed  transfer  function  offers  no  speciad  dif¬ 
ficulty  in  the  selection  of  compensators  in  the  usual  OFT-manner.  The  Laplace 
transform  is  allied  to  the  partial  differential  equation  and  co  the  boundary 
canditicns.  The  residt  is  a  system  of  equations  that  can  be  solved  fc.'r  t:ie 
transfer  function.  For  that  purpose,  a  symbolic  manipulator,  such  as 
MATHQIATICA,  is  invaluable.  Of  course  the  result  of  a  symbolic  manipulator 
must  be  verified  in  some  way  and  we  describe  methods  for  that  purpose. 

Unstructured  uncertainty  is  accounted  for  in  every  design  method,  including 
OFT.  In  the  standard  QFT  procedure,  an  "internal”  damping  is  isposed  in  the 
form  of  a  maximun  M-circle  that  must  xtot  be  penetrated  by  any  of  the  templates. 
This  is  done  to  provide  sufficient  daiqiing  to  a  di8t'.nhance  response  but  an  im¬ 
portant  side  benefit  is  that  this  H-circle  constraint  imposes  a  gain  and  phase 
margin  on  the  closed  loop. 

The  nature  of  this  uncertainty  in  the  case  of  distributed  mechanical  models 
is  explored  in  our  paper.  Certainly,  the  damping  characteristics  as  well  as 
other  high-fraqufflicy  effects  ignored  in,  say,  the  Euler  bean  equation  are  exam¬ 
ples  of  this  unstructured  uncertainty.  Preliminary  verification  of  the  design 
with  simulation  offers  aaoe  problems  and  we  explore  the  use  of  finite  differ¬ 
ence. 
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NaaenclAture 

A  -  cros8-sectional  area 
c  -  a  shear-stress  constantt  a  s  oSC/dt 
ct  a  cl 

Ck  -  arbitrary  constants 
E  -  modulus  of  elasticity 

fk(x,s)  -  irrational  transfer-function  parameters 

Ge(s)  -  oasonde  compensator 

h  -  height  of  a  cross-section 

I  -  cross-sectional  monent  of  inertia 

TTF  -  irrational  transfer  function 

k  -  curvature 

Kk(x,s)  -  arbitrary  constants 
L  -  length  of  the  beam 

iBt  -  the  mass  of  the  effector  or  the  load  at  the  end  of  the 
-  shear-stress  moment 
Ml  (x,t)  -  mechanical  moment 

FDB  -  partial  differential  equation 
P(8)  -  precoapensator 

s  -  the  Laplace  variable 
t  -  time 

T(x,t)  -  kinetic  energy 

u(X|t)  -  the  linear  displacement  of  the  center  line  of  the  beam  tnm  its 

undefomed  center-line  poaition  defined  fay  the  hub  mgi* 

V(x,t)  -  potential  energy 

X  -  axial  poaition 

y(Xtt)  -  transverse  displacement:  the  linear,  arc  length,  displacement  of 
the  center  line  of  the  beam  from  its  initial  "at  rest"  poaition 
€  -  strain 

d(t)  -  the  h\d>  rotation  angle  correspcnding  to  the  rigid  body  rotation  of 
the  beam 

A(x,s)  -  eigenvalue  of  the  LapJmne- transformed  beam  equations 

A(x,s)  -  a  transfer-function  parameter  that  charactnrlzes  the  nature  of 
the  damping  in  the  beam 
p  -  BBSS  density 
o  -  shear  stress 

T(t)  -  torque,  the  oanipulated  input 


1.  Introduction 

The  modeling  of  linear  elastic  beams  has  been  the  object  of  study  for 
decades  cuxi  is  associated  with  sane  of  the  most  prominent  names  in  aj^lied 
mathematics.  Of  course,  a  model  is  the  basis  for  control  system  design,  most 
often,  these  models  take  the  form  of  a  partial  differential  equaticxi  (a  "PDE”). 

The  most  comnon  method  of  trtansforming  the  partial  differeitial  equation 
into  a  form  usable  in  feedback  design  is  to  obtain  an  infinite-series  solution, 
an  eigenftmction  expansion  <Chalt  et  al,  1990;  Margolis,  1976).  This  approach, 
also  known  as  ’’modal  modeling”,  is  based  on  obtaining  the  eigenfunctions  for 
the  partial  differential  equatio)  of  the  system.  Bach  eigenfunction  is 
associated  with  a  natural  frequency  of  the  continuous  media.  To  allow  for 
confutation  and  manipulation,  these  infinite  eigenfwction  expansions  are 
tnsicated  at  a  finite  nunber  of  terms.  The  accuracy  of  the  model  Lqnroves  with 
the  nunber  of  frequencies  included.  At  times,  it  is  necessary  to  include  a 
large  number  of  eigenfunctiois  in  order  to  accurately  predict  the  hi^ 
frequency  behavior  of  oontintxus  media. 

While  the  eigenfunctiois  are  well  known  for  some  of  the  more  familiar  iUBa, 
it  can  be  a  difficult  mathematical  problem  to  obtain  the  eigenfunctions  in  only 
sliiditly  more  complicated  situations.  For  example,  when  damping  effects  are 
accounted  for,  the  basic  FDB  is  a  non-self-adjoint  operator  and  the  solution  of 
the  eigenfunctions  of  the  adjoint  equation  must  be  obtained  as  well  as  the 
eigenfunctions  in  order  to  obtain  the  required  orthogonality  conditions.  For 
this  reason,  proponoits  of  nodal  models  will  often  resort  to  approximate,  ad- 
hoc  methods  of  describing  effects  such  as  damping  in  the  beam. 

one  wonders  if  these  approximations  and  heuristics  are  really  necessary?  If 
high  frequency  control  (fast  response  time)  of  the  beam  is  to  be  designed,  it 
seems  prurient  to  create  a  more  accurate  high  frequency  model  of  the  beam.  If 
the  stability  margins  are  to  be  true  measures  of  our  factors  of  safety  against 
unmodeled  dynamics,  matters  must  not  be  oonfounded  by  errors  due  to 
mathematical  appraximations .  Also,  consideration  of  the  bandwidth  conatraints 
require  model  accuracy  in  the  hi^er  frequency  range. 

It  is  proposed  that  high  frequency  (and  also  low  frequency)  control  of  an 
elastic  beam  can  be  achieved  by  using  the  ftiantltatlve  Feedbadc  Theory  (OFT) 
method  proposed  by  Isaac  Horowitz.  Tliis  is  because  the  FIS  model  can  be  used 
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directly  in  this  context  without  resorting  to  a  detailed  eigenfunction  analysis 
or  without  resorting  to  ai^jraxiioations,  ad-hoc  or  otherwise. 

Our  prinary  contribution  is  to  delineate  all  details  of  a  coapiter-euded 
design  procedure  which  includes  the  use  of  an  irrational  (transcendental) 
transfer  function.  Section  2  delineates  the  nanner  in  whidi  the  transfer 
function  is  obtained  from  the  underlying  partial  differential  equation  (the 
"FDE”).  For  any  complexity  at  all  a  computer  aid,  a  symbolic  manipulator,  mat 
be  used  to  sake  the  necessary  manipulaticns.  It  is  deannatrated  in  Section  2 
that  modal  models  are  useful  for  chedcir^g  the  accuracy  of 
algebra  in  those  extreme  cases  where  the  modal  model  is  easily  obtained.  Other 
types  of  checks  are  described  there  as  well. 

Section  3  is  an  exaople  design,  an  application  of  QFT  to  the  design  of  a 
beam  subject  to  shear-stress  damping.  A  danping  coefficient  and  the  load 
are  the  xjncertain  parameters  in  this  example.  Many  interesting  aspects  of  the 
dynamic  model  are  highlighted  and  the  manner  in  which  some  of  these  features 
limit  the  performance  of  the  closed  loop  is  described. 

Section  4  is  a  susaary  section  which  concludes  with  some  suggestions  for 
future  research. 

2.  the  Bemoulll-Euler  Bean  FS8 

We  have  in  mind  the  beam  pictured  in  Figure  2.1.  The  intention  is  to  treat 
an  example  suggestive  of  applications  to  robot  design  or  to  the  design  of  a 
space-structure  component. 

This  beam  acts  in  a  horizontal  plane  and  is  nsmiand  to  be  stiff  with 
respect  to  any  motion  out  of  the  plane.  This  pexmits  us  to  ignore  gravity  iiiv< 
the  interaction  of  the  dynamics  associated  with  torsion  and  vertical  bending. 
It  is  further  aasxmwd  that  the  beam  is  stiff  with  respect  to  axial  forces  and 
centripetal  acceleration  is  negligible  (Ham,  1991,  207). 

Another  mekjor  assuaption  in  the  formation  of  this  first  model  of  the  beam 
is  that  the  shear  and  rotary-inertia  forces  are  small  and  will  be  ignored. 
Timenshoiko  states  that  "both  corrections  are  unimportant  if  the  wave  length  of 
the  transverse  vibrations  is  large  in  cosparison  with  the  dimensions  of  the 
cross  section."  (Timenshenko,  19S3  ,  329).  An  initial  assuaption  is  that  there 
is  no  damping  present  in  the  bean.  A  PDS  tdiich  includes  daoping  effects  is 
pres^ted  in  Section  2.4 

The  bean  la  a  continuous  "pinned-free”  system  of  length  L.  A  torque. 
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'’T(t)'’i  is  input  to  the  bodjr  through  s  hub  at  the  pinned  end  and  the  beam  is 
free  to  rotate  around  the  center  of  the  hub.  The  hub  is  asmmed  to  be  massless 
and  of  negligible  radius.  The  free  end  of  the  beam  is  rigidly  attached  to  a 
point  mass  of  mass  "ob  **  vihicdi  has  no  rotaticaial  inertia.  We  refer  to  this 
mass,  alternatively,  as  the  "oxl-effector"  or  the  "load". 

The  beam  has  a  cross-sectional  area  of  "A",  density  "p",  modulus  of 
elasticity  "E",  and  cross-sectional  mcoent  of  inertia  about  the  vertical  axis 
"I”  all  of  v^ich  are  asauaed  to  be  constant  with  respect  to  time  "t"  and  axial 
position  "x". 

"8(t)"  is  the  hub  rotation  angle  correapcsnding  to  the  rigid-body  rotation 
of  the  beam  and  u(x,t)  is  the  linear  displacement  of  the  center  line  of  the 
beam  from  its  undeformed  center-line  position  defined  by  the  hub  angle.  u(x,t) 
is  asstmied  to  be  within  the  elastic  range  of  the  beam  and  sufficiently  mnall  so 
that  the  change  in  axial  distance  x,  due  to  beam  bending,  is  negligible.  These 
asauaptions  lead  to  the  approximation  that  u(x,t}  is  approximately  equivalent 
to  the  arc  length  traversed  by  the  beam  due  to  its  dynamic  behavior.  "y(x,t)" 
doiotea  the  Ixnear,  arc  length,  displacement  of  the  center  line  of  the  beam 
from  its  initial  "at  rest"  position. 

Using  these  definitions  and  assumptions  (Cetinkunt,  1990,  p429,  Kbrlov, 
1990,  p9),  y(x,t),  the  transverse  displacement  of  any  point  along  the  beam,  is 
given  by: 

y(x,t)  s  u(x,t)+x*e<t)  (2.1) 

The  total  energy  of  the  beam  can  be  characterized  by  ita  potential  energy, 
V(t),  and  ita  kinetic  energy,  T(t)  (Meirovltth,  1990,  p270,  Centlnkunt,  1990, 
p430).  The  kir.etic  energy  of  the  system  is  expressed  by 

The  system  potential  energy,  wholly  made  up  of  the  energy  stored  fay  the  strain 
present  in  the  beam,  can  be  expressed  by 

V(t)  =  Bl[  ]*dx  (2.3) 

The  virtual  worit  associated  with  the  non-conaervative  forces  acting  on  the 
s'°stem  is 

,W(t)  =  t[  ‘IlgSii)  ]  <2.«) 

Applying  Hamilton's  prinsiple  to  these  three  equations  we  can  obtain  the 
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differential  equation  of  notion  for  the  system  and  its  boundary  conditions. 
The  equation  of  motion  is  equivalent  to  the  familiar  "Eemoulli-Euler  Equation" 
for  a  flexible  beam, 


El  ilziiii)*  pA  g!y<x.t)  Q 

ax«  ^  at* 


(2.S) 


Substitute  (2.1)  to  obtain  the  more  coraoon  form  of  the  beam  equation: 


£i  PA  =  -PA 


<2.S) 


Here,  u(x,t)  is  measured  with  respect  to  the  centerline  of  the  beam  that  is 
rotating  with  a  non-constant  angular  acceleration.  This  angular  acceleration, 
a,  produces  a  transverse  acceleration  in  the  beam  of  a(x,t)  s  >xb.  "a"  is 
equal  to  a*d/at* ,  so  the  right  side  of  Equation  2.6  is  interpreted  as  the 
sunnalion  of  forces  acting  in  the  rotating  reference  frame.  Note  that  all  of 
fheae  equations,  Including  the  beam  equation,  are  based  upon  neglecting  the 
axial  forces  (centripetal  acceleration.  Coriolis  forces,  etc.)  in  the  system. 

2.1  The  PCS  ^iodcls  of  Elastic  Beams  and  Stability  Murgina 

The  Bemoulli-Buler  equation  is  oauBcmly  used  to  describe  the  motion  of  a 
beam  at  low  frequencies.  That  is  because  we  neglect  in  the  derivation  the 
rotational  inertial  of  a  differential  element  as  well  as  the  shear  forces 
acting  in  the  beam.  This  results  in  small  errors  at  low  frequencies,  however 
these  errors  became  nmgnified  at  higher  frequmcies.  This  is  because  at  high 
frequencies,  the  transverse  displaoesiaits  becooe  heavily  damped  and  the  shear 
forces  and  rottU7  inertia  become  more  prominent. 

The  famous  Timenshenko  FDB,  is  a  model  of  a  beam  which  includes  the  effect 
of  these  forces;  however,  even  this  more  comprehensive  model  breaks  down  at 
even  higher  frequencies  (Crandall,  1968,  347).  That  is  to  say,  and  this  is 
important, 

Aax  PDS  model  of  the  elemtic  beam  will  involve  modeling  moerteinties 
at  the  high  frequencies.  This  ia  the  nature  of  mathematical  modeling: 

Me  cannot  expect  that  all  pommible  mechanical  degreea-of ^freedom  are 
represented.  (2.7) 

These  uncertainties  demonstrate  the  need  for  stability  margins  in  our  feedbadc 
compensator  design. 

2.2  The  Bomdary  Conditions 

The  following  four  boundary  conditions  are  obtained  by  Hamilton’s  principle 
y(x=0,t)  =  0  (2.8) 
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Hie  end  of  the  beam  is  pinned,  so  there  can  be  no  translation  at  this  point  for 
any  value  of  tine. 

From  static-beam  analysis,  vie  know  that  the  bending  nooent  of  a  is 
related  to  its  change  in  slope  by: 


a*y<x.t) 

3*x 


El 


(2.9) 

We  can  use 
the  torque 


where  M»  is  the  moment  at  the  point  vihere  the  slope  is  evaluated, 
this  relationship  at  x  =  0  where  the  balding  moment  is  known  to  be 
input  to  the  beam  to  get, 

=  -  I.  (2  10) 

a*x  El 

The  end  mass  is  assvned  to  be  a  point  mass,  so  there  is  no  rotary  torsion 
acting  at  the  free  end.  This  gives  us  the  equation: 

0 


a*y(x=L,t) 

a»x 


(2.11) 


The  fourth  boundary  equatioi  is: 


„,a*y(x=L,t)  _  _  a*y(x=L,t) 
21 - 51^  -  - 


(2.12) 

a*  is  the  value  of  the  point  mass.  The  first  term  is  the  shearing  force 
exerted  on  the  and  mass  by  the  beaai  and  the  second  term  is  the  end  mass  times 
its  acceleration.  Note  that  the  derivative  on  the  right  side  of  (2.12)  is  the 
acceleration  of  the  end  of  the  beam  in  inertial  space  so  (2.12)  is  obtained  by 
af^lying  Newton’s  second  law  to  the  point  mass  at  the  end  of  the  beam. 

2.3  The  ‘nransfer  Ftnction  and  HA3HBHATICA 

In  this  section.  The  Bemoulli-Euler  equation  (2.6)  is  used  with  the  four 
side  conditions  (2.8,10-12)  to  obtain  the  transfer  f)sxrtian  for  our  dynamic 
model.  We  perform  a  Laplace  transform  on  (2.6,8,10-12).  This  leads  to 
obtaixiing  the  transfer  flnctiai  of  the  output,  £[y(x=L,t)]  to  the  iiqut  torque, 
£[T(t)].  In  this  way  the  frequency  respmse  is  obtained  by  setting  s  =>». 

The  advantage  of  this  procedure  is  that  it  does  not  require  any 
approximations  such  as  the  truncation  of  an  infinite  series. 

Transform  Equation  2.5  to  obtain: 

0  (2.13) 


p«..T(.,c) 

Assuae  that  y(x,a)  =  exp(Xx)  is  the  gawral  solution  to  (2.13)  and  substitute 
to  find 


X« 


- 

BI 


(2.14) 
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Ttam,  there  are  four  distinct  solutions  for 

X  =  t««**'*”^*’  (2.15) 

*  =  ^  ]"* 

The  general  solution  to  equation  (2.13)  can  now  be  expressed  as: 

y(x,a)  =  Ciexp(Xix)-K:texp(XfX)4C*exp(Xax)+C4exp(X4x)  (2.17) 

We  rearrange  (2.17)  in  the  usual  way  to  obtain  y(x,s)  in  tens  of  trigcnonetric 
functions: 

y(x,s)  =  Kiexp(Ax/V2)sin(Ax/V2))-fKaexp(Ax/V2)cos(Ax/V2))t 

Ktexp(-Ax/V2)ain(Ax/V2))tK(exp(-Ax/</2)cos(Ax/V2))  (2.18) 

To  solve  for  the  four  unknown  parameters,  K1^4,  we  must  use  the  Laplace 
transform  on  the  boundary  conditions:  The  four  boisidary  equations  (2.6,8-10) 
become: 


y(x30,8) 

3  0 

(2.19) 

d*y(x30,s) 

dx* 

_  T(s) 

”  *  El 

(2.20) 

d*y(xsL,8) 

dx* 

*  0 

(2.21) 

.^*y(xsL,a) 
“  dx* 

3  gbS*y(xsL,s) 

(2.22) 

Equations  2-10  through  2-13  can  be  solved  by  hand  without  oospllcated 
mathematic  manipulations,  but  the  process  is  tedious  due  to  the  nusber  of  terns 
involved.  To  minimize  the  possibility  of  mathematical  errors,  the  software 
MATHQIATICA,  a  symbolic  manipulator,  was  used  to  solve  the  set  of  five 
equations  (2.18-22)  for  the  uiknowi  constants,  Ka  through  K«.  The  resulting 
values  are  complicated,  page  long,  fUoctions  of  s,  s*,  e* ,  sin(s)  and  cos(s)  as 
well  as  the  physical  parameters  (B,  I,  etc.)  of  the  system,  multiplied  by  the 
input  torque  (  HoConBick,1992  ): 

Kk  :  fk(s,physicad  parameters)*  r(8)  (2.23) 

The  transfer  function  between  the  angular  displacement  of  any  point  on  the 
center  line  of  the  beam  and  the  torque  Input  can  then  be  explicitly  and  exactly 
stated  as: 

y(x,s)/T(a)  3  faexp(Ax/y2)sin(Ax/V2))+ftexp(Ax/'/2)ooo(Ax/V2))+ 

f«exp(-Ax/V2)sin(Ax/V2)  )'i'f«exp(-Ax/V2)oos(Ax/)/2) )  (2.24) 

This  transfer  function  is  "irrstional” ,  clearly  not  the  sisple  ratio  of 
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polynomials.  At  this  point,  we  can  substitute  s  =  Ju  and  obtain  the  frequency 
respcmse. 

Although  this  frequ«x:y-(loinain  solution  to  the  beam  equation  is  an  accurate 
manipulation  of  the  underlying  PDE  and  side  condition,  and  of  great  value  for 
OFT  design,  other  mathematical  devices  must  be  used  to  obtain  the  moticxi  of  the 
beam  in  the  time  dooain.  This  problem  of  obtaining  the  time  dcnmln  responses 
is  addressed  further  in  Section  2.5. 

2.4  An  Inqjroved  Model  With  Structural  Daoping 

Damping  is  most  often  neglected  t^ien  dealing  with  a  flexible  beam  because 
its  effect  is  small  and  its  origins  are  not  always  well-understood.  Obviously, 
the  beam  is  a  damped  system,  because  the  connon  experience  is  that  oscillations 
decay  in  time.  However,  a  universally  accepted  theory  for  how  this  damping 
occurs  is  an  area  of  current  researcdi. 

Hinar  (1990,  p639)  argues  that  damping  in  the  beam  can  be  represented  by  a 
viscous  external  damping  force  on  the  beam  and  an  internal  resistance  to 
strain.  Viscous  damping  from  the  envirmsient  can  be  added  in  by  appending  the 
term  of  c»ay<x,t)/at  to  the  left  hand  aide  of  (2.5).  "ow"  represents  the 
environnmtal  viscous  damping  constant  per  unit  length.  This  ccxistant  may  vary 
from  zero  (in  a  vacuun)  to  small  values  (in  air)  and,  at  times,  to  significant 
valiies  (tinder  water). 

Ihe  Laplace  transformation  of  this  term  converts  it  to  cvay(x,s).  Ihis 
value  can  be  combined  with  pAB*y(x,s)  (2.13)  to  obtain  [c*s4f»As*  ]y(x,s) .  The 
effect  is  to  change  the  value  of  "A"  in  (2.16).  In  this  paper  we  choose  to 
ignore  viscous  damping  because  its  effect  will  be  dependent  upon  the  beam's 
worsting  environment  and  is  not  intrinsic  to  the  beam  itself.  Clearly,  this 
tens  will  be  isportant  in  sooie  applications. 

Humar  describes  another  form  of  dasping:  "resistance  to  internal  strain 
will  depend  on  the  strain  rate,  3€/dt."  (Humar,  1990,  p639).  This  strain 
produces  a  stress  that  has  the  value  a  -  o9€/3t.  The  constant,  "c",  is  the 
damping  coefficient  associated  with  this  internal  shear  stress  and,  in  this 
study,  it  is  assuaed  to  be  constant  over  the  body.  This  stress  varies  linearly 
across  the  beam  cross-section  of  height  h  and  produces  a  moment 


oh  dA 


(2.25) 


Thus, 
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Mi 


I 


-a(hk) 


dA 


<2.26) 


(2.27) 


where  €  s  h*  k  and  the  curvature,  k,  is  defined  by 

k  * 

dx> 

Hianar  puts  all  this  together  to  desionstrate  that  the  FDE  becores 

_  a«y(x,t)  ^»y{x,t)  ..  a»y(x,t)  _  „  _ 

El  +  pA  — -  -  0  (2.28) 

We  refer  to  the  daaqjing  tern  as  a  "shear-stress  daaping”. 

Use  the  Laplace  transforo  so  that  (2.28)  beccDes 


[El4cls] 


d«y(x,a) 
dx* 


+  pAs*y(x,s)  =  0 


Hie  solution  to  this  equation  is  the 
coefficient  "A”  becooes 


for  (2.13), 


(2.29) 

however  the 


-pAa* 


1/4 


Hie  inclusion  of  shear-stress  danping  changes  only  the  value  of  A  and  other 
parameter  so  we  include  or  exclude  the  effect  of  damping  by  merely  M*»1*r.».<ng 
one  foi*  or  the  other  of  this  coefficient. 

Sioilarly,  the  effect  of  viscous  danqiing,  characterized  by  "c*"  is  added  cr 


deleted  from  our  model  by  ixxiluding 
fora  for  A: 


or  excluding  teras  from  the  moat  general 


[-pAa*+c»8  1^/* 
El-fcis  J 


(2.30) 

idiooae  to  neglect  he  effects  of  viscous 
shear-stress  damping.  We 


of 


A 

To  si^sarize  this  section, 
daaping  (cr  =  0)  but  to  include  the  effects 
(diaracterize  this  damping  by  the  constant 

Ct  a  cl  (2.31) 

As  seems  common  in  the  discussion  of  daaping,  there  is  no  generally  agreed- 
upon  value  for  Ct  so  it  is  a  candidate  uncertain  parameter  in  the  QFT  d^ign 
process.  More  explicitly.  Equations  (2.24)  and  (2.30)  are  our  model  of  the 
damped  beam  for  the  QFT-compensator  design.  In  this  way,  we  produce  an 
accurate  frequency-doenin  model,  as  accurate  as  the  assumptions 

themselves.  Of  course,  since  modeling  nssimptions  inevitably  «»yr.1iirt«  gone 
high-frequency  mechanical  effects,  stability  margins  are  still  for. 

With  this  model  in  hand,  we  turn  to  the  important  natter  of  feedbadc 
control  system  design. 
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3.  Application  of  OPT  to  the  Deaitfn  of  Feedback  Control  of  an  Blaatic 

Ihe  first  step  in  the  ccnqjensation  procedure  is  to  express  the  plant  in 
terns  of  a  transfer  ftmction  relating  the  input  torque  and  the  output  angular 
displacanent  of  the  end  maae.  The  elastic-bean,  irrational  transfer  function 
tITF)  derived  in  Section  2  is 

y(x,a)/T<a)  =  fiexp(Ax/'/2)ain<Ax/V2))+f»exp(Ax/'/2)coB(Ax/'/2))+ 

faexp(-Ax/V2)ain(Ax/V2))+f4exp(-Ax/'/2)coa(Ax/V2))  (3.1) 

where 

Where  fl  throu^  f4  are  cooplicated,  page  long,  fianctions  of  the  Laplace 
variable  s  and  the  system  paraaeters  (McCotmidt,  1992,  see  his  appendix). 

By  setting  x  =  L  (the  length  of  the  beam)  an  irratiratal  transfer  function 
relating  the  ixiput  torque  to  the  angular  displacement  is  obtained.  This 
irrational  transfer  fljnction  poses  no  ofaetacle  to  the  QFT  design  process 
because  it  is  possible  to  obtain  the  magnitude  and  phase  of  the  irrational 
transfer  function,  y/T,  by  letting  a  s  >  fo'  a  range  of  w. 

3.1  Magnitude  and  Ihase  of  the  Uhdaaped  Beam  Model 

The  problem  Ith  assigning  the  chore  of  algebraic  manipulation  to  a 
symbolic  nmnipulator  is  that  the  designer  must  have  soae  way  of  ihecking  all 
facets  of  this  computer-aided  process.  As  a  preliminary  cfaech  on  this 
computer-derived,  irrational  transfer-function  model,  the  magnitude  and  phase 
plots  are  developed  for  an  undamped  system  (ca  a  0) .  It  is  possible  to  develop 
a  six-dynamicHDode  model  to  verify  these  plots  since  the  eigenfunctions  are 
well  known  in  that  extreme  and  special  case. 

This  is  not  to  say  that  the  dex'ivation  of  the  modal  model  does  not  involve 
significant  complications  (McConsich^  1992).  The  modal  model,  aa  well  as  the 
irrational  transfer  function  model  are  not  trivial  to  express  in  a  cemputar 
calculation.  (In  fact,  it  was  necessary  to  check  both  of  these  coaplex  models 
with  a  simpler  two-dynanie-mode  modal  model.)  The  Bode  plots  obtaii^  from  the 
ITF  model  correspotxis  precisely  to  the  Bode  plots  obtained  from  modal  analysis. 
These  plots  are  presented  in  Figures  3.1  and  3.2. 

It  can  be  seen  from  the  magnitude  plot  (Fig.  3.1)  that  the  two  models  agree 
in  nag-xitude  up  to  the  seventh  resonance,  >djere  the  accuracy  of  the  nodal  model 
breaks  down.  This  is  expected  because  the  modal  model  vma  developed  using  only 
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six  djmamic  ■odes.  At  5000  rsd/sec  the  ITF  ocxiel  eodiibits  an  odd  jvap  in 
macnitude.  Our  speculation  is  that  this  effect  is  due  to  conputatianal  errors 
but,  fortunately,  these  errors  occur  in  a  frequency  range  well  beyond  that 
examined  in  this  paper. 

Both  magnitude  curves  display  t!.e  general  form  expected  for  this  type  of  a 
system.  Because  the  system  is  lased  on  a  torque  input  and  a  position  output, 
an  overall  slope  of  -40  db/decade  is  expected  on  the  magnitude  curve:  We 
expect  the  transfer  function  will  behave  something  like  C/s* .  In  addition,  we 
expect  the  system  will  have  resonant  frequencies  easily  related  to  the  mnHal 
eigenvalues.  Also,  since  we  sue  studying  a  continuous  model,  there  will  be  an 
ever-increasing  density  of  these  resonances  at  the  higher  frequeixsies. 

While  the  general  form  of  the  magnitude  plots  agree  with  tdiat  is 
anticipated,  the  phase  plots  exhibit  more  intriguing  characteristics.  There 
are  also  some  of  the  usual  glitches  that  must  be  dealt  with  in  any  use  of 
software-derived  phase  values.  (In  our  case,  phase  was  moat  often  calculated 
using  the  all-purpose  MATliAB. ) 

Software  is  oft«  unintentionally  prograsiBBd  to  make  certain  counter¬ 
intuitive  choices  about  the  folding  of  phase  functions;  for  example,  the 
Choices  programmed  into  software  where  deciding  i4iether  to  add  multiples  of  360 
degrees  to  the  phase  values  calculated  from  an  arctangnt  subroutine.  This 
sort  of  problem  is  exemplified  in  Figure  (3.2)  by  the  -flSO  to  -180  degree  Juaps 
in  the  ITF  phase  curve.  The  msgnitude  curve  in  this  same  frequency  range 
displays  an  average  slope  of  -40  db  so  it  is  expected  that  the  phase  of  the 
system  should  be  -180  degrees  at  low  frequencies.  It  is  ijqx>rtant  to  resolve 
these  curious  matters. 

SoBie  of  the  confusing  aspects  in  Figure  (3.2)  are  resolved  by  redrawing  the 
phase  curves  to  natch  the  slope  of  the  magnitude  curve  resolves  .  Also,  it  is 
true  that  the  HATLAB  software  will  not  alvmys  make  a  choice  consistent  with 
t4iat  we  know  of  such  things  where  the  phase  curves  is  discontinuous  by  180  or 
360  degrees.  (We  found  that  a  ITF  vdiich  includes  damping  will  not  be  as  prone 
to  these  unfortunate  choices  of  phese  change,  but  not  this  is  not  completely 
the  case. ) 

A  guide  which  aids  'js  to  explain  and  resolve  the  oddities  of  the  phase 
curve  la  the  pole-zero  diagram  of  the  modal-model.  The  poles  and  zeros  of  the 
six-mode  model  are  shewn  in  Figure  (3.3).  First  of  all,  notice  chat  the  zeros 
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appear  in  mirror- image  pairs i  mirror  images  about  the  imaginary  axis.  Ihe  poles 
are  pure  imaginary  and  a  few  zeros  are  real  but  most  appear  as  concqpex  conjugate 
pairs.  Ihe  large  nvmber  of  nonminimun-phase  zeros  is  consistoit  with  the 
observaticxis  of  others  in  their  study  of  dynamic  structures:  Safanov  observes 
that,  "non-col located  control  systems  are  always  non-mininun  phase  above  some 
finite  frequency."  (Safanov,  1989,  p2S30). 

The  effect  of  the  minimum  phase/non-minimun  phase  zero  mirroring  is  uore 
easily  visualized  oy  expressing  the  poles  and  zeros  in  terms  of  their  natural 
frequencies  as  in  Figure  (3.4).  Here  the  ordinate  is  a  number,  actually  a 
name,  Eui^itrarily  assigned  to  the  pole  or  zero  beginning  at  low  frequency  and 
proceeding  to  the  hii^er  frequencies.  The  very-low  frequency  slope  of  the 
magnitude  curve  is  -40  db/decade  but  there  is  a  set  of  conq>lex  conjugate  poles 
at  55  rad/sec.  These  conjugate  poles  create  a  resonance  in  the  magnitude  plot 
(refer  to  Figure  3.1)  and  would,  ordinarily,  decrease  the  slope  of  the 
magnitude  curve  to  -80  db/decade  except  that  this  set  of  poles  is  closely 
followed  by  a  set  of  real,  mirror-imave  zeros  at  80  rad/sec.  Theoe  zeros  rckl 
40  db/decade  to  the  magnitude  curve  and,  in  this  way,  maintain  the  average 
slope  of  the  graph  at  -40  db/decade. 

These  poles  (at  55  rad/sec)  are  undamped  (refer  to  Fig.  3.3)  so  they  shoul' 
produce  an  abrupt  shift  of  -180  degrees  in  the  phase  diagram.  Figure  3-2  ah-  ’.v 
this  phase  jimip  to  be  from  -180  to  -360  degrees.  The  system  zeros  do  \ 
affect  the  phase  diagram  becaiise  the  minlimas  phase  zero  shifts  the  phase  '^0 
degrees  and  the  non-minimun  phase  zero  shifts  the  phase  -90  degrees:  Tr..^je 
phase  shifts  cancel  each  other  out. 

The  next  set  of  poles  occurs  at  200  rad/sec,  followed  by  a  set  of  zeros  at 
300  rad/ sec.  The  same  analysis  applies  except  that  the  MATLAB  phase  plot  shown 
in  Figure  3-2  does  not  correctly  assign  the  direction  of  the  jump  and  the  phase 
is  indicated  as  -360  +180  =  -180  degrees  instead  of  -360  -180  =  -540  degrees. 
At  500  rad/sec  the  phase  should  decrease  to  -720  degrees  because  of  the 
presence  of  another  set  of  poles.  Obviously,  the  software  is  returning  the 
phase  modulo  2n. 

The  phase  curves  are  corrected  by  hand  and  that  procedure  is  carried  out 
over  the  entire  frequency  range  and  the  resulting  correct  phase  plot  appears  as 
Figure  3.5. 

Incidentally,  the  mdrror-iinEge  aeros  have  no  effect  •mi  the  phase  curve 
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throughout  the  frequency  range  and  that  fact  has  a  strong  influence  on  the 
ability  of  a  designer  to  compensate  the  system  to  achieve  a  high  crossover 
frequency.  This  is  especially  true  where  one  accepts  the  natural  constraint 
that  only  stable  coapenaatora  can  be  used  (it  would  be  special  embarrassment  to 
have  a  control  actuator  disassemble  an  expensive  device  merely  Wwim  the 
feedback  signal  is  temporarily  lost  or  shut  down!).  Also,  the  corrected  phase 
decreases  rapidly  with  increasing  frequency.  This  rapid  decrease  in  phase  also 
has  a  strong  influence  on  high  frequency  compensation  and  that  point  is 
addressed  in  Section  3.5. 

The  primary  cc»x:lusian  here  is  that  in  the  special  case  of  an  undamped 
beam,  the  case  for  which  the  eigenfunctions  are  well-known,  it  is  verified  that 
the  MAThEMATICA-derived,  ITF  provides  the  correct  results.  This  eixxsurages  us 
to  investigate  the  more  interesting  cases. 

3.2  ftegnitude  and  Fhase  of  the  Daiqied  Beam  Model 

We  expect  that  the  addition  of  damping  (see  eqation  (3.2))  should  create 
magnitude  and  phase  plots  similar  to  those  of  Section  3.1  in  the  case  of  ammll 
values  of  c< .  The  Bode  plots  for  that  case  met  those  expectaticxis. 

The  Bode  plots  for  a  relatively  large  damping  ratio  of  cs  s  0.10  are  shown 
in  Figures  3.6  and  3.7.  The  comparison  with  the  undaoped  case  is  instructive. 
First  notice  that  the  reatxiant  peaks  in  the  magnitude  plot  have  been 
diminished,  especially  at  the  higher  frequencies. 

Another  more  surprising  result  is  that  the  addition  of  the  damping  term  is 
se«i  to  decrease  the  average  slope  of  the  aBgnit\jde  curve  with  increasing 
frequency.  This  is  an  oddity  and  needs  some  Interpretation.  The  explainaticxi 
is  that  the  relative  positions  of  certain  low-frequency  poles  and  zeros  are 
interchanged.  The  damping  reduces  the  natural  frequency  of  certain  cooplex 
poles  while  there  is  no  similar  effect  on  the  natural  frequency  of  the  nearby 
zeros.  As  the  damping  is  internal  to  the  system,  no  change  in  the  zeros  is 
^qjected.  The  slope  of  the  magnitude  plot  is  seen  to  decrease,  due  to  this 
effect,  from  -40  db/decade  to  -100  db/decade  over  the  frequency  intervad  shown. 

The  damped  ITF  model  displays  a  roughly  similar  drop-off  iii  phase  as  is  the 
case  for  the  undanped  case.  However,  the  abruptness  of  the  phase  shifts  have 
beoi  lessened  and  result  is  smoother  phase  transitions.  We  observe  no  obvious 
discrepancies  with  theory  in  the  Bode  diagram  of  the  the  damped  ITF. 
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3.3  GFT  With  the  Daiqjed  ITF  Model 

Quantitative  feedback  theory  has  several  characteristics  that  make  it  ideal 
for  control  of  a  flexible  beam.  Being  a  frequency  donain  technique,  OFT 
enables  the  use  of  the  FDE/ITF  model  for  the  beam.  This  enables  the  inclusion 
of  shear  damping  (and  viscous  damping  if  desired)  in  the  model.  It  also 
permits  the  designer  to  utilize  a  more  precise  high-frequency  model  without 
approximating  a  large  number  of  modes.  In  this  way,  better  values  8u:*e  obtained 
for  stability  margins  and  for  the  transmissions  of  soisor  noise  or  disturbance 
to  the  cotro'ied  variable,  T(t). 

As  indicated  in  Section  2,  there  are  many  ways  of  representing  a  danqsed 
beam.  The  most  ccnmon  models  are  the  Bernoulli -Euler  and  Timenshenko  models. 
Both  of  these  PDE  can  be  derived  only  by  neglecting  certain  high-frequency 
effects.  The  Timenshenko  beam  is  accurate  for  a  wider  range  of  frequencies  but 
at  the  cost  of  more  complexity.  In  fact,  all  beam  PDEs  should  be  associated 
with  uncertainty  at  some  high  frequ«icies.  This  simple  fact  obligates  the 
designer  to  iix:lude  stability  margins  in  the  coa^sensation  design.  The  OFT 
provides  these  margins  through  the  usage  of  a  peak  modulus,  in  the  design 
process.  Although  the  more  coonon  way  to  think  of  the  requirement  is  that 
it  is  included  in  order  to  provide  an  "intemad  damping-ratio",  a  damping  in 
the  feedback  loop  in  response  to  any  spurious  disturbance  signal. 

The  uncertainty  of  the  value  of  the  sheeur-stress  damping  coeffici^t  is 
another  beam  effect  that  is  encourages  the  use  of  OPT.  This  danping  coefficient 
takes  on  some  value  within  a  relatively  large  range: 

0.01  £  c  S  0.10  (3.3) 

Perhaps  the  most  interesting  reason  for  applying  OFT  to  a  damped  beam 
system  is  that  the  danped  beam  system  is  most  accurately  represented  by  an 
irraticMial  tranafer  function  (ITF).  The  irrationality  of  the  plant  tranafer 
function  poses  no  special  problem  in  the  application  of  QFT  because  QFT  is 
based  in  the  frequency  domain.  Since  OFT  is  a  frequency-domain  procedure,  it 
brings  out  very  interesting  high-frequency  behavior  of  the  ITF:  The  process 
brings  insight  into  the  manner  in  which  the  high  frequoicy  behavior  of  the  ITF 
affects  stability  and  eventually  limits  the  speed  of  response. 

A  minor  adjustment  should  be  made  in  the  QFT  procedure  as  presented  by 
Horowitz  to  permit  the  use  of  the  ITF  model.  Horowitz  assunes  that  tlie  plant 
model  is  a  rational  tranafer  function  and  uses  this  assusption  to  obtain  a 
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"universal  high-frequency"  teaplate,  a  straight  vertical  line  on  the  Nichols 
chart  at  hi|^  frequncies.  This  assunptioi  is  invalid  for  this  TTF  systen. 
The  minor  adjustment  is  to  require  that  templates  remain  outside  the  -circle 
in  the  Nichols  chart.  Ihis  stricture  is  imposed  in  the  same  nwnng-r  for  high 
frequency  templates  as  it  is  for  low  frequencies. 

Still  another  reason  for  applying  a  frequency-domain  procedure  such  as 
to  a  damped  beam  is  that  this  beam  system  possesses  right  half-plane  zeros. 
Blind  use  of  other  procedures  such  as  observer-based  design  can  result  in 
effective  compensators  with  poles  in  the  right  half  plane.  This  will  hai^ien 
anywhere  the  closed-loop  poles  are  arbitrarily  placed  at  too  high  a  bandwidth. 
(That  is  the  price  one  pays  for  turning  over  a  design  to  blini  calculatico. ) 
As  we  have  demonstratedt  the  irrational  transfer  function  does  r~fsrsn  right 
half-plane  zeros  •  and  QFT  makes  it  obvious  how  these  zeros  ccxistrain  our 
ability  to  acdiieve  a  stable  coopensation  scheme. 

The  uncertain  OFT  parameters  cdiosea  for  this  system  are  the  end  mass,  m  > 
and  the  beam  skear-danqiing  coefficient  c*  .  An  uncertain  end  — »»«  was  chosen 
to  represent  tdiat  night  happeni  say,  if  the  beam  is  a  robot  am  uscsd  to  move 
many  different  loads  of  different  mass.  The  beam  damping  coefficient  seems  an 
ideal  candidate  for  uncertainty  because  its  exact  value  is  unknown  and  not 
always  measurable.  All  the  other  physical  parameters  were  dwsen  to  remain 
constant. 

The  Nicdiols  chart  of  the  uiccmpensated  plant  is  -abown  for  the  four  extreme 
parameter  variations  in  Fig.  3.8.  Note  that  all  versions  of  the  unconpensated 
systems  pass  near  the  0  db,  180  degree  point  at  low  frequencies  and  are, 
therefore,  near  the  stability  limit.  It  can  also  be  seen  that  at  high 
frequencies  (  w  >  40  rad/sec) ,  the  phase  is  rapidly  decreasing  while  the 

magnitude  is  relatively  constant.  The  nq>id  decrease  of  phase  is  due  to  the 
increasing  density  of  pole  pairings  and  the  magnitude  is  not  decreasing  rapidly 
because  of  the  miniiMni/non-ninimtm»  zero  mirrorings. 

First,  we  make  a  useful  observation:  Care  should  be  exerted  when  choosing 
the  QFT  nominal  point  for  the  ITF  model.  The  resonances  in  the  system  cause 
abrupt  rises  in  the  magnituie  curve  over  narrow  ranges  of  frequencies.  The 
vneertain  parameters  are  associated  with  large  changes  in  the  resonant 
frequencies.  Because  the  tenqplates  are  found  for  a  relatively  small  number  of 
discrete  frequencies  and  for  discrete  parameter  values,  some  of  the  abrupt 
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rises  in  magnitude  are  not  Edwajrs  represented  in  an  arbitarily-selected,  finite 
set  of  templates.  A  wise  choice  of  the  nominal  point  can  reduce  the  need  for 
including  an  inordinate  number  of  frequencies  and  reduce  frustration  axid 
confusion. 

To  prevent  these  resonances  from  making  the  system  response  unstable,  the 
most  unstable  values  of  parameters  (m*  =  1.0,  Ci  =  0.01)  Mere  diosen  for  the 
nominal  point.  If  the  compensated  sjrstem  is  stid)le  for  this,  "worst  case",  set 
of  parameter  values,  the  system  likely  will  be  stable  for  all  of  the  other 
allowable  parameter  variations. 

3.4  Com|)ensaticn  for  a  Low  Cross-Over  Frequency 

To  test  this  application  of  the  procedure,  modest  design  requiremaits 
are  specified  in  the  first  example.  The  step  response  is  specified  to  have  a 
settling  time  of  10.0  seconds,  an  overshoot  less  than  lOX,  a  steady  state  error 
of  less  than  2X,  a  phase  margin  of  60  degrees  and  a  gain  margin  of  greater  than 
6  db  (these  margins  corresponds  to  =  1).  These  requirements  are  used  in  the 
OFT  procedure  to  produce  the  boundaries  on  the  Nichols  chart  shown  in  Figure 
3.9. 

Also  represmted  in  Figure  3.9  is  the  partia.lly  compensated  (with  cascade 
compensator  only)  nominal  point  plant.  Following  the  usual  QPT  procedure  the 
system  is  fully  compensated  using  the  following  cascade  coopenaator 

P  .  S.SxlO* _ _ 

■  (s/1000+1) (s/20+1 )(8/$0+l) 

and  the  precompensator 

"  (a/3+1)* 

Because  the  plant  model  used  in  the  IFT  design  procedure  is  an  irraticsial 
transfer  function,  a  finite-difference  approximation  of  the  FDB  (2.28)  is  used 
to  represent  the  plant  for  the  time  domain  simulations.  To  be  consistent  with 
this  finite  difference  approximation,  the  models  of  the  cascade  compensator  and 
precoopraisator  must  be  converted  from  transfer  function  repreaqitations  to 
discrete-time  models  where  the  time  steps  are  dictated  by  the  finite  difference 
simulations.  Only  in  this  way  can  the  step  response  of  the  fully  compensated 
system  be  obtained.  This  closed-loop  simulation  has  many  interesting  aspects 
(McCormick,  1992)  but  that  is  not  a  mmyor  topic  of  concern  in  this  paper. 

The  closed- loop  responses,  obtained  in  this  way  for  the  givoi  ranges  of 
parameter  variation,  are  shown  in  Figure  3.10. 
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It  can  be  seen  from  this  figure  that  the  dctsign  requirenents  are  met  for 
all  of  the  alloMable  parameter  variations.  It  was  found  that  the  effect  of 
variation  in  the  shear-stress  damping  coefficient  has  a  minimal  effect  on  the 
closed-loop  step  response  of  the  ccsqjensated  system  whereas  the  end  mwgg 
variations  plays  a  more  influential  role  (McCormick)  1992).  The  indication  in 
Figure  3.10  is  that  QFT  is  a  promising  method  for  obtaining  closed-loop  control 
for  continuous)  ITF  models  when  the  specified  crossover  frequency  is  relatively 
low. 

3.5  Conpenaation  for  a  Hiidwr  Cross-Over  Frequency 

In  Section  3.4)  it  is  demonstrated  that  frequency-dooBin  design  methods  are 
a  reasonable  procedure  for  the  damped  beam  when  sufficiently  low  crossover 
frequencies  are  acceptable.  It  is  husan  and  useful  to  wonder  about  the  limits 
to  whicdi  one  say  push  the  performance  of  a  feedback  design.  In  this  section  we 
make  such  a  consideration  without  regaid  to  the  possibility  that  sose  other 
factor)  say  the  the  structural  stroigth  of  the  beam)  might  be  the  limiting 
factor  in  hiid^-spe^  control. 

Figure  (3.11)  shows  the  range  of  magnitude  and  phase  variations  in  the 
uncompensated  plant.  Discrete  frequencies  are  marked  on  the  cdiart)  as  well  as 
the  boundary  for  oa  s  1.0. 

If  only  the  worst-case  set  of  parameter  values  is  considered  (  nw  =  1.0) 
Cm  >  0.01) )  the  phase  is  seen  to  decrease  much  more  quickly  than  expected  by 
examination  of  the  slope  of  the  magnitude  curve.  This  is  due  to  the  non¬ 
minimum  phase  zeros  present  in  the  system  model.  The  maber  of  these  zeros 
increase  with  frequency,  so  the  effect  will  become  more  pronounced  as  frequency 
increases.  To  illustrate  all  this,  notice  that  in  the  first  decade  of  non- 
minima  phase  zeros  (40  to  400  rad/sec)  the  phase  loss  is  more  than  -300 
degrees  and  the  magnitixle  loss  reasdns  -40  db/decade. 

If  attention  is  restricted  to  stable  feedback  compensators,  the  additicm  of 
zeros  to  the  compensator  seems  desirable.  Each  phase  zero  in  the 
compensator  would  raise  the  system  phase  ■•■90  degrees.  However,  it  would  also 
raise  the  slope  of  the  gain  ■•■20  db/decade.  The  gain  must  be  below  0  db  for 
crossover  to  occur  and  the  average  slope  of  the  beam  magnitude  curve  is  -40 
db/decade.  Thie  means  that  the  nimdier  of  excess  zeros  over  poles  in  the 
compensator  loca-ted  before  crossover  can  only  be  one. 

To  insure  stability,  the  compensated  plant  must  not  have  a  phase  of  -180  ± 
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(360  -n)  decrees  before  crossover  ("n"  is  any  integer).  The  plant  is  seen  to 
have  a  phase  of  -180  degrees  at  low  frequency,  so  a  low  frequency  zero  must  be 
present  in  the  feedback  canpenaator  to  make  the  response  stable.  This  raises 
the  average  slope  of  the  oegnitude  to  -20  db/decade  between  40  and  400  cad/aec. 

The  same  kind  of  cooqpensation  is  not  possible  at  hitfier  frequesx:ies.  It 
WEIS  demonstrated,  nunerically,  in  Section  3.2  that  danping  smoothes  out  the 
ptuise  variations  but  decreases  the  slope  of  the  magnitude  curve  with  increasing 
frequency.  If  the  unccmpensated  plant  had  a  even  more-negative  gain  slope  ,  it 
would  be  easier  to  compensate  the  system  for  higher  frequencies.  Physically 
adding  damping  to  the  beam  would  lower  this  slope,  however  it  would  equsdly 
well  lower  the  phase  response. 

Due  to  the  fact  that  the  phase  starts  at  -180  degrees  and  drops  off 
increasingly  fast  while  the  magnitude  stays  near  a  steady  slope  of  -40 
db/decade,  no  stable  comp^isation  scheme  exists  to  achieve  a  stable  high- 
frequency  crossover.  It  is  impossible  to  achieve  a  transient  response  faster 
than  some  fundamental  limit  for  the  damped  bean  system  by  measuring  only  the 
end  deflecticKi  and  controlling  the  input  torque. 

This  result  may  have  some  physical  Justification.  After  all,  the 
fundamental  FDE  (2.28)  will  only  admit  finite  wave  spiwds,  there  will  be  a 
physicmd  delay  before  a  signal,  r(t),  at  the  hub  can  be  transmitted  to  the 
effector. 

The  situation  gets  even  vrorse  when  parameter  variations  are  included  in  the 
design.  It  c»n  be  demcsistrated  that  the  variations  in  phase  due  to  parameter 
variation  in  the  beam-effector  system  cure  as  much  aa  170*  for  a  particular 
frequency  ('icCormick,  1992).  Also,  as  the  frequency  of  the  increases,  these 
phase  variations  increase.  However,  the  nagnltude  variation  does  not  increEuae 
with  frequatcy.  It  is  this  increase  in  phase  vEuriation,  that  cxxitrola  the 
design  of  compensation  for  crossover.  The  large  phase  variations  in  phase  at  a 
fixed  frequency  are  the  result  of  the  changes  in  the  relative  positiors  of 
poles  and  zeros  which,  in  turn,  are  caused  by  the  psuameter  variations. 

Incidaitally,  this  sort  of  thing  has  been  observed  by  others,  Safeuiov  noted 
a  similar  phenomenon  in  his  study:  "...anmll  VEuriaticna  in... system  parameters 
can  I'esuit  in  the  interchanging  of  poles  and  zeros. .  .producing  phase  errors  of 
up  to  -360  degrees."  (Safanov,  1989,  p2531).  These  phase  errors  induced  by 
parameter  vEuriations  further  limit  the  posmible  rise  time  of  the  system. 
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The  variations  in  phase  make  the  teoplatea  "wider”  in  the  horizontal 
(phase)  direction  for  a  given  frequerxry  on  the  Nichols  diart.  As  the  phase 
will  sonetioes  vary  between  -180  to  ■I'lSO  degrees  at  crossover  (phase  aargin  of 
zero)  a  total  phase  variation  of  360  degrees  can  occur  at  crossover.  This 
restricts  the  pemissible  positions  in  the  nominal  plant  phase  to  360*  less  the 
variation  in  phase  at  the  crossover  frequency.  As  long  as  the  phase  variation 
is  less  than  360  degrees,  this  presents  only  an  added  difficulty  to  the 
designer  in  the  form  of  a  lessened  phase  margin.  Above  the  frequency  where  the 
phase  variation  becomes  greater  than  360  degrees,  stable  crossover  is 
unobtainable.  As  the  phase  variation  is  increasing  with  frequency,  it  will 
eventually  exceed  360  degrees. 

Because  parameter  variation,  and  the  interaction  between  system  phase  and 
magnitude  is  at  the  heart  of  QFT,  it  is  a  good  choice  for  the  feedfamdt  design 
of  the  damped  beam  system.  For  hi^  frequency  crossovers,  use  of  QFT  provides 
an  insist  as  to  how  the  phase  drives  the  design  and  eventually  limits  the 
response  time. 

Of  course,  the  case  diere  an  unstable  compensator  is  feasible  presents 
other  possibilities  and  opportuoities. 

4.  Conclusions  and  Suggestions  for  Future  Research 

The  focus  of  this  p^per  is  a  structural-beam  system,  with  a  torque  input  at 
one  end  of  a  beam  and  the  transverse  displacement  of  an  end  mass  as  output.  It 
is  demonstrated  that  this  system  has  very  interesting  feedfaadi  control 
properties  that  are  easily  visualized  and  understood  through  the  ^iplicatlon  of 
Isaac  Horowitz’s  quantitative  feedback  theory. 

is  very  useful  in  the  compensatlni  design  because  it  permits  the  use  of 
an  irrational  transfer  ftnction  describing  the  ootion  of  the  beam  as  governed 
by  its  partial  differential  equation.  It  is  this  type  of  transfer  function 
that  would  obtain  directly  from  a  IT36  model  without  approximation.  This  means 
that  any  high-  frequency  inaccuracies  are  the  result  only  of  the  modeling 
process  itself.  The  use  of  an  ITF  is  seen  to  pose  no  difficulty  in  the  QFT 
design  process. 

The  price  that  one  pays  for  the  use  of  ITF  is  that  the  algebraic 
manipulaticxis  are  considerable  but  these  “ve  easily  resolved  using  a  syndxilic 
manipulator  sucdi  as  MATHENATICA.  The  modal-approximation  methods  used  by  other 
investigators  still  play  an  inxirtant  role  in  the  procedure  we  recomnend; 
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These  models  repres«it  extreme  and  special  cases  where  there  is  sufficient 
accuracy  to  serve  as  a  check  to  the  resiJts  of  symbolic  manipulation  of  ITF. 
It  would  seem  that  use  of  our  method  opens-up  the  door  to  the  use  of  far  more 
accurate  moueling  in  the  ^orm  of  complex  FDH  lux^el^j .  Ihis  can  only  inqprove, 
say,  the  design  of  very  fast  response- tii»f.'  contr-^l..  In  turn,  this  will  mean 
that  we  can  have  more  confidence  in  atabiiit-.-  and  in  the  estimates  of 

any  bandwidth  problem. 

For  example,  we  demonstrate  in  this  paper  t.e  ‘ise  of  ITF  to  rigorously 
include  the  effects  of  shear-stress  dampinf  or  ei.vi  onrer,tal  viscous  in 

the  plant  model. 

The  shear  stress  damping  is  seen  to  hav.  .i  •  eiTer  t  .  d  U-c  ilnie 
repreaentaticKi  of  the  ITF.  Ihis  seems  to  ae  G^>e  tc  tnc  v-^  cr  'a-at  thiT  fact; 
can  interdiange  the  relative  location  of  v/uJo’w  po?ee  and  seros  rf  TT? 
Therefore  it  is  desirable  that  this  damping  is  inc:i>-ied  in  the  plant  modoj  .  ^tj\ 
as  much  accuracy  as  possible.  QFT  offers  the  designer  the  unique  ab..  it?  'n 
model  the  plant  with  high  accuracy,  at  all  frequencies,  for  a  large  ra-yr'  c.T 
shear  stress  damping  coefficients. 

The  trade  off  between  transient  response  time  and  closed-loop  stability  is 
the  most  important  constraint  governing  the  control  of  a  damped  flecihle  beam. 
This  constraint  becomes  more  demanding  as  frequency  increases.  This  trade  off 
is  at  the  heart  of  QFT  design,  a  procedure  de /eloped  to  minimize  the  bandwidth 
necessary  for  meeting  a  specified  transient  response.' 

We  expanded  the  interpretation  of  the  "internal  damping  ratio" 
specification  proposed  by  Horowitz.  By  specifying  a  peak  modulvs,  ,  ^T 
design  not  only  provides  closed-loop  damping  to  plant  disturboiKaa,  it  also 
insures  stability  margins.  These  margins  are  required  in  our  exanple  because 
of  the  unavoidable  approximations  of  the  modeling  process  itsell'. 

Vte  investigated  the  ultimate  limits  of  feedback  design,  limits  associated 
by  requiring  that  the  cascade  ccipensator  not  include  right  half-plane  poles. 
Through  the  accurate  hi^  frequaicy  representation  of  the  daaped  beemi  system 
allowed  by  ITF,  the  speed  of  tiansioit  closed-loop  responses  are  seen  to  he 
limited  by  consideration  of  stability:  We  demonstrated  that  it  is  iopossible, 
with  nin'iimin  phase  compensation,  to  achieve  a  stable,  very  hiidi  crossover 
frequ«icy  for  the  damped  beam  system.  This  is  in  accordance  with  other  current 
research  on  contintxsus  systems  (Safanov,  '89,  p2r)31).  We  expect  to  show  that 


all  thi«  is  related  to  the  finite  wave  speed  iapliclt  in  dynasdc  beaa 
equatioM. 

F^irther  research  in  this  area  will  aiploy  even  aore  accurate  irrational 
transfer  function  nodela  of  damped  continuous  structures.  Even,  we  expect, 
systeaiB  of  FCEs.  Our  paper  Indicates  that  such  interesting  high  frequency 
behavior  will  be  encountered  in  that  way.  We  have  established  that  OFT  should 
prove  to  be  an  excellent  cooqiensation  design  for  these  advanced  ITF  aodels. 

Finally,  we  recognize  that  another  limitation  -f  using  coaiputer-aided  ITF 
modeling  is  that  finite  difference  or  fi^-dte  eleaent  methods  must  be  employed 
to  verify  closed-loop  designs.  The  deiif.  ir  adopts  our  procedure  will  be 
coasutted  to  farther  develonaent  of  th-  .jr*  tools. 
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ABSTRACT 


Quantitative  Feedback  Theory  (QFT)  has  received  much  criticism  for  a  lack  of 
clearly  stated  mathematical  results  to  support  its  claims.  Cansidered  in  this  paper 
are  two  important  fundamental  questions:  (i)  whether  or  not  a  QFT  design  is  ro¬ 
bustly  stable,  and  (il)  does  a  robust  stabilizer  exist.  Both  these  are  precursors  for 
S3mthesizing  controllers  for  performance  robustness.  Necessary  and  suf&dent  con¬ 
ditions  are  given  to  resolve  unambiguously  the  question  of  robust  stability  in  SISO 
systems  which  in  fact  confirms  that  a  properly  executed  QFT  design  is  automat¬ 
ically  robustly  stable.  This  Nyquist  t)rpe  stability  result  is  based  on  the  so  called 
zero  exclusion  principle  and  is  applicable  to  a  very  large  class  of  problems  under 
some  simple  continuity  assumptions.  In  particular,  the  class  of  uncertain  plants 
include  those  in  which  there  axe  no  right  half  plane  pole-z^  cancellationa  over  all 
plant  uncertainties.  A  sufficiency  condition  for  a  robust  stabilizer  to  exist  is  derived 
from  the  well  known  Nevanlinna-Pick  theory  in  classical  analysu.  Essentially  the 
same  condition  may  be  used  to  answer  the  question  of  existence  of  a  QFT  controller 
for  the  general  robust  performance  problem.  These  existence  results  are  based  on 
an  upper  bound  on  the  nominal  sensitivity  function.  Also  considered  is  QFT  design 
for  a  special  class  of  interval  plants  in  which  only  the  poles  and  the  d.c.  gain  are 
assumed  uncertain.  The  latter  problem  lends  itself  to  certain  explicit  computations 
that  considerably  simplifies  the  QFT  design  problem. 
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1.  INTRODUCTION 


Quantitative  Feedback  Theory  (QFT)  developed  by  Horowitz  (1963,  1991)  is 
known  to  be  a  very  effective  design  tool.  The  classic  multiple-input  single-output 
QFT  problem  considers  the  synthesis  of  a  fixed  controller  for  a  plant  family  p^V  so 
that  its  output  y{t)  €  where  is  an  acceptable  output  set  in  response  to  com¬ 
mand  inputs  T  and  disturbances  d  p  gV,  The  design  technique  essentially 
consists  of  obtaining  a  set  of  bormds  on  a  nominal  loop  transfer  function  which  are 
then  used  to  guide  the  shaping  of  the  nominal  loop  transfer  function.  If  one  is  able  to 
shape  such  a  nominal  loop  transfer  function  then  that  is  accepted  as  a  QFT  sloution 
to  the  problem.  The  many  different  QFT  examples  that  appear  in  the  literature  in 
fact  suggest  and  seem  to  confirm  that  there  is  no  problem  with  stability  or  satisfac¬ 
tion  of  the  assumed  frequency  domain  equivalents  of  the  time  domain  specifications 
(However,  the  original  time  domain  specifications  may  not  be  completely  satisfied) 
by  all  p€P.  One  basic  question  with  the  QFT  method  is  how  does  one  know  aprioi 
whether  a  suitable  loop  transfer  function  may  be  found.  Unfortunately,  this  question 
is  not  an  easy  one  to  answer.  One  may  in  fact  ask  the  more  basic  question  of  whether 
the  plant  family  at  least  can  be  stabilized.  The  latter  is  obviously  necessary  to  even 
have  a  chance  of  finding  a  QFT  controller  for  the  robust  performance  problem.  The 
issue  of  stability  is  one  of  many  criticisms  of  QFT  by  Doyle  (1986). 

In  particular,  Doyle  (1986)  raised  the  question  of  whether  or  not  a  QFT  controller 
exists  for  the  simple  two  element  plant  families 

for  which  it  is  well  known  that  no  proper  LTI  controllers  exist  for  simultaneously 
stabilizing  both  plants  in  each  two  element  family.  Subsequently,  Yaniv  and  Horowitz 
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(1987)  responded  that  QFT  never  claimed  that  controllers  could  be  found  for  the 
above  families.  In  Horowitz  (1991)  a  more  complete  answer  was  given  to  the  question. 
However,  it  was  not  stated  as  a  direct  robust  stabilization  result  but  instead  it  was 
stated  in  the  context  of  arbitrarily  large  feedback  benefits  (ALFB).  In  this  paper  we 
ontext  of  arbitrarily  large  feedback  benefits  (ALFB).  In  this  paper  we  will  address 
the  question  directly  from  a  robust  stabilization  view  point  and  in  a  sense  restate  a 
fact  that  has  been  known  to  specialists  of  QFT. 

Clearly,  it  is  useful  to  know  apriori  exactly  what  type  of  linear  uncertain  plants 
may  be  robustly  stabilized.  We  show  that  the  class  of  uncertain  plants  can  be  quite 
general  and  will  include  the  possibility  of  zeros  and/or  poles  both  crossing  the  imag¬ 
inary  axis  from  the  left  half  plane  to  the  right  half  plane  and  vict  versa,  subjected 
to  the  constraint  that  there  are  no  right  half  plane  pole-zero  cancellations.  We  give 
two  necessary  conditions  to  determine  whether  a  plant  family  is  robustly  stabilizable. 
We  also  give  a  sufficient  condition  to  determine  whether  such  a  controller  exists.  The 
latter  condition  is  derived  using  the  Nevanlinna-Pick  theory  of  classical  analysis.  The 
sufficiency  test  reduces  to  (i)  determining  whether  a  certain  proper,  rational,  stable 
interpolation  function  can  be  determined  to  interpolate  some  fixed  complex  num¬ 
bers  at  the  unstable  poles  and  non-minimum  phase  zeros  of  the  nominal  plant  and 
whether  its  oo-norm  is  smaller  than  the  estimatable  infimum  of  the  amplitude  of  a 
specially  constructed  plant  family  over  all  frequencies.  Based  on  the  latter  result  an 
esdstence  condition  for  the  general  QFT  performeince  robustness  question  is  also  given 
by  viewing  the  problem  as  a  sensitivity  constrained  optimization  problem. 

Another  problem  studied  in  this  paper  is  the  design  of  a  stabilizing  controller  for 
a  class  of  interval  plants  in  which  the  zeros  are  fixed  but  the  poles  are  allowed 
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to  be  uncertain.  A  «ifwplo  necessary  and  sufBdent  test  for  robust  stabilization  is 
derived  for  this  ciaa  of  problems.  The  analysis  result  reduces  to  a  question  of 
determixiing  whether  or  xsot  a  specially  constructed  polar  plot  intersects  the  unit 
box  placed  around  the  complex  plane  oripn.  As  for  synthesis  we  show  that  a  set 
of  frequency  forbidden  regions  for  a  nominal  loop  transfer  function  can 

be  explicitly  determined  for  this  family  by  computing  at  most  four  paints  at  each 
frequency  upto  a  finite  frequency.  In  particular  the  forbidden  regions  ^pear  as 
parallelograms  in  the  «w"plex  piane.  The  final  step  of  course  is  the  loop  shaping 
and  one  may  proceed  with  this  last  step  if  the  answer  to  the  existence  question  is 
afiBrmative.  Also  developed  in  the  paper  is  how  the  general  QFT  problem  may  be 
solved  for  this  spedal  class  of  interval  plants.  The  latter  is  done  by  posing  the  QFT 
problem  as  a  sensitivity  constrained  optimization  problem  as  is  done  m  Nwokah,  et 
aL  (1992). 

The  piq>er  is  organized  as  follows.  In  section  II  a  necessary  and  sufficient  result  is 
stated  along  with  two  necessary  conditions,  aU  for  robust  stabilization.  Developed  in 
section  III  is  a  sufficiency  test  for  robust  stabilizability  based  on  the  Nevanlinna-Pick 
interpolation  theory.  In  section  IV  we  formulate  the  robust  stabilization  problem 
for  a  special  class  of  interval  plants  with  fixed  zeros  and  uncertain  poles  and  give  a 
necessary  and  sufficient  test  for  robust  stability.  Also  included  is  a  discussion  of  how 
robust  performance  is  incorporated  in  the  synthesis  problem.  Examples  illustrating 
the  key  results  are  in  section  V.  The  conclusions  are  in  section  VI. 

n.  ROBUST  STABH^ATION 

Consider  the  classic  unity  negative  feedback,  multiple-input  single-output  2  dof 
feedback  configuration  where  the  interval  plant  family  is  described  by  the  strictly 
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RBinark:  Note  that  the  above  restriction  does  not  prevent  one  from  allowing  pole* 
zero  cancellation  for  some  arbitrary  at  €  4^.  if  there  are  such  pole-zero 
'we  simply  assume  that  there  are  common  factors  in  the  characteristic  polynomial. 

Consequently,  the  following  reasonable  assumptions  about  the  plant  family  are 
made. 

Aaaumptiona; 

(i)  V  is  a  compact  set 


(“)P*i(«)»  J  =  o, . . . ,  n,  pis(a)i  h  =  o, . . . ,  m,  are  continuous  with  respect  to  a 
(iii)0^p..(«) 

Denoting, 

f  / 4if ,  .  Qiiju)Pi(ju,  a) 

=  1  +  - r,  (5) 

Q,{ju)Poiju,a)  ^  ’ 

we  have  ths  following  modified  "Zero  Exclusion  Principle”  (Anagnost  et  al.  [1989]) 
in  terms  of  . 


LEMMA  2.1.  G(s)  stabilizes  the  whole  interval  plaut  P(s,  a)  if  and  only  if: 

(i)  there  exists  an  a,  €  V  such  that  (;(s)  stabilizes  P(s,  a.), 

(ii)  0  ^  ’P),  for  all  u>  €  [0,  oo]  and 

(iii)  there  are  no  imaginary  axis  pole-zero  cancellations  in 

Proofi  First  we  prove  suflSdency  by  contradiction.  Suppose  that  G(s) 
stabilize  P{s,a)  for  all  a  e  V.  Then  we  have  at  least  one  parameter  vector,  say 
ai,  such  that  S(s,a)  is  unstable.  Note  that  ail  the  zeros  of  j(s,a)  are  continuous 
functions  of  the  parameter  a.  Let  S|(o)  be  a  zero  of  S{s,  a)  with  a  positive  real  part 
for  a  =  o;,  i.e., 


Define 


iZesi(ai)  >  0 . 


«(P)  *  (1  -  m)«i  +  po.  , 
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tlnsn  we  have 

=  o(l)asC(,  . 

Qeariy,  Rc  si{a{ii))  is  continuous  with  resoect  to  n  and  since 

Re  Si(<»(o))  =  Re  3|(fl(t)  >  0 
Re  si(q!(1))  =  Re  3i(o*)  <  0 

there  exists  a  constant  fig  €  (0, 1)  such  that 

Re  si(a(ttg))  a  0 

In  other  words,  we  have  a  pure  imaginary  number 

^i(«(P*))  *  «  6  (0,  oo) . 

Hence,  by  the  defiziition  of  Si(or)  we  have 

^0««i  «(#*•))  =  0  . 


But, 

«0w„o(mo))  a  PgUugy(to)Q,U^,)Siiju„a{ftg)) 

from  which  it  follows  that  either  Poijv„(t,)Qoiju»)  a  0  or  Si(jug,  a(fi,))  a  0.  We 
also  know  firom  the  definition  of  f  (s,  a)  in  (4)  that  if  the  condition  Pg(jv,f  p*}Q*(iwa)  a 
0  is  true  then  Pt(Ji^af  fio)Qi(j^»)  —  0  must  also  be  true.  But  these  two  conditions 
cannot  hold  simultaneously  because  of  condition  (iii).  Therefore, 

which  contradicts  (ii).  Consequently,  the  interval  plant  is  stabilized  by  (?(s).  The 
proof  of  necessity  is  obvious.  Q 
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The  fbUowing  corollerj  gives  &  simple  necessary  condition  for  robust  stability  . 
COROLLARY  2.1.  If  tliere  are  closed  tight  half  plane  pole-zero  cancellations  in 
the  loop  transfer  function  then  the  closed  loop  funily  can  not  be  stable. 


Proof:  The  iraaginazy  axis  pole-zero  cancellation  case  is  already  covered  by  Lexnma 
2.1.  For  the  case  of  right  half  plane  pole-zero  cancellation  suppose  there  is  a  pole 
zero  cancellation  at  j  s  a  >  0  for  some  ot*  6  "9,  then  the  closed  loop  characteriotic 
equation  becomes 

S(s,  Ok)  =  (s  -  a)J(s,fltfc) 


and  the  closed  loop  S3r8tem  has  a  right  half  plane  pole  at  s  =  a  >  0. 


□ 


QFT  Methodology: 
transfer  function 


In  the  QFT  problem  formulation  one  considers  the  loop 


L(s,a)  =  L,(s) 


Po(») 


where 


and 


Here, 


L.(s)  =  G(s) 


P.(s)  = 


Pti») 
i?(s)  ’ 


Pl{s)  an  Plm(<».)s"  +  .  - .  +  Mtt*) 


p;{s)  =  p*,(o,)s"  -i-  . . . + p„(o,) 


^th  the  nominal  loop  transfer  function  Lo(s)  defined  as  above,  by  lemma  2.1 
the  robust  stability  problem  is  reduced  to  determining  whether  or  not  Le(s)  is  stable 
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and 

Si(ju,  a)  =a  1  +  0  >/ a  e '9  and  u  6  [0,  oo].  (6) 

It  is  clear  from  Eqn.  (6)  that  Si{juj,  a)  =  0,  if  and  only  if  =  —I  which  is 

true  if  and  only  if  the  polar  plot  Lo(ju)  intersects  the  value  set  •  Fhim 

this  observation  we  can  give  an  obvious  necessary  condition  fur  robust  stability  as 
follows: 

Since,  £o(^)  is  usually  strictly  proper  (in  QFT  it  is  always  true),  we  have 

lim  LJju)  =  0 

Thus  a  necessary  condition  for  robust  stability  is  stated  in  corollary  2.2  below. 
COROLLARY  2.2.  The  plant  family  P(s,  or)  cannot  be  stabilized  if  0  € 

a 

Remark:  It  is  worth  recalling  that  in  a  typical  QFT  design  one  imposes  a  con¬ 
straint  on  the  maximum  closed  loop  gain  j|^j  which  is  equivalent  to  a  condition  of 
the  form  |l  +  >  ^  >  0.  So  clearly,  if  the  latter  condition  holds  the  robust 

stability  condition  Si(ju,a)  ^  0  holds  since  |ji(jb;,a)|  >  0. 

Next,  we  will  state  a  necessary  condition  for  robust  stability  in  terms  of  the  d.c. 
gain  of  the  nominal  loop  transfer  function  L,(s).  The  latter  condition  will  imp<»e 
a  special  structural  constraint  on  £^(3). 

LEMMA  2.2.  When  L«(0)  is  fimte  (i.e.,  L,(s)  does  not  have  any  poles  at  the 
origin),  and  >  0  the  plant  fexoily  P(s,tt)  can  be  stabilized  only  if 

Lo(0)  >  inf,«e  ,  if  is  even,  or  i,(0)  <  sup.*,  {-y®}*  ^  "2  “ 

Here  n"  is  the  ntunber  of  unstable  poles  of  the  nominal  loop  transfer  function  L<,(s). 
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Proofi  Confider  the  cloeed  loop  characteristic  equation 

The  zeros  of  ^1(3,  a)  ate  the  same  as  zeros  of  A(3,a)  =  +  L^is). 

Firom  the  Nyquist  stability  criterion  the  zeros  of  A(s,  a)  all  lie  in  the  open  left  half 
plane  if  and  only  if  the  Nyqtiist  plot  of  +  £«(s)  encircles  the  origin  n"  times 
in  a  counter-clockwise  direction.  Since,  we  know  j^ijoo)  >  0,  it  follows  that  if 
nj  is  even  (odd),  then  -f  Io(0)  >0  (<  0)  to  have  an  even  (odd)  number  of 
encirclements  of  the  origin  by  a). 

Consequently, 

i.(0)>i5{{-:^^}  for  <  nen 

□ 


Remark:  Note  that  the  case  j^ijoo)  <  0  can  be  bandied  in  a  similar  manner.  In 
this  case  the  necessary  condition  of  lemma  2.2  becomes 

i.(0)<j.|{-^^}  for 

Next,  we  tom  to  iie  case  where  the  uncertain  plant  family  forms  a  coxmtable 
set.  The  results  devi  ioped  above  can  all  be  applied  in  such  a  case  by  enlarging  the 
family  to  be  a  subset  of  an  infinite  family.  However,  such  a  characterization  does 
not  provide  a  conclusive  answer  as  is  illustrated  below. 

Consider  the  two,  two  element  families  Vi  =  end  Vj  =  that  are 

well  known  to  be  non-stabilizable  by  proper  LTI  compensation  (Doyle  [1986]).  If 
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we  want  to  uae  the  above  results  then  we  must  pose  the  question  as  follows:  Can 
the  plant  families 

and 

^'={rb} 

be  robustly  stabilized?  Note  that  the  two  element  families  are  now  embedded  in 
two  infinite  families.  With  these  enlarged  families  if  we  try  to  use  the  basic  stability 
results  of  lemma  2.1  and/or  corollary  2.2  we  nm  into  some  difficulties.  The  plant 
family  A  does  not  even  satisfy  the  basic  assumptions  of  lemma  2.1  thus  malfing 
it  impossible  to  conclude  anything  about  the  stability  of  the  two  plant  family  Vi. 
However,  the  second  enlarged  family  satisfies  the  basic  assumptions  of  plant  family 
and  ^  ^  is  an  interval  that  includes  the  origin.  Hence,  from  corollary  2.2  it 

follows  that  the  plant  family  A  cannot  be  robustly  stabilized.  However,  the  latter 
conclwnon  does  not  imply  that  the  two  plant  family  Vt  cannot  be  robustly  stabilized. 
One  of  the  difficulties  in  using  the  results  developed  thus  far  is  the  fact  that  the  two 
plant  sets  are  uot  dense  where  as  our  previous  results  require  the  uncertain  plant 
family  to  be  a  dense  set. 

Robust  StabUi7.ation  of  a  Denumerable  Plant  Family: 

Consider  the  plant  family  V  s  and  let  £,(s)  +  ^  be  the  closed 

loop  characteristic  polynomial  with  P,,  P  €  P  and  I«(s)  the  nominal  loop  transfer 
function.  In  this  case  it  is  not  necessary  that  corollary  2.2  holds.  In  fact  the  plant 
family  P,  can  have  elements  for  which  p*{oo)  k  >  0  and  others  for  which 
p~{oo)  =  <  0  and  still  be  stabilizable.  Here,  p(s)  =  Define  the  two 

families  V*  and  P“  as  follows: 
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wheze 


^  =  {p.-6P|^(oo)>0} 

P 

^'  =  {p.€^!^(oo)<0} 

P 

If  i,(j)  is  cliosen  strictly  proper  with  no  poles  at  the  origm,  then  Xo(oo)  =  0 
and  [l,(s)  +  =  P(oo)-  F^oni  the  Nyquist  stability  criterion  it  therefore 

follows  that  the  sign  of  [X,(3)  +  should  necessarily  be  positive  (negative)  if 
p  >  0(p  <  0)  and  the  number  of  unstable  poles  of  I,(s)  is  even  (odd)  so  that  the 
endrelement  condition  is  satisfied.  Hence,  we  have  the  following  necessary 
when  the  number  of  unstable  poles  of  Xa(s)  is  even. 

X.(0)  +  p+(0)>0.  and  1.(0)  +  p-(0)  <  0 


i.e.. 


-p-(0)  >  1,(0)  >  -p+(0) 


Similarly,  when  the  number  of  unstable  poles  of  I,(s)  is  odd  we  have  the  following 
necessary  condition: 


-p-(0)  <  £,(0)  <  -p+(0) 

Following  the  above  discussion  we  can  now  state  a  necessarj'  condition  for  robust 
stabilizability  of  a  denumerable  plant  family  in  theorem  2.1. 

THEOREM  2.1.  If  £,(s)  has  no  poles  at  the  origin,  then  the  plant  family  V  is 
robustly  stabilizable  only  if 

(i)  -p"(0)  >  1,(0)  >  -p+(0)  when  X,(s)  has  an  even  number  of  right  half  plane 
poles,  or 

(ii)  —p  (0)  <  Xa(0)  <  — p'*’(0)  when  Xa(s)  has  an  odd  number  of  right  plane 

poles.  Q 


With  the  above  theorem  it  caa  now  be  verified  that  the  two,  two  plant,  families 
Vi  and  Vi  cannot  be  robustly  stabilized  with  an  LTI  compensator.  For  Vi  we  have, 
p+(0)  =  1  and  p“(0)  =  1  with  P,(s)  =  PVom  theorem  2.1  we  require  that 
— 1  >  £«(0)  >  —  1,  no  matter  how  many  right  half  plane  poles  are  included  in  Xo(s), 
which  is  impossible  to  satisfy.  Hence,  the  family  V\  cannot  be  robtistly  stabilized. 
For  the  family  Vi  we  have,  p‘*'(0)  »  —1  and  p"(0)  =  1  with  P>(s)  =  FVom 
theorem  2.1  we  require  that  either  —1  >  Lo{0)  >  1  or  -1  <  I«(0)  <  1,  depending  on 
whether  La(s)  has  an  even  or  odd  number  of  ri^t  half  plane  poles  and  is  impossible 
to  satisfy.  Hence  the  family  Vq  cannot  be  robustly  stabilized. 

in.  EXISTENCE  OF  QFT  CONTROLLERS 

In  this  section  we  state  a  sufficiency  condition  for  the  existence  of  a  controller 
for  robust  stabilization.  The  result  is  based  on  the  well  known  Nevaniinna>Pick 
interpolation  theory.  The  classic  NevnnJinna-Pick  (NP)  Problem  can  be  stated  as 
follows: 

Nevsmlinna-Pick  Problem:  Let  a,-,  6,-,  t  a  1, . . . ,  m  be  complex  numbers  sudi 
that  He  (a,)  >  0  and  |6j|  <  1  with  a,-  ^  Oj,  when  i  ^  j.  The  NP  interpolation 
problem  is  to  determine  an  analytic  function  /(z),  if  one  exists,  so  that 

/(o;)=»hi,  *  =  and  1|/|U  <  1 

It  is  well  known  that  the  above  NP  problem  is  solvable  if  and  only  if  a  special 
matrix  A  called  the  Pick  matrix  formed  with  the  interpolating  points  is  positive 
semi-definite.  The  Pick  matrix  is  defined  as 

’  Lihh  ...  Izhia 

•l+*I 

L-bA  ...  iaA 

.  •iia+4| 
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Now,  m  state  a  slight  variation  (considered  by  Khargonekar  and  Tannenbaum 
(1985))  of  the  classic  NP  problem  where  fu's  are  showed  to  be  any  where  in  the 
complex  plane.  By  choosing  a  real  parameter  7  >  0  one  can  look  for  an  analytic 

function  Mz)  such  that  A(a,)  =  ybi,  i  *  1 . m.  The  maximum  7,  such 

that  for  each  7  <  /,  exists  can  be  computed  as  follows: 

Define 


•l-Mi 

•  *  •  •  •  • 

•j+«l 

. . .  „hSaL. 

»l+*m 

JhIl. 

•  •  ♦  0  *  • 

.  >  .  -  tatn. 

(7) 

(8) 


If  at  least  one  of  the  0,  then 


7m«*  — 


1 


where  is  the  largest  eigenvalue  of 

With  the  above  results  we  are  now  ready  to  address  the  question  of  existence  of 
a  robustly  stabilizing  controUer.  RecaU,  from  section  11  above  that  the  uncertain 
family  can  be  robustly  stabilized  if  and  only  if  an  I,(s)  can  be  found  such  that  it 
stabilizes  the  nominal  plant  and  1  +  I,(jw)^^  0  V  w  6  [0,oo|.  We  will  first 

state  the  following  lemma  which  characterizes  among  mtemaUy  stabilizing  C’s  the 
one  yielding 


min 

G 


1  +  Lt(ju) 


V  w  e  (0, 00) 


LEMMA  3.1.  Let  P,  =  be  a  coprime  factorization  of  the  nominal  plant  P, 
over  RH*  the  set  of  aU  stable,  proper,  real-rational  functions  and  let  X,  Y  be  two 
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functions  in  RH*”  satisfying  the  equation 

Then 


irmt«  =  ^ 


is  given  by 


a  tutaimint  [[  1  +  La{juj) 
1 


where  A-m.  is  the  largest  eigenvalue  of  A~^B  with  matrices  A  and  B  defined  as  in 
(7)  and  (8)  with 


Oi  =  Zi 


and 


4j  =  Afn*r) 

where  r“  are  the  right  half  plane  zeros  of  AfN. 

Proof:  It  is  well  known  that  all  internally  stabilizing  controllers  for  P,  can  be 
characterized  as 

MQ 


NQ 


Consequently, 


1 


:  Q  €  RH* 


1 


Now,  define 


a  MY-MNQ 


5.(s)  =  -(Afr-A/NQ). 
7 


Next  we  can  pose  the  following  NP  interpolation  problem:  Find  a  stable  5,  such 
that  the  following  interpolation  conditions  are  satisfied 

5.(r?)  =  W(0,  t  =  l . m 
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where  zj*,  t  s  are  the  zeroa  of  MN  including  those  at  oo  needed  to  asnire 

a  strictly  proper  controller  if  needed. 

It  can  be  easily  seen  that  if  5«  is  stable  that  Q  is  also  stable.  (Notice  tti**  if  Q 
were  unstable  then  for  5.  to  be  stable  the  unstable  poles  of  Q  must  ran*-*!  some  of 
the  right  half  plane  zeros  of  MN.  But  if  the  interpolation  conditions  are 
then  MNQ{zf)  =  0  implying  that  there  should  not  be  any  of  right 

half  plane  zeros  of  MN  by  unstable  poles  of  Q.  Hence,  it  Mows  that  Q  must  be 
stable.) 

The  Pick  matrix  associated  with  the  above  NP  problem  is 

^tb  i4  and  B  as  defined  in  (7)  and  (8).  Therefore  ymn  for  which  the  NP  problem 
is  solvable  is  given  by  ■  where  is  the  largest  eigenvalue  of  A~^B.  □ 

Now  we  will  state  the  following  sufficiency  theoi  an  for  the  existence  of  a  robustly 
stabilizing  controller. 

THEOREM  3.1.  If  inf„,^o.oo| infae*  >  7mm  then  there  exists  a 

stabilizing  controller  for  the  entire  family  P(j,a),  a  € 

Proof:  Suppose  £,(j)  stabilizes  the  nominal  plant  Pb(s).  FVom  Iwmmii  2.1  if  in 
addition  1  +  L(Ju,  o)  0,  Vw  6  (0,  oo),  a  €"9  then  the  closed  loop  family  is  stable. 
The  uf’s  at  which  1  +  £  is  zero  are  characterized  by  £  =  -1  or  £«  =  — But 
Lo  s  — ^  ia  equivalent  to 

1  P 

1  +  L,  P-P, 

^  then  1  +  £  0  and  the  entire  uncertain  family  is  robustly 

stable. 
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Gnsequently,  the  iamiijr  of  plants  is  robustly  stable  if 


1 

1  +  Lo 

^  P-P, 

(9) 


Note  that 

|p~^(i«)|  €  {/<,ooj 

since  P,  €  P.  Let  TLen  it  is  sufficient  that  <  /Wn  to 

assure  the  condition  stipulated  in  (9).  □ 

Remark: 


1.  Note  that  the  above  existence  condition  can  never  be  satisfied  (i)  if  there 
are  tuxcertain  zeros  of  P(s,  a)  that  cross  horn  the  left  half  plane  to  the  ri^t 
half  plane  and  mce  versa  or  (ii)  fixed  zeros  on  the  imaginary  axis.  This  is  so 
because  p  =  0  at  some  frequencies  and  some  0  6']^. 

2.  It  can  be  easily  seen  that  the  necessary  and  stiffident  condition  that  ^ 
■p^  requires  the  intersection  of  two  complex  functions.  The  sufficiency  con¬ 
dition  of  theorem  3.1  is  simply  based  on  the  magnitude.  So  it  is  not  difficult 
to  see  that  even  if  the  magnitude  condition  is  violated  there  still  may  exist  a 
stabilizing  controUer  for  the  plant  family. 

3.  If  the  nfiminal  plant  P«  is  chosen  to  lie  in  the  interior  of  the  plant  family  P  at 
each  frequency,  then  will  cover  all  phase  angles  in  [0, 2ir]. 

4.  Since  p^  is  proper  the  infinite  frequency  interval  [0,  oo]  may  be  replaced  by 
the  finite  range  (0,wj  where  w*  is  such  that  |pr7r|.  ^ 

Now,  we  state  a  corollary  of  theorem  3.1  for  the  existence  of  a  QFT  controller  for 
performance  robustness.  Suppose  the  QFT  problem  is  formulated  as  a  seiuitivity 
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coostnificd  optimiz&tion  ocoblitixi  u  in  Nwok&h  ct  &!.  ( 1992)  And  let 

COROLLARY  3.1.  If  “/min  <  f^P  plant  family  satisfies  the  conditions 

of  lemmu  2.1  then  there  exists  a  QFT  controller  satisfying  the  robust  performance 
specifications  characterized  by  (ip. 


Proofi  Obvious. 


IV.  A  SPECIAL  CASE 


In  this  section  sve  study  the  robust  stabilization  and  the  performance  robustness 


of  an  interval  family  in  which  the  uncertainty  is  only  in  the  pole  locations.  Hence, 
the  zeros  of  the  plant  family  are  asstuned  fixed.  For  this  special  case  we  show  that 
the  robust  stabilization  problem  reduces  to  determining  a  nominal  loop  transfer 
function  X,(s)  that  stabilizes  the  nominal  plant  which  simultaneously  avoids  certain 
forbidden  regions  that  can  be  explicitly  computed  simply  by  locating  four  points 
in  the  complex  plane  at  each  frequency.  Then  we  show  how  an  output  distturbance 
rejection  requirement  can  be  handled.  Finally  we  show  that  if  there  are  QFT  type 
tracking  specifications  that  the  synthesis  problem  can  be  reduced  to  a  sensitivity 
constrained  optimization  problem  which  in  turn  can  be  sefived  using  the  previous 
output  disturbance  rejection  synthesis  procedure. 

Consider  the  interval  plax^  family 

and  the  proper  compensator  transfer  function 


G(s)=. 


QM 

Q.{s) 


(11) 
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We  ntnn*  that  all  the  uncertainties  occur  only  in  the  denominator  of  P(s,p), 


i.e.: 

*=  Pi6(a,  A),  »  =  0,...,n,. 

•ibO 

Let 

PM = izpii^'. 

«atO 

and 

jmO 

Ttlo  ^  ^1* 

Denote 

P  =  (P0...pO’’  6 

=  [a,  ^a]  X  ...  X  [<Xn,.  ^n,l- 
The  closed  loop  characteristic  pol3momial  is  given  by 

6{»,P)  =  QMPMp)-^QMPM- 


(12) 


(13) 


(14) 

(15) 


(16) 


Without  loss  of  any  generality,  in  the  following  discussion  we  suppose  that 

0<  er,w<  (17) 

Novr,  we  turn  to  consider  the  conditions  under  which  S(ju/,p)  ^  0  for  all  u. 
First  by  denoting 

Sx(Mp)  =  PoU^,p)  +  ^^^PM  (18) 

we  can  state  the  following  modified  “Zero  Exclusion  Prindpie”  in  terms  of  Si. 
LEMMA  4.1.  G(3)  stabilizes  the  whole  interval  family  P(s,p)  if  and  only  if: 

(i)  there  exists  a  p,  €  4'  such  that  G(3)  stabilizes  P(s,pe), 
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(ii)  0  ^  ^O'w.p).  p  €  ♦,  to  aJl  w  6  (O,ooj  if  Q,(0)  0  and  to  «  6  (O,oo)  if 

.  <?.(0)  =  0. 

Proof:  Aoaume  that  the  compensator  G{s)  is  selected  to  have  no  imaginary  axis 
poles  except  at  the  origin.  So  we  can  assiime  that  Qoijt^)  #0  for  u)  0  from 
whidi  it  follows  that 

0  6(j(j,  9) for  u;  >  0 


if  and  only  if 


in  the  case  of  (?a(0)  ^  0  .  Now  consider  the  case  Q,(0)  =  0  .  In  this  case, 


«(0,^)  =  gt(0)P, (0)94  0 

because 

Qt(0)#0,  P,(0)94  0 

otherwise  there  is  an  tinstable  pole  and  zero  cancellation.  So  the  requirement 


0^«(0,«) 


is  automatically  satisfied  and  we  only  need  to  dieck  whether  0  ^  "9)  for 

faf  >  0  ,  which  is  equivalcmt  to  0  ^  9),  u  >0.0  Using  Imitm.  3.I,  we  can 

concentrate  our  discussion  on  the  case  Q,(0)  0  and  consider  6i{ju,p)  instead 

of  S{ju,p). 

For  the  polynonoial  Pt{Ju,p),  we  can  define  its  odd  and  even  parts  as  follows: 

i7(w.P)=PlW-.  '  +  P5U/*---, 

■f?(w.P)  =  P.~Pjw*+P4W^-”.  (19) 

Then  we  have 

f*.C;w,p)  =  ^(w,p)  +  ii7(u;,p).  (20) 
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We  now  define  the  following  pol3monual»  to  facilitate  the  description  of  our  first 
result  of  this  section. 

DEFINITION  4.1 

=s  A  ~  +  0^*  •  •  •  I 

P^(u)  =  Qt,  —  •  •  • , 

=  0iu  -  aaw®  +  jfisw*  •  •  • , 

P^(u)  —  —  03^^  +  ojw*  •  •  • ,  (21) 

^u^)=\{p:^-pr\ 

^(w=«5(^*'+/r), 

Clearly  for  each  fixed  u  ,  and  Vp  €  'i',  we  have 

/r(«)  < 

/?•(«)  <  i7(w,p)  < 

Note  that  the  parameters  appearing  in  /?(u»)  do  not  appear  in  and 

trice  versa.  Thus  we  have  two  real  numbers  A},  A3  with  |Ai|  <  1  and  A3  <  1 
such  that 

/7fu;,p)  =  Ai?(«)Ai+^(w),  (23) 

/7(u;,p)  =  ^(w)A3  +  ^(u;). 
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On  the  other  hand,  for  an  arbitazy  pair  of  At  ,  A]  with 

|Ai|  <  1,  |A,j  <  1, 

there  exists  at  least  one  parameter  p  €  ^  such  that  (23)  holds.  This  is  because: 

(i) 

PTi^^)  <  AP:iu)\r  +  P:{uj)  < 

PTioj)  <  Ai?(u;)A,  +  ^(u;)  < 

(ii)  For  each  fixed  u  ,  PS(u,p)  and  i^(ij,p)  are  continuous  functions  of 
parameter  p,  I^(u)  (or  Fo""(w)  )  and  /?^(w)  (or  PT'iu)  )  ate 

their  respective  reachable  Tn^-riTmitti  values  (or  minimum  values).  It  follows  from 
the  Mean  Value  Theorem  of  continuous  functions  that  there  exists  at  least  one 
parameter  p  €  'i'  satisfying  (23).  Therefore  for  each  fixed  frequency  w, 


And 


Poiju,'9)  =  Ai?(u»)A,  +jAP:iu)X,  +  P,ijuj), 
|A,|<l,i  =  l,2. 


«i(iw,»)  =  /».(;•«,  «)  +  Pig 

=  A/7A,+iAi?A,  +  A  +  Pi^ 

Vo 


Denote 


Po{ju)Q^u/) 


(24) 
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we  can  state  the  first  main  result  of  this  section  given  next. 

THEOREM  4.1.  Let  G(s)  be  the  compensator,  and  L«(s)  —  G(s)j^  .  the  nomi¬ 
nal  loop  transfer  function.  The  fixed  compensator  G(s)  stabilizes  the  interval  plant 
family  P(s,p)  if  and  only  if: 

(i)  L,(ju)  satisfies  the  Nyquist  stability  criterion  and 

(ii)  the  pbt  of  K(lj)  does  not  intersect  the  box  B. 

Proofi  FVom  Lemma  4.1,  we  only  need  to  show  that  under  conditions  (ii)  ,  0  ^ 
St(ju,  9)  for  all  u;  6  (0  oo).  In  fact,  for  a  fixed  u  ,  there  is  a  p  €  such  that 
p)  =  0  if  and  only  if  there  exists  (A{  -hjA])  6  B  such  that 

Ai  +  ICt(ut)  —  0,  and  Aj  +  JCilu)  —  0, 

because  both  and  Af^  are  positive.  And  firom  Lemma  4.2  it  follows  that  for 
each  fixed  u  ,  0  if  and  only  if  one  of  the  following  inequalities  holds: 

Iii:j(u;)|  >  1,  or  |iir,(w)|  >  1. 

This  is  equivEilent  to  the  plot  of  the  criterion  function  K((j)  not  intersectmg  B  and 
the  proof  of  the  theorem  is  thus  complete.  □ 

IV.l  Synthesis  for  Robust  Stabilization: 

Theorem  4.1  is  an  effective  tool  for  synthesizing  a  robustly  stabilizing  compen¬ 
sator  G(s).  The  essential  idea  is  to  use  classical  loop  shaping  to  avoid  certain 
forbidden  regions  for  the  loop  transfer  function  Lv(s)  corresponding  to  the  nominul 
plant  .  In  particrilar,  we  can  use  Expis.  (24)  and  (25)  together  with  the  con¬ 
dition  that  liiTij  >  1,  or  jATal  >  I  to  get  constraints  on  u(u)  and  v((i;),  the  real  and 
imaginary  parts  of  Lo(ju),  which  can  then  be  used  to  shape  the  latter  function.  The 
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forbidden  rt'gion  for  the  nominal  loop  transfer  function,  Lo(jui),  at  each  frequency, 
is  defined  hy  the  constraints 

and  |iir,|<l. 

First  of  all  we  need  to  express  u  and  v  in  terms  of  Kt  and  Kj.  To  that  end 
denote 

P:P:  \‘ 

By  solving  u  and  v  from  equation  (26)  with  be  above  definitions,  have 

Therefore  the  forbidden  region  for  Lt(ju)  in  the  u-v  plane  is  givrn  as  follows: 

nw  =  {u  +  vj;^“  j=4(u;)  +6(u;),|/f,|  <!,•;=:  1,2}.  (33) 

By  denoting  the  four  points 

x„(l,l)*i4(«)  J  +6(w), 

tU1,-1)  =  A(i^)[_\  J+6(u;), 

w„(-l,l)  =  .4(u;)  +6(w), 

x,,(-l,-l)  =  4(«)  +6(«) 

it  is  easy  to  see  that  Hv  is  a  parallelogram  with  the  above  four  points  as 
its  vertices.  The  above  discussion  together  with  theorem  4.1  leads  to  the  following 
theorem. 
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THEOREM  4.2.  Let  L^iju)  be  the  loop  transfer  function  corresponding  to  the 
nonainal  plant  The  compensator  G  =  ^  stabilizes  the  whole  interval  plant 
family  if  and  only  if: 

(i)  L^Uu)  satisfies  the  Nyquist  stability  criterion  and 

(ii)  for  each  frequency  w  €  (0,  oo]  ,  L,(ju)  ^  IL  .  q 

Note  that  by  the  definitions  in  (30)  and  (31),  there  are  two  constant  matrices 

i4ao  €  R’*’  and  &«  €  such  that 

Um  A(w)  =  i4oo,  lim  6(w)  = 

Consequently,  during  synthesis  ,  we  only  need  to  select  a  specified  frequency  We 
such  that 

^(w)»^o,  i(w)ss6» 

for  w  >  We  ,  Therefore  during  loop  shaping  L»(j«),  instead  of  checking  whether 
or  not 

LoUi^)^TL 

for  all  w  €  [0,  oo),  we  only  need  to  check 


L,Uu)f‘Tk„  w6{0,  We), 


■C.C;w)  ^  Hoe,  W  €  (We,  oo). 

Since  the  nominal  plant  ^  is  strictly  proper  from  corollary  2.2  a  necessary  condition 
for  robust  stabilization  is  that 


rV.2.  Disturbance  rejection: 
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In  addition  to  stabilization,  suppose  we  also  want  to  attain  the  Mowing  distur¬ 
bance  rejection  specification: 


ITtwOw,  'i')|  <  r(u>),  w  6  [0,  Ui],  (34J 

where  is  the  closed  loop  transfer  function  from  a  disturbance  input  at  the 
output  to  the  output,  uj  is  a  specified  frequency  such  that  the  fmiueacy  band  of 
the  disturbance  is  included  in  (0,  wjJ.  It  is  easy  to  see  that 

By  recalling  (24),  (25)  and  (26),  for  each  frequency  w,  we  have 

^  +  P,iju,  9)  =  A/^(A,  -I-  Kiiu))  +  jAP;{X^  ^  Kiiu)), 

|A<|<1,  i  =  l,2. 


_ _ _ _ 

-^  +  PoUui,9)  =\/(AiV)»(A,  +  A:,)J  +  (AP»)J(A,-f.if,)*.  (36) 


Moreover  from  (20) 


|P,(iu;,^)|  =  yJ{P;  +  AP;X,)i  +  {p;  +  AP;A,)> 

<  wp  V(|P;|  +  A/»«)»  -K  {\P;\  +  AP/)» 

=  <7(w), 


which  renders 


\TUj^,9)\< 


Y(AP;)»(A,  -I-  A:,)»  +  (AP,*)*(A,  +  K^y' 
Hence,  a  sufficient  condition  tar  (34)  to  hold  is 

_ _  <^(w)  .  . 


/(Ai^)»(if,  -I- Ai)»  -|.(Ai^)>(/f,  +  A,)* 


<  r(w). 
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It  can  be  eaaily  verified  that  the  forbidden  region  inside  which  inequality  (39)  is 
violated,  denoted  Dw  ,  consiata  of  all  points  (KuKi)  satisfying 

<r(u) 


or  equivalently 


+  At)*  +  +  A,)» 


(K,  +  X,f 
iTh-Y  ’ 


>  Kw), 


(40) 


|A.|<1.  i  =  l,2. 

The  boxmdary  of  is  the  envelope  of  the  following  family  of  ellipses: 

^  (tsp-Y 

with  the  center  (Ai,  Aj)  moving  within  B.  In  order  to  estimate  D^,  define  a 
rectangle  atround  the  origin  in  the  (Ki  —  K^)  plane  as  follows; 


E,  -  {{KuK,);  lift  I  <  1  +  \K,\  <  1  + 


(41) 


Then 


D„6EL 


and  the  boundary  of  Dw  coincides  with  that  of  except  around  the  four  comers. 
Their  relation  is  illustrated  in  Fig.  1.  From  (32)  and  (41),  we  can  easily  construct 
the  forbidden  region  in  the  u  —  v  plane  by  considering  inequality  (39)  at  each 
frequency.  Denote 


and  define  four  points  as 


Kx 

K, 


+  b{uUKx,K,)eE^}, 


(42) 


v»w(i4)=^‘-)f 

I  *  tap: 


+  6(w). 
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=  l+6(u;), 

~  7S7? 

M-h  1) »  ^  +  6{w), 

^  +  7iF: 

V-wC-i,  -1)  =  >4M  f  "J  ■  ^  1  +  Hu). 

l  “  7S^  . 

Then  9^  is  nothing  more  than  the  parallelogram  having  the  above  four  points  as 
its  vertices.  It  follows  £ram  the  fact  that  B  €  £„  that 

IL  6  9^.  (43) 

Now  we  can  state  the  following  lemma. 

LEMMA  4^.  If  L,(ju)  ^  9^,  then 

lTw(iw,P)|<r. 


Proof: 


mu)^9^ 


means  that 

{K^{u),K,iu))^E^. 


and  it  follows  that  (39)  and  (34)  both  hold.  □ 

Now,  we  can  state  the  main  result  of  this  section  bjr  assuming  wl:  :‘  ^it  loss  of 
any  generality  that  ui  <  Ug. 


THEOREM  4.3  Let  L^iju)  be  the  loop  transfer  function  of  the  nominal  plant 
The  compensator  G  —  ^  stabilizes  the  whole  interval  plant  family  and  satisfies 
the  disturbance  rejection  specification  given  in  (34)  if: 


(i)  Lo(ju)  satisfies  the  Nyquist  stability  criterion 

(ii)  for  each  frequei7.cy  u  €  [O.u/^l ,  L»(jw)  j?  9^, . 
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(iii)  for  oidi  frequency  m  ^  IL  • 

(iv)  for  each  firequency  w  €  [we,  oo) ,  L{ju)  ^  Ilee  .  □ 

Remark:  Note  that  in  the  above  formulation  of  the  disturbance  rejection  problem 
some  conaervativeneas  is  introduced  through  the  bound  developed  in  (34).  This 
simplification  is  utilized  here  mainly  for  deriving  an  explicit  form  the  forbidden 
regions.  Moreover  such  simplification  may  provide  a  reasonable  answer  to  the  exis¬ 
tence  question  as  was  discussed  previously  in  section  IIL 

IV.3  The  General  QFT  Synthesis  Problem: 

The  goal  of  the  general  QFT  synthesis  problem  is  to  determine  an  admissible  pair 
of  strictly  proper,  rational  and  preferably  stable  transfer  fimctioiui  (G(s),  F{a)  in  the 
classic  two  degree  of  freedom  arrangement  shown  in  Fig.  2  such  that  the  following 
conditions  are  satisfied  and  the  bandwidth  of  the  compensator  G  is  minimized. 

>•  r(*,p)  -  s  *• 

2.  max^«  |r(s,p)  -  T(s,p<,)|  <  Sr^a),  Vs 

3.  max^*  <  r(s),  Vs 

where  ^(s)  and  r(s)  are  the  prespedfied  QFT  performance  reqviirements  and  7^ 
is  a  transfer  frmction  from  a  disturbance  to  the  output. 

The  above  design  requirements  can  be  converted  into  a  sensitivity  constrained 
optunization  problem  as  follows.  Fuat  note  that  we  can  write 

r(s,p)-r(s,p,)  _  P(3,p)-P(s,p,) 

7(3, p.)  (1-».<7(3)P(3,p)) 

Denoting  7,(3)  =  7(3,p,)  anfi  5(3, p)  =  with  L{a,p)  *  G(3)P(s,p)  we  get 

^  17(3, p)  -  7.(3)!  =  ^  r,(3)5{3,p)^^i^z£^  ,  V3 
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and  the  tracking  constraint  reduces  to: 


The  disturbance  rejection  requirements  can  also  be  reduced  (see  Nwokah  et  ah 
[1992]  for  details)  to  a  constraint  of  the  form  |5(;a;,p)|  <  Sj(u/)  leading  to  the 
following  sufBdent  condition.  The  QFT  spedfications  will  be  satisfied  if 


mu  |S( ju. , p)l  <  mtn  ,  Vw  €  (0,  oo) 

Now  notice  that  Tf^(ju/,p)  defined  in  section  4.3  above  is  the  same  as  the  sensi¬ 
tivity  function  S(ju,p)  and  the  QFT  performance  requirements  reduce  exactly  to 
the  same  problem  which  be  solved  using  theorem  4.3. 


V.  EXAMPLES 

In  order  to  illustrate  the  above  results,  we  consider  the  following  two  examples. 


Elxample  1.  Let  the  uncertain  plant  be: 


1 

Pis'+Pas+ps’ 


G(s)  = 


2 

a  + 1.5’ 


where 

Pi  €  (1  2],  p*  €  |2  3),  ps(— 1  0). 

Thus  we  have 

P,(j,p)  =  pi3’  +  pja  +  p3,  i»i(s,p)=l,  (?*(5)  =5  s  +  1.5,  Qi*2, 
It  follows  from  a  simple  computation  that: 


2 
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=  ”2^^  + 1)  +  2'^j- 


The  criterion  function  K(u)  here  is: 

K(u}  =  — 1-f— J - 

w3  +  i\w»  +  2.25  2  ) 

”  u^  +  2.25) 

4 

The  plots  of  K(u)  and  L»(ju)  shown  in  Fig,  3  confirm  that  P(s,p)  is 
stabilized  by  G{s). 


Example  2.  Now  we  apply  theorem  4.2  to  the  same  system  for  the  purpose  of 
illustrating  synthesis.  FVom  a  simple  computation  ,  we  have 

A(u)  _ _ i +  1)  5w’ 

(3ui*  + 1)*  +  25ui^  — Sw(«*  + 1)  — tai(3u;*  +  1)  ’ 


Mw)  = - _  -(3w>  +  l)»  1 

^  '  (3w»  +  l)>  +  25u;j[-5w(3u;»  +  l)  J- 


It  is  easy  to  see  that 


4.  =  f-S  “1 

0  0’ 


In  this  case  we  can  set 


We  =  20. 


Several  fiirbidden  regions  obtained  for  frequencies  w  s  0,0.1, 1,5,20,  are  shown  in 
Fig.  4.  Theoretically,  although  an  infinite  number  of  forbidden  regions  must  be 


sketched,  in  practice  a  finite  number  can  be  chosen  as  was  done  in  this  example. 
The  next  step  is  to  loop  shape  a  suitable  nominal  loop  transfer  function.  Since  the 
nominal  plant 

Px  2 
To  3s*  +  5j-1 

has  one  unstable  pole  the  synthesized  loop  transfer  fimction  must  encircle  the  point 
(-1,0)  once  and  should  not  penetrate  the  corresponding  forbidden  region  at  the 
chosen  frequencies.  The  compensator  will  work  as  was  shown  in  the  first 
example.  In  a  real  design  situation  one  must  evaluate  the  compensator  chosen,  by 
invoking  theorem  4.1.  This  last  step  will  especially  be  important  if  only  a  small 
number  of  frequencies  were  considered  to  generate  the  forbidden  regions. 

VI.  CONCLUSION 

A  necessary  and  sufficient  theorem  was  given  for  robust  stabilization  of  a  general 
family  of  interval  plants.  Also  gven  were  three  necessary  conditions  for  robust 
stabilization  when  the  plant  family  is  dense  and  when  it  is  not.  A  stiffidency  theorem 
based  on  the  Nevanlinna-Pidc  interpolation  theory  was  given  for  the  existence  of 
a  stabilizing  controller  for  an  uncertain  plant  family.  Also  developed  in  the  paper 
are  some  simple  criteria  for  solving  the  QFT  problem  when  the  plant  family  is 
characterized  as  an  interval  family  with  fixed  zeitM  and  uncertain  poles.  As  a  key 
contribution  of  this  paper  we  have  formalized  mathematically  and  in  fact  justified 
a  number  of  claimw  made  in  the  QFT  methodology.  We  have  also  provided  some 
simple  sufficiency  conditions  for  determining  whether  a  QFT  controller  exists.  Our 
current  research  is  aimed  at  determining  more  sharply  stated  existence  restilts.  In 
any  event  we  believe  the  existence  results  given  here  to  be  the  first  of  its  kind. 
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Figure  2.  Two  degree  of  freedom  configuration 
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Quantitative  Design  of  a  Class  of  Nonlinear 
Systems  with  Parameter  Uncertainty 


S.  Oidalc*,  C.  Baril*  and  P.O.  Gutman* 


Abstract 

This  paper  considers  the  case  in  which  a  linear  time  invariant  (LTI)  but  un¬ 
certain  plant  suffers  from  nonlinearities  y  —  n(z)  which  can  be  expressed  as 
y  =  A'nX  -b  »?(z),  |r;(z)(  <  Af,  with  A’n  a  possibly  uncertain  scalar.  This  cov¬ 
ers  a  large  and  very  important  class  of  uonlinearities  encountered  in  practice  such 
as  friction,  backlash,  dead  zone  and  quantization. 

Quantitative  design  techniques  are  presented  for  this  class  for  the  satisfaction  of 
specifications  in  the  frequency  domain.  Special  attention  is  paid  to  the  avoidance 
of  limit  cycles  using  describing  function  theory,  although  the  design  method  is  also 
amenable  of  application  using  other  stability  criteria  such  as  the  circle  criteria. 
Numerical  examples  are  developed  illustrating  the  design  procedure. 


'Lowdermilk  Faculty  of  Agricultural  Engineering,  Technion  -  Israel  Institute  of  Technology,  T  inion 
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1  Introduction 


In  Quantitative  Feedback  Theory  (QFT)  or  the  Horowitz  method,  there  zae  three 
quantitative  design  techniques  for  the  practical  design  of  feedback  control  systems  with 
nonlinear  uncertain  plants  [Horowitz  1991).  In  the  first  one  [Horowitz  1976],  it  has  been 
shown  that  the  uncertain  nonlinear  plant  w  can  be  replaced  for  design  puriioses  by  a 
linear  time  invariant  (LTI)  set  of  equivalent  plants  with  respect  to  a  set  >1  =  {a}  of 
eu;ceptable  system  responses.  Then,  the  system  can  be  designed  as  done  in  the  case  of 
ijTI  plants  with  parameter  uncertainty. 

In  the  second  approach  [Horowitz  1982],  the  uncertain  nonlinear  plant  is  substituted 
by  tm  uncertain  LTI  set  of  plants  with  a  set  or disturhs^ccs  at  its  input.  The  resulting 
disturbance  set  is  generally  a  function  of  the  specified  set  of  acceptable  outputs  A  — 
{a}.  It  was  shown  that  these  techniques  can  be  applied  to  a  large  class  of  plants, 
and  that  LTI  compensation  results  in  the  system  output  c  S  A  despite  parameter 
uncertainty  in  w. 

The  third  technique  achieves  satisfactory  performEince  for  LTI  plants  suffering 
from  amplitude  saturation  [Horowitz  1983]  zmd  firom  amplitude  and  rate  satxira- 
tion  [Horowitz  1984].  A  special  case  is  treated  when  the  LTI  plemt  is  unstable 
[Horowitz  and  Liao  1986]. 

This  paper  presents  a  fourth  technique,  applicable  to  a  special  class  of  sys¬ 
tems.  In  this  group  all  the  elements  of  the  plant  axe  assumed  to  be  LTI,  pos¬ 
sibly  uncertain,  but  suffering  from  the  liabilities  of  a  finite  number  of  nonlineeur- 
ities  y  =  n(i)  which  can  be  expressed  as  y  =  A„i  -f  ]q(r)|  <  M,  with 

Kn  a  possibly  imcertain  scalar.  Many  of  the  most  common  nonlineauities  2re  in¬ 
cluded  in  this  class,  such  as  Coulomb  friction,  backlash,  dead  zone  and  quantiza¬ 
tion.  The  characteristics  of  some  of  them  are  illustrated  in  figure  1.  The  effects 
of  these  nonlinearities  have  been  studied  in  the  last  four  decades  with  special  ded¬ 
ication  [Oldenbtirger  1956,Brandenburg  et  al.  1986,Brandenburg,  Schafer  1989],  since 
they  appear  in  any  servomechanism  such  as  a  robot  or  a  machine  tool,  and  they  can 
seriously  impair  their  performance.  However  the  main  emphasis  has  been  on  the  avoid¬ 
ance  of  limit  cycles,  and  not  on  specified  performance.  Moreover  it  was  assiuned  that 
all  the  parameters  of  the  plant  are  perfectly  known,  which  is  not  a  practical  assumption. 

In  the  technique  presented  in  this  paper  these  limitations  axe  overcome.  For  a 
large  class  of  problems  quantitative  design  allows  the  satisfaction  of  frequency  domain 
specifications  despite  parameter  uncertainty  and  the  presence  of  nonlinearities.  The 
techmque  also  leads  a  transparent  way  of  understanding  why  in  some  cases  limit  cycles  . 
camnot  be  avoided  and/or  arbitrary  specifications  cannot  be  achieved.  Design  examples 
are  given  illustrating  the  design  procedure. 
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2  The  Design  Procedure 

Assume  that  the  plant  is  composed  of  LTI  elements  with  possibly  uncertain  parameters, 
emd  one  nonlinearity  of  the  form  y  =  n(r)  =  K„x  +  |r;(r)|  <  M.  A  good 

estimate  of  the  effect  of  this  nonlinear  element  on  the  system  output  czm  l)e  obtained 
substituting  it  with  A'„,  and  adding  at  its  output  a  “worst  case”  disturbeuice.  The 
obtained  model  is  illustrated  in  figure  2.  This  approximation  has  been  used  for  a  long 
time  [Aizerman  1963.Peschou  1965, Netushil  1987],  but  only  for  aiialysis;  here  it  will 
be  employed  for  synthesis. 

The  effect  of  any  disturbance  d{t)  on  the  closed  loop  system  output  is  given  by 

Crf(t)  =  /  Cf{T)d{t  -  T)dT 

Jo 

where  cs{t)  represents  the  system  output  when  the  disturbeuice  is  am  impulse.  By  the 
construction  of  the  model  of  figure  2,  it  is  known  that  |(i(t)|  <  M,  so  assuming  that 
the  final  design  will  be  stable,  an  upper  bound  of  its  effect  can  be  foimd: 

k<i(OI  =  |j[  cs{r)d{i  -  r)dr|  <  |cf(r)|  |d(*  -  r)|  dr 

<  M  I  |cf(r)|dr  (1) 

Jo 

Note  that  this  bound  is  valid  even  when  the  system  is  in  a  limit  cycle  mode  (Pesclion  1965]. 

Upper  bound  (1)  indicates  that  the  “worst  effect”  of  any  nonlinearity,  in  the  spec¬ 
ified  class,  is  determined  by  the  system  impulse  disturbance  response.  Note  that  after 
all  the  nonhnearities  have  been  substituted  using  the  model  of  figure  2,  and  subject  to 
limit  cycle  avoidance,  the  design  problem  becomes  that  of  an  imcertain  LTI  plant  with 
disturbances  for  which  QFT  has  available  design  techniques.  In  the  design  examples 
of  the  following  sections  it  will  be  shown  how  the  distu^b^lace  problems  are  obtained 
in  a  heuristic  way  from  bound  (1).  This  can  be  done  considering  a  specific  time  do¬ 
main  model  for  cs{t)  and  translating  to  frequency  domain.  QFT  will  not  be  reviewed 
here  since  several  surveys  with  a  thorough  description  can  be  found  in  the  literatiue 
[Horowitz,  Sidi  1972, Horowitz  1991,Dazzo,  Houpis  1988,Gutm^m  et  al.  1988]. 

2.1  Example  1 

The  system  of  this  example  is  shown  in  figure  3  embedded  in  a  two  degrees  of  free¬ 
dom  struct’ore.  This  system  can  represent  a  single  loop  servomechanism  in  which 
an  electrical  or  hydraulic  motor  drives  a  load  through  a  gear  train  with  backlash 
[Brandejiburg  et.  al.  1986,Brandenburg,  Schafer  1989, Thomas  1956].  Notice  that  back- 
Itish  is  equivalent  to  a  deadzone  in  the  complirmt  gear  train. 
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The  objective  of  the  design  is  to  control  despite  backlash  and  plant  pjurameter 
uncertainty.  In  this  example 


e,e/  =  -;  Pi  = 


i{Jm^  +  Pm)’ 


s{Jis  +  Bl) 


K„  €  0.041(1, 1.2);  K:  G  4.8(0.85, 1);  £  0.0032(1, 20] 

Bt  G  0.00275(0.4,  ij;  J,  =  0.0015;  =  63.9  x  10"® 

and  b  =  0.2  is  the  backlash  or  equivalent  deadzone  parameter 

The  design  equations  are  found  substituting  the  backlash  block  in  figure  3  with  the 
model  in  figtue  2.  This  gives  M  =  b  =  0.2,  anti  A'„  =  1.  With  I  given  in  figure  3,  the 
open  loop  transmission  is  defined  2is 

L  =  GP 


The  effects  of  the  equivalent  disturbance  and  the  command  input  are  considered  sep¬ 
arately.  The  system  output  for  a  command  input  0^/  is 

where  T  is  defined  as  the  closed  loop  command  impulse  response  of  the  system.  Spec¬ 
ifications  on  T  hence  take  the  form 

such  as  those  shown  in  figure  4  with  dotted  lines  for  this  example.  These  specifica¬ 
tions  can  be  obtained  by  the  translation  of  corresponding  ones  in  the  time  domain 
(Horowitz  1991,Dazzo,  Houpis  1988, Gutman  et  al.  1988].  The  corresponding  require¬ 
ment  on  L{3)  is 


A  log 


l  +  Pl  \a 


The  system  output  for  a  disturbance  D{s)  is  given  by 

©m(3)  =  ^  =  ZZ?  (6) 

with  W  =  g-  Thus  for  the  disturbance  effect,  the  frequency  domain  .specifica¬ 

tions  are  of  the  form 

..  I  W  J  .  .  _ 


|Z(;u,)i  = 


1  +  i 


<  bd(u) 
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In  this  exzunple 


To  obtain  6j(a/)  consider  expression  (6).  In  order  to  get  smadl  steady  state  values 
of  ti.3  nonlineairity  effect,  at  low  frequencies  \L(juj)\  3>  1  so 

,  w  _  A'. 

D  ~  GP  +  K,P2) 

A  Bode  plot  of  ^  shows  that  ^  suffers  from  a  resonance  peak  unless  G  is  capable  of 
eliminating  it.  Figure  5  shows  the  resulting  Bode  plot  of  equation  (6)  when  a  “smooth” 
G  is  used  in  the  design.  In  practice  it  is  not  desirable  to  cancel  the  resonance  peak, 
since  this  cannot  be  done  exactly,  and  a  very  small  drift  in  G  might  result  in  abrupt 
phase  and  magnitude  changes  in  L(s).  The  presence  of  the  resonance  peak  means  that 
the  disturbance  step  response  of  the  closed  loop  system  will  be  of  a  very  oscillatory 
but  damped  nature.  A  reasonable  approximation  of  this  behavior  is 

«  A‘ce~“‘  sin  Wo* 


K,P, 


1  +  Ki{P\  +  Pj) 


where  c,  denotes  the  closed  loop  step  disturbamce  response,  then  we  choose 

A'eWoW 


h,{u)  = 


(jw  +  aY  + 


(8) 


Specifications  must  be  set  on  the  maximum  effect  of  the  nonlinearity  on  the  system 
output.  In  this  example  |ci(t)|  <  0.1  =  MU  is  chosen  as  the  specification,  with 
U  =  fo\csiT)\dr,  and  M  =  6.  Since  M  =  0.2,  U  <  0.5  is  sought  for  all  t.  Since 
it  is  known  that  the  resonance  will  occur  approximately  at  uq  =  53  rad/sec,  this 
value  is  used  in  equation  (8),  and  from  figure  4,  a  =  5  rad/sec  is  chosen,  since  this  is 
approximately  the  required  bandwidth  of  the  closed  loop  system.  Finally  Kc  =  0.07 
is  found  from  simulations  of  (8)  in  such  a  way  that  U  =  0.5  is  satisfied  by  model  (8). 
The  resulting  bd{ui)  is  plotted  in  figure  5. 


Limit  cycles  will  be  regarded  as  undesirable  in  this  paper,  so  the  system  will 
be  examined  to  determine  wether  they  can  be  avoided.  The  describing  function 
method  can  be  used  for  this  purpose  [Gelb,  Vander  Velde  19681.  Although  this  tech¬ 
nique  is  only  approximate  and  has  some  failures,  valuable  resvits  can  be  obtained 
in  many  servomechanisms  if  there  is  enough  low  pass  fill  '  .u  the  system  linear 
parts  [Brandenburg  et  al.  1986, Brandenburg,  Schafer  1989].  ,  .’matively  other  sta¬ 

bility  criteria  such  as  the  circle  criteria  can  be  used  as  discussed  in  section  4.  To 
determine  when  limit  cycle  solutions  can  be  avoided,  substitut  he  deadzone  nonlin¬ 
earity  by  its  sinusoided  describing  function  No  and  compute  the  open  loop  transmission. 
To  avoid  limit  cycles  it  is  required  that  (see  figmre  3)  [Gelb,  Vander  Velde  19G8] 


Ln  =  C?P„  = 


1  + 


KmPx 

"k-k.p:'  ■ 


#-i 


(9) 
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where  the  subscript  n  is  used  to  indicate  that  describing  function  is  being  used.  This 
same  requirement  could  have  been  obtained  computing  the  loop  trzinsmission  aroimd 
the  nonlinearity. 


It  can  be  seen,  e.g. 
demand 


in  the  Nichols  chart,  that  requirement  (9)  is  equivalent  to 


1  +  .t-n 


<  oo 


(10) 


which  can  easily  be  imposed  by  obtaining  templates  of  P„,  tuid  using  these  to  get 
bounds.  This  is  done  similarly  as  is  done  for  relative  stability  requirements  such  as 


L 

l  +  L 


<T 


db 


(11) 


which  must  also  be  imposed.  7  =  3  db  will  be  used  in  this  example.  Note  that  to 
obtain  the  template  of  P,,  No  is  considered  as  an  xmcertain  parameter  varying  over 
all  its  possible  vdues.  For  deadzone  [Gelb,  Vander  Velde  1968]  0  <  No  <  1.  It  is 
convenient  at  this  point  to  choose  a  nominal  point  such  that  Ln^  —  Lo,  and  the  design 
of  the  loop  transmission  can  be  carried  out  on  a  single  chart.  This  is  accomplished  here 
having  Nq,  =  1  at  the  nominal,  and  an  arbitrary  set  of  nonlinear  model  parameters. 
Note  that  the  nominal  point  can  be  chosen  outside  the  actual  ranges  of  pautuneters, 
so  this  procedure  is  general  even  if  L  and  Ln  have  no  common  point.  We  arbitrarily 
chose  Kmi,  =  0.041,  Ki^  —  4.08,  Bma  =  0.0032  and  =  0.0011.  Figure  6  shows  some 
of  the  rescdting  templates  of  P„. 

From  here  on,  the  design  proceeds  as  in  usual  QFT  design.  Only  the  most  dominant 
boimds,  shown  in  figure  7,  on  Lo  given  by  constraints  (5),  (7),  (10)  and  (11)  are 
considered. 


The  next  step  is  to  design  an  Lo  that  satisfies  these  bounds.  This  is  done  with 
special  care  in  this  example  since,  aside  from  the  resonance  already  foimd,  P  has  one 
antiresonance.  This  antiresonance  czumot  be  eliminated  exactly  by  compensator  G  for 
the  same  reasons  given  above  for  the  resonance,  so  a  “smooth”  G  is  designed  with  the 
peaks  of  Pq  appearing  in  To  in  figure  7. 


23000(1  +  s/3000)(l  +  s/2.5  x  10^) 

“  (1  +  s/2.5  X  10<  +  sV(2.5  X  10<)2)* 

Note  from  equation  (6)  that  at  low  frequencies  {\L{ju)\  1),  |Z(ju;)|  — >  0  as  u;  ^  0 

even  when  G(s)  is  of  type  zero,  and  for  this  reason  an  integrator  was  not  auided  to  the 
compensator.  The  prefiiter  is  designed  accordingly 


(1  +  s/l0)(l  +  1.4s/5  +  sV25) 


The  res’ilting  values  of  \T{ju)\  for  severed  design  pareuneters  are  simulated  in  fig¬ 
ure  4  using  equation  (4)  and  with  A'„  =  1  substituting  the  nonlinearity.  Simileirly 


\Z{ju)\  from  equation  (6)  is  shown  in  figure  5.  The  values  of  U{t)  =  |c5(r)|rfr  are 
shown  in  figure  8  for  different  plant  parameter  combinations.  Finally  the  sy.?tem  is 
simulated  in  time  domain  with  the  dead  zone  in  place.  The  step  responses,  shown  in 
figure  9,  are  satisfactory.  When  the  nonlinearity  is  substituted  by  the  model  of  figiue  2, 
and  the  equivalent  disturbance  has  a  non  zero  steady  state  value,  linear  analysis  gives 
that  $1  has  a  non  zero  steady  state  value.  As  seen  in  figure  9  this  is  also  the  case  in 
the  simulations.  It  can  also  be  observed  from  these  simulations  that  the  effect  of  the 
nonlineairity  is  hardly  noticed  at  the  system  output  The  main  reason  is  that  since 
G  does  not  eliminate  the  resonaince-aintiresonamce  pair  of  the  plant,  the  loop  trans¬ 
mission  L  in  figtne  7  is  designed  with  more  gain  than  demanded  by  the  specifications 
for  a  wide  frequency  range  so  tliat  the  system-caui  be  stabilized.  This  overdesign  cam 
also  be  observed  in  figure  5  where  the  sj^ecification  is  oversatisfied  for  most  of  the  fre¬ 
quency  range.  Another  reason  is  that  upper  bound  (1)  is  conservative  tending  to  some 
overdesign. 


2.2  Example  2 


In  this  example  we  consider  the  same  plant  as  in  Example  1,  but  in  figure  3  we  assmne 
that  the  meaisurement  feedback  is  obtained  from  5/  instead  of  We  now  show  that 
limit  cycles  camnot  be  avoided.  For  this  compute 


l+NoKiPi 
*  ^  1+NoA'iA’j 


with  No  the  describing  function  of  deadzone.  Since  for  deadzone  0  <  IVq  <  1  the 
template  of  P„  grows  to  — oo  db  as  iVb  0.  Bounds  satisfying  constraint  (10),  will 
consequently  delimits  a  reagion  which  includes  the  —180®  line  for  |i^(  <  1  in  the  Nicliols 
chart.  Consequently  any  practical  design  of  Lq,  with  am  excess  of  more  than  two  poles 
over  zeros,  must  cross  these  bounds  and  limit  cycles  must  be  sustained.  A  similar  but 
more  obscure  treatment  to  this  case  was  given  in  (Thomas  1956). 

A  similar  argument  can  be  used  to  show  that  limit  cycles  cannot  be  avoided  with 
lineair  feedback  compensators  when  the  feedback  measurement  is  obtained  from  both 
9i  and  0m  in  a  cascaded  configuration.  This  suggests  the  possibility  that  only  nonlinear 
feedback  compensation  might  be  able  to  deal  with  limit  cycle  avoidance  in  this  setting. 


2.3  Example  3 

In  this  example  we  consider  a  similar  system  as  above,  only  that  now  backla.sh  is 
negligible  and  the  main  nonlinear  effects  are  a  result  of  dry  friction  (modelled  as  an 
ideal  relay)  as  shown  in  figure  10.  The  block  diagram  of  fig*ire  10  is  a  representation  of 
the  laboratory  prototype  of  figure  11.  This  is  a  position  servomechaiiisnj  where  a  DC 
current  controlled  motor  drives  a  flexible  aum.  The  ensemble  is  placed  ot:  a  moving 
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platform  which  oscillates  at  an  angxilar  velocity  0o  producing  a  disturbance  torque 
acting  via  the  shaft  friction.  The  motor  bearings  and  additional  beruings  along  the 
shaft  produce  the  friction  torque.  Two  measurement  sensors  are  needed  to  obtain  the 
position  of  the  shaft  with  respect  to  a  fixed  reference  (one  for  the  shaft  amd  the  other 
for  the  platform  positions),  and  two  potentiometers  were  used  here.  Note  that  this  is 
not  a  command  input  problem  as  in  Examples  1  and  2,  but  a  regulator  problem  v/here 
the  objective  is  to  set  an  upper  bound  of  the  effect  of  the  distiurbance  9o  on  the  system 
output  (motor  shaft  position)  dm- 

Transfer  functions  Pi  and  P2  are  defined  as  in  (2)  and  P  in  (3)  only  that  now  the 
parameter  ranges  axe 

e  0.041(1, 1.2];  Kt  e  4.8(0.85, 1);  €  0.0032(0.01, 0.3] 

Bt  €  0.00275(0.1, 0.3];  J,  =  0.0015;  =  63.9  x  10"® 


The  maudmum  friction  parameter  value  (maximum  saturation  level  of  the  idead  relay) 
is  Fd  =  10. 

Note  that  the  viscous  friction  parameter  Bm  is  very  small,  so  in  figure  10,  ii(<)  + 
12(f)  w  ii(f)  for  reasonable  jflo[-  Therefore  it  will  be  assumed  that  the  external  distur¬ 
bance  0Q  aw:ts  exclusively  on  the  nonlinearity  input.  When  we  replace  the  friction  block 
by  the  model  of  figure  2  we  have  here  (see  figure  Id)  =  0  and  |d(f)l  <  Fj  =  10. 
The  transfer  function  from  the  equivalent  disturbamce  to  the  system  output  is 


W 

1  +  L 


The  time  domain  specifications  are  |5m(<)j  <  HFj  at  adl  f,  and  when  <i(f)  is  a  step 
the  signal  shoiild  be  imder  0.25%  of  the  step  amplitude  for  f  >  2sec  with  zero  steady 
state  error  when  t  00.  The  translation  of  these  specifications  to  frequency  domain  is 
done  observing  that  when  u;  -♦  0,  |I(iw)|  >  1  and  Z{ju)  w  So  if  G  has  enough 
bandwidth  a  non-oscillatory  time  domain  response  cam  be  specified.  The  zero  steady 
state  error  requirement  imposes  an  integrator  in  G  which  will  appear  as  a  zero  at  the 
origin  at  low  frequencies  in  Z.  The  settling  time  requirement  suggests  a  term  of  the 
form  e~®*.  Then  at  low  frequencies  we  have  that  lZ{ju>)\  w  with  F'  a  constant. 

When  u  —*  00,  Z{ju)  «  W  =  ^  and  it  is  obsen  ed  that  l-^l  <  with  K" 

anotner  constamt.  From  these  considerations  let 


= 


Kcs 

(l  +  s/3)(l  + s/300)* 


(12) 


To  determine  a  suitable  value  for  we  now  take  into  account  constraint  (1),  amd 
numerically  we  find  the  value  that  makes  U  =  |ci(r)(dr  <11.  In  this  example  we 


found  that  Ke  =  2  satisfies  with  the  equality  sign.  Then  the  frequency  specification  in 
this  example  is  that  \Z{ju)\  <  shown  in  figure  12. 

To  study  limit  cycle  avoidance,  the  nonlinearity  is  substituted  by  its  sinusoidal 
describing  function.  For  the  ideal  relay  0  <  No  <  oo  [Gelb,  Vander  Velde  1968].  The 
associated  plant  is 


l+KtPi 


where 


Pln  = 


s{l  +  J„s  +  B„,  +  No) 

The  condition  for  limit  cycle  avoidance  is  =  GPn  ^  —1,  but  instead  of  using 
requirement  (10)  here  the  more  conservative 

<  20db 

1+in 

is  imposed.  Figure  13  shows  the  resulting  bounds  on  Lo  for  the  avoidance  of  limit  cycles 
together  with  the  final  design.  It  is  seen  that  there  are  no  special  problems  in  avoiding 
these  bounds.  The  nominal  point  used  is  =  0.041,  =  4.8,  =  0.00096  and 

=  0.000825,  No^  =  1. 

A  relative  stability  reqmrement  (11)  must  edso  be  imposed  on  Lo-  7  =  6db  is  used 
here.  The  Nichols  chart  botmds  imposed  by  this  specification  and  (12)  are  shown  in 
figure  14  v/here  also  Lo  is  shaped  to  satisfy  the  constraints.  The  resulting  compensator 


_  12(3/1.15  +  l)(a/10  +  1)(3/100  +  1)(3V280*  +  1.4s/280  +  1)(3V300*  +  1.4s/300  +  1) 
3(3/50  +  1)(3V56.6^  -f-  0.013/56.6  +  1)(3V2602  +  0.63/260  +  l)(52/280*  +  0.73/280  +  1) 

The  magnitude  Bode  plots  of  the  closed  loop  system  are  shown  in  figure  12.  Fig¬ 
ure  15  shows  the  time  domain  responses  of  the  experimental  prototype  for  em  oscillatory 
$0-  Compensator  G(s)  is  implemented  digitally  in  a  PC- XT  computer  with  a  Metrabyte 
A/D-D/A  converter.  The  translation  to  z  domain  was  done  using  a  ramp  invariant 
discretization  [Hanselmann  1987]  with 

G(z)  =  30-37z»  -  46.52z^  +  4.109z°  +  18.25z^  -  7.261z*  +  1.245z=>  -  0.053z^  -f  0.0054z  -  0.0015 
~  z*  -  2.47z^  +  3.153z«  -  2.475z*  -i-  0.9903z<  -  0.23623  +  0.0422*  -  0.00452  -H  0.0003 

The  sampling  frequency  is  50Hz  and  the  softwme  is  written  in  Turbo  Pascal.  A  pre¬ 
sampling  filter  is  eJso  hardware  added  between  the  prototype  and  the  computer 


3*/150*  +  1.43/150 -1-1 

Figure  15  also  shows  the  simulated  responses.  It  is  seen  that  there  is  good  agreement 
between  the  theoretical  and  the  practical  results,  and  that  they  both  oversatisfy  the 
time  domain  specification  with  |^,b(0(  <  40  <  110,  the  reason  being  that  there  is 
overdesign  at  various  frequencies  in  figures  12  and  14. 
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3  Multiple  Nonlinearities 

The  case  of  multiple  nonlinearities  in  the  plant  is  treated  identically  as  before  [Peschon  1965]. 
We  assume  that  all  the  elements  of  the  plant  are  LTI  except  for  m  nonlinearities 
Vi  =  Kn,Xi  +  Tii{xi),  |r;<(a;,)|  <  t  =  1 . . .  m. 

Describing  fimction  theory  can  also  be  used  in  this  case,  when  there  is  enough  LTI 
low  pass  filtering  between  each  of  the  nonlinearities  [Gelb,  Vander  Velde  1968).  Now 
the  possibly  complex  amplitudes  of  the  describing  functions  of  each  nonlinearity  zire 
interrelated  by  their  interconnections  with  the  LTI  elements.  Thus  it  is  possible  to 
find  templates  of  P„  and  bounds  B{lj)  due  to  requirement  (10).  The  dependence  of 
the  describing  function  values  on  each  other  rnight  make  this  procedure  difficult.  One 
simplification  is  to  consider  each  nonlinearity  as  an  independent  uncertain  parame¬ 
ter  (see  [Brandenburg,  Schafer  1989]  for  example),  which  will  however  resxdt  in  more 
uncertainty  in  the  template  of  P„  than  inherently  needed. 

The  effect  of  each  nonlinearity  on  the  system  output  must  be  specified  |crf^(f)| 
and  translated  to  frequency  domain  giving  specifications  bj^(Lj),  i  =  1, . .  .m,  with  the 
sensitivity  requirements  obtained  by  substituting  each  nonlinearity  with  the  model 
of  figure  2.  Only  the  most  dominant  constraints  are  considered  on  a  Nichols  chart, 
otherwise  the  procedure  is  as  in  the  single  nonlinearity  case. 

4  Use  of  the  circle  criterion 


The  circle  criterion  [Hsu,  Meyer  1968]  can  also  be  used  for  assmdng  that  the  fimzJ 
design  is  free  from  limit  cycle  solutions.  Its  advantage  is  that  is  exact,  as  opposed  to 
the  describing  function  method  which  is  approximate.  For  simplicity,  only  the  most 
general  nonlinearity  case  will  be  considered  here,  including  time  varying  and  hysteresis 
elements,  and  only  one  nonlinearity  is  allowed  in  the  system.  Extensions  can  be  done 
to  more  restrictive  classes  which  will  result  in  less  stringent  stability  boimds.  In  SLny 
case,  the  circle  criteria,  being  a  sufficient  condition  on  stability,  is  more  demanding 
thrm  the  describing  function  method. 

Let  x(t)  and  y(i)  be  the  input  and  the  output  of  the  nonlinearity  respectively.  For 
the  application  of  the  circle  criteria,  it  will  be  demanded  that 


x(t) 


for  all  t,  with  0  <  a  <  6  <  oo.  Note  that  this  class  excludes  nonlinearities  such  as  the 
backlash  hysteresis  from  figure  le.  An  additional  restriction  is  that  when  6  =  oo,  every 
bounded  x(t)  resrilts  in  y(<)  boxmded. 

Denote  Le(^)  as  the  linear  loop  transmission  around  the  nonlinearity.  Lc(s)  is 
assumed  to  be  stable,  otherwi.se  see  [Hsu,  Meyer  1968]. 
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The  circle  criterion  states  that  a  sufficient  condition  for  the  avoidance  of  limit  cycles 
is  that 

1  +  ^4 

Tvhich  can  be  easily  checked  in  the  Nichols  chart  when  L  =  L^s),  using  the  templates 
of  P. 

In  the  more  general  case,  when  L  ^  Le{s)  (i.e.  it  is  not  possible  to  write  Lg  ~  GX' (s) 
with  X'  independent  of  G),  a  computer  program  can  be  set  to  find  bounds  on  G{s),  Ijy 
metms  of  a  nonlinear  search  procedure.  These  bounds  define  regions  in  the  logaritlunic 
gain-phase  plane  where  condition  (13)  is  satisfied.  Then,  bounds  obtained  for  the 
noruinal  loop  transmission  Lq  =  GPq  can  alscTbe  translated  to  bounds  on  G(s)  = 
Compensator  G(s)  is  shaped  directly  using  the  most  dominant  bounds. 

Note  that  the  circle  criteria  is  also  a  sufficient  condition  for  square  integrable  (Xj) 
stability  if  the  inputs  belong  to  the  £3  class  [Atherton  1984]. 

Conclusions 

This  paper  has  presented  a  quantitative  design  procedure  for  a  very  importaiit  class 
of  nonlinearities.  Its  main  contribution  is  that  it  provides  a  novel  way  to  translate  the 
effect  of  these  nonlinearities  on  the  system  output  to  frequency  domain.  Thzmks  to 
QFT  which  provides  pointwise  design  in  the  frequency  domain,  it  has  been  sliown  how 
this  technique  can  lead  to  the  transparent  design  of  a  loop  transmission  and  prefilter 
that  satisfy  specifications  and  avoid  limit  cycle  solutions.  Worth  emphasizing  are  its 
simplicity,  and  its  wde  application  to  many  practical  problems. 

The  main  disadvantage  of  this  method  is  that  the  disturbance  bound  b^i  used  for 
the  design  is  conservative.  This  is  because  the  rate  of  variation  of  the  equivalent  dis¬ 
turbance  in  the  nonlinearity  model  is  not  taken  into  eujcoimt  in  the  design.  Another 
important  limitation  is  that  when  desenbing  frmetion  is  used  for  limit  cycle  determi¬ 
nation,  although  the  design  procedure  is  simplified,  there  are  doubts  about  the  vadidity 
of  the  analysis.  The  circle  criterion  can  be  used  instead,  but  in  general,  the  design 
becomes  more  complicated  and  the  system  bandwidth  may  increase. 

It  was  shown  in  various  practical  examples  that  the  introduced  method  can  give 
valuable  insight  and  good  results. 


L 

(s) 


16-1-0 
il>  — a 


(13) 
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•  Figure  1  Some  members  of  the  class  of  noniinearities  y  =  n(x)  =  KnX  +  n(x) 

l>7(x)|  <M. 


•  Figure  2  Model  obtained  from  a  nonlinearity  y  —  n(i)  =  K„x  +  r}{x),  !tj(x)|  < 
M.  a,b)  are  exact  representations  of  the  nonlinearity,  c)  Approximate  model  of 
the  nonlinearity,  notd*  that  |d(f)|  <  M. 


Plant 


['re/ 


•  Figure  3  Closed  loop  system  of  Example  1. 
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Tolerances  on  command  input  and  resulting  design 


u  (rad/sec) 


•  Figure  4  Closed  loop  tolerances  a(w)  <  |T(iu>)|  <  6(w)  and  resulting  design  for 
Example  1. 


Tolerances  on  disturbance  and  resulting  design 


u)  (rad/sec) 

Figure  5  Closed  loop  tolerances  on  the  maximum  nonlinearity  effect  on  tie  system 
output,  \Z{j(ij)\  <  and  resulting  design  for  Example  1. 
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degrees 


•  Figure  6  Some  templates  of  P„  as  a  function  of  frequency  [rad/sec]  in  Example  1 
for  the  avoidance  of  limit  cycles.  The  frequency  is  meu'ked  next  to  the  templates, 
the  nominal  point  denoted  with  *. 
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*  Figure  9  Step  responses  of  thi 


Figure  10  Block  diagram  of  a  2-ma5s  syst 
upper  part  of  the  diagram  is  the  model  us 


Figure  11  DC  motor  position  servo  prototype  of  Example  3 
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•  Figure  14  Nichols  Chart  with  stability  and  disturbemce  attenuation  bounds  for 
the  design  of  IrQ  in  Example  3. 
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Figure  15  Experimental  and  simulated  time  domain  responses  of  the  laboratory 
DC  position  servo  system. 


THE  LOOP  GAIN-PHASE  SHAPING  DESIGN  PROGRAMS* 


F.  N.  Bailey^ 
C.-H.  Hui++ 
A.  Punyko* 


1.  INTRODUCTION 

The  Loop  Gain-Phase  Shaping  Design  Programs  (LGPSDP)  are  a  series  of  programs  for 
computer  aided  design  of  SISO  control  systems  using  the  method  of  loop  gain-phase  shaping 
(LGPS)  developed  by  1.  Horowitz,  et  al.  [1,2].  At  present  the  LGPSDP  series  includes  programs 
for  1)  generating  process  uncertainty  templates  (TEMP21  and  TEMP30),  2)  generating  gain 
performance  boundaries  (PBOUND20},  3)  generating  phase  performance  boundaries 
(TBOUNDIO),  4)  generating  stability  boundaries  (SBOUNDll)  and  5)  fitting  a  rational  function 
to  given  gain-phase  boundaries  (LOOP20).  All  of  these  programs  were  developed  at  the 
Department  of  Electrical  Engineering  of  the  University  of  Minnesota. 

TTie  LGPSDP  programs  are  graphics  oriented  with  the  user  entering  data  on  a  graphics 
display  appropriate  to  the  problem  and  obtaining  results  as  graphics  displays  of  templates, 
boundaries,  etc.  Programs  in  the  LGPSDP  series  use  file  formats  that  are  Matlab  compatible  so 
that  further  processing  or  display  in  the  Matlab  environment  is  easily  accomplished. 

All  programs  in  the  LGPSDP  scries  runs  under  DOS  on  IBM  PC/AT  and  PS/2  or 
compatible  computers  with  Enhanced  Graphic  Adapter  (EGA)  or  Video  Graphics  Array  (VGA) 
graphics.  Since  some  of  the  algorithms  are  computation  intensive,  a  math  coprocessor  (80x87)  is 

strongly  recommended. 

» 

2.  THE  TEMPLATE  PROGRAMS  (TEMP21  and  TEMP30) 

The  Template  Programs  allows  the  user  to  generate  and  save  process  uncertainty  templates 
describing  gain-phase  variations  of  process  transfer  functions  having  uncertain  coefficients. 
Generated  templates  are  saved  in  the  .TPL  format  for  use  in  the  Gain  or  Phase  Performance 
Boundary  Programs  (PBOUND20  or  TBOUNDIO). 

Conceptually,  the  process  uncertainty  template  Q(©)  describes,  at  frequency  co,  the  gain  and 
phase  variations  that  occurs  in  a  transfer  function  due  to  specified  parameter  uncertainty.  Given  a 
transfer  function 


Z  bi(a)s‘ 

P(s;a)  =  ^ -  (1) 

Z  aj(a)sJ 
j 

with  the  parameter  vector  ae  AcR  and  nominal  parameter  values  Oq,  the  template  (^(o))  describes  a 
region  in  the  N-plane  (T^Tchols  plot)  or  C-plane  (Nyquist  plot)  occupied  by  the  complex  values  of 
P(jco;a)  as  a  varies  in  A.  The  template  nominal  point  q  is  the  value  P(ja);cXo).  For  a  detailed 
discussion  of  templates  and  their  computation  see  [3]. 


*  This  work  was  supported  in  pan  by  a  gram  from  The  US-Spain  Joint  Committee  for  Scientific  and  Technological 
Cooperation  under  Project  No.  CCB  850401S 

*  Department  of  Eiectrical  Engineering,  University  of  Minnesota,  200  Union  SL  SE,  Minneapolis,  MN,  55455  USA 

Tne  DSP  Control  Group.  4600  Pentagon  Pk.  Suite  100,  Edina.  MN.  55435  USA 
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2.1  PROGRAM  OPERATION 

The  Template  Program  requires  the  input  of  a  process  model  in  the  transfer  function  form 
shown  in  (1).  Uncertain  coefficients  in  the  numerator  and  denominator  polynomial  must  be 
expressed  as  affine  functions  of  a  set  of  parameters  ai,a2,...otq  whose  nominal  values  and  ranges 
of  variation  are  specified  by  the  user. 

At  the  beginning  the  user  is  asked  to  choose  a  procedure  for  entering  the  parametric  transfer 
function  (1).  This  function  can  be  entered  from  a  file  (with  a  .TRF  exte:  sion)  or  defined  at  the 
keyboard  using  a  built-in  transfer  function  entry  subroutine.  User  defined  transfer  functions  can  be 
saved  and  saved  transfer  functions  ca..  be  edited  after  entry.  They  aie  stored  in  a  user  specified  file 
name  with  a  .TRF  extension.  Next  the  user  is  asked  to  supply  a  template  frequency  and  other  data 
appropriate  to  the  problem. 

For  each  user  specified  frequency  O),  the  program  generates  points  on  the  boundary  of  the 
template  Q(to).  This  template  boundary  can  be  displayed  in  either  the  N-plane  (Nichols  format)  or 
the  C-plane  (Nyquist  format). 

2.2  ALGORITHMS 

The  TEMP21  program  uses  a  special  fast  algorithm  described  in  [4].  While  this  algorithm 
is  very  fast  it  assumes  that  parameter  va.Iaticns  in  the  numerator  are  independent  of  those  in  the 
demoninator.  In  some  cases  this  is  acceptable  while  in  others  it  leads  to  considerable  over 
estimation  of  template  size.  The  TEMP30  program  uses  another  algorithm  described  in  [5]  that 
circumvents  this  assumption  at  the  price  of  additional  complexity  and  template  generation  time. 

2.3  COMMENTS  AND  LIMITATIONS 

Both  of  the  template  piograms  described  above  have  the  following  limitations  (for  further 
detail  see  [3]): 

a  Uncertainty  in  polynomial  coefficients  can  only  be  specified  as  affine  functions  of  the 
uncertain  parameters.  More  complex  relations  must  be  reduced  to  this  form. 

b.  Parameter  variation  ranges  may  not  cross  zero. 

c.  The  transfer  function  may  not  have  poles  or  zeros  at  the  user  specified  template 
frequencies  for  any  parameter  values  in  the  specified  ranges.  (If  poles  or  zeros  are 
detected  at  template  frequencies,  a  warning  is  given  and  the  resulting  template  may  bf 
unreliable.) 

3.  THE  GAIN  PERFORMANCE  BOUNDARY  PROGRAM 

The  Gain  Performance  Boundary  Program  allows  the  user  to  generate  and  save  gain 
performance  boundaries  using  process  uncertainty  templates  and  closed  loop  system  gain 
performance  specifications.  The  templates  must  be  LGPSDP  files  in  the  .TPL  format  generated  by 
TEMP21,  TEMP30  or  equivalent  programs.  Generated  boundaries  can  be  saved  in  the  .PBD 
format  for  use  in  the  fitting  program  LOOP20. 

Conceptually,  a  gain  performance  boundary  describes  a  region  (in  the  N-plane  or  C-plane) 
that  the  nominal  open  loop  gain  function  Lo(jco)  must  avoid  to  meet  closed  loop  gain  perfonnance 
specifications.  A  gain  performance  boundary  is  obtained  by  moving  a  process  uncertainty  template 
over  the  M-contours  (closed  loop  gain  contours)  of  a  Nichols  Chart.  Given  a  template  Q(co),  with 
its  nominal  point  q  located  at  the  N-plane  point  (g.(|»),  there  is  an  associated  total  closed  loop  gain 
variation  8M(g,(!))  (as  indicated  by  the  M-contours)  over  the  entire  template.  Given  a  closed  bop 
gain  perfonnance  specification  6T((o),  the  gain  performance  set  Bgp(o))  represents  the  set  of  ail 
location  of  the  template  [as  indicated  by  the  (g,(}>)  location  of  its  nominal  point  q]  such  that 
5M>8T(w).  The  gain  perfomance  boundary  3Bpg(0))  is  the  boundary  of  this  set. 
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3.1  PROGRAM  OPERATION 

The  program  initially  requests  tiie  file  name  of  a  template.  Here  the  user  may  enter  a 
complete  template  LGPSDP  file  name  or  ask  for  a  display  of  all  .TPL  files  in  the  current  directory. 
The  program  then  asks  for  the  desirea  value  of  the  closed  loop  gain  performance  specification  5T. 

The  gain  performance  boundary  3Bpg(Ci))  is  located  by  a  search  procedure  similar  to  the 
manual  procedure  described  in  [2].  For  a  fixed  phase  location  (j)i  of  the  template  nominal  point  q, 
the  total  closed  loop  gain  variation  over  the  template  Q(0)),  with  nominal  point  located  at  (g,4>i),  is 
5M(g,(j)i).  The  search  for  the  intersection  of  the  boundary  dBpg(CD)  with  the  N-plane  set  <1>  =  <t>i 
involves  finding  the  roots  g*((i)i)  of  the  nonlinear  relation 

5M(g.<|)0-5T(co)  =  O  .  (2) 

For  each  <{)i,  the  roots  g*(<l)i)  of  (2)  define  points  of  the  boundary  9Bpg(co)  lying  on  the  line  (|)  =  (|)i. 
Thus  the  N-plane  curve  g*(^),  for  <|»€  [-180“,180“].  descrices  the  entire  boundary  in  the  (g,(())-plane. 
Typically  there  is  only  one  root  for  each  0,  but  multiple  roots  are  possible  as  3Bpg(o))  can  be 
multiple  valued  along  lines  of  constant  <^. 

To  begin  a  bourdary  search  the  user  selects  "Search  a  Phase  Range"  in  the  program  menu. 
The  user  is  then  asked  ‘n  filter  data  which  specifies  the  search  parameters.  Search  results  are 
plotted  in  a  Nichols  p’ct.  Searches  can  be  varied  and  repeated  as  desired.  A  sequence  of  search 
results  can  be  combined  to  reveal  the  entire  gain  performance  boundary. 

A  '.’{'eful  tool  in  guiding  searches  is  the  Cross  Section  Plot.  A  cross  section  plot  is  a  plot  of 
the  magnitude  5M(g,(|))  vs.  g  for  a  fixed  <|).  A  line  of  magnitude  5T  is  also  plotted  on  the  cross 
section  plot.  By  noting  intersections  of  the  5M(g,(j»)  curve  with  the  5T  line  one  can  readily  locate  ail 
points  on  3Bp.(a))  at  the  specified  value  of  tji  and  thus  easily  identify  multiple  valued  regions  in  the 
boundary. 

3.2  ALGORITHM 

The  program  uses  a  modified  bisection  algorithm  to  find  the  roots  g*  of  (2).  The  algorithm 
iterates  on  g  until  6M(g,<t))-5T(a))  <  e.  When  possible,  convergence  of  the  algorithm  is  accelerated 
by  using  extrapolation  over  (])  to  obtain  an  initial  estimate  of  g*.  The  iteration  convergence 
parameter  £  is  initially  set  to  0.0 1  but  can  be  changed  by  the  user.  Smaller  value::  of  e  lead  to 
smoother  boundaries  at  the  cost  of  longer  execution  times. 

3.3  COMMENTS  AND  LIMITATIONS 

The  gain  performance  boundary  program  does  not  automatically  find  boundaries:  it 
provides  a  tool  for  user  directed  boundary  search.  The  user  should  be  aware  of  the  following 
limitations: 


a.  Each  search  finds  only  one  branch  of  a  boundary.  If  the  bound^  is  multiple  valued 
then  additional  searches  must  be  used  to  find  other  branches.  This  may  require  careful 
starting  of  the  search  near  the  area  of  interest,  small  phase  steps,  small  gain  steps  and/or 
adjustment  of  the  convergence  parameter. 

b.  The  algorithm  searches  only  the  boundary  of  the  template  to  find  5M.  For  large 
templates  located  so  that  the  point  (0dB,-180‘’)  is  inside  the  template  this  can  produce 
incorrect  results. 

c.  Since  the  M-contours  become  very  large  in  the  vicinity  of  the  (0dB,-180°)  point,  the 
search  algorithm  or  the  cross  section  generation  algorithm  may  produce  strange  results 
when  the  template  boundary  is  near  this  point. 

d.  Since  the  M-contours  are  compressed  in  the  region  where  g  «  OdB,  the  value  of  the 
convergence  parameter  may  have  to  be  reduced  to  obtain  accurate  results  in  this  region. 
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4.  THE  PHASE  PERFORMANCE  BOUNDARY  PROGRAM 

The  Phase  Performance  Boundary  Program  allows  the  user  to  generate  and  save  phase 
performance  boundaries  using  process  uncertainty  templates  and  closed  loop  system  phase 
performance  specifications.  (Phase  performance  robustness  is  important  in  robust  multi-axis 
coordinated  motion.  For  additional  details  see  [6].)  The  templates  must  be  in  the  .TPL  format 
generated  by  the  TEMP21  or  TEMP30  programs.  Generated  boundaries  can  be  saved  in  the  .TBD 
format  for  use  in  the  fitting  program  LOOP20. 

Conceptually,  a  phase  performance  boundary  describes  a  legion  (in  the  N-plane  or  C-plane) 
that  the  nominal  open  loop  gain  function  Lo(jco)  must  avoid  to  meet  closed  loop  phase  performance 
specification.  A  phase  performance  boundary  is  obtained  by  moving  a  process  unceitainty  template 
over  the  P-contours  (closed  loop  phase  contours)  of  a  Nichols  Chart  Given  a  template  Q(0)),  with 
its  nominal  point  q  located  at  the  N-plane  point  (g.<j>),  there  is  an  associated  total  closed  loop  phase 
variation  5P(g,(|))  (as  indicated  by  the  P-contours)  over  the  entire  templale.  Given  a  closed  loop 
phase  performance  specification  50(cd),  the  phase  performance  set  Bpp(a))  represents  the  set  of  all 
locations  of  the  template  (as  indicated  by  the  (g,(!>)  location  of  its  nominal  point  q]  such  that 
5P>50(a)).  The  phase  perfomance  boundary  9Bpp(ci))  is  the  boundary  of  this  set. 

4.1  PROGRAM  OPERATION 

The  operation  of  the  phase  performance  boundary  program  is  essentially  identical  to  the 
operation  of  the  gain  performance  boundary  program  described  above.  The  program  initially 
requests  the  name  of  a  template  file  and  the  closed  loop  phase  performance  specification  86.  The 
search  for  the  phase  performance  boundary  is  carried  out  as  indicated  in  the  discussion  of  the  gain 
performance  boundary  program. 

5.  THE  STABILITY  BOUNDARY  PROGRAM  (SBOUNDll) 

The  Stability  Boundary  Program  allows  the  user  to  generate  and  save  high  frequency 
stability  bt  undaries  using  process  uncertainty  information.  Generated  boundaries  can  be  saved  in 
the  .SBD  I'orraat  for  use  in  'he  fitting  program  LOOP20. 

Conceptually,  a  stability  set  Bs(o))  describes  a  region  (in  the  N-plane  or  the  C-plane)  that 
the  nominal  loop  gain  function  LoCjw)  must  avoid  to  obtain  prescribed  stability  or  relative  stability 
specifications.  The  stability  boundary  3Bs(o))  is  the  boundary  of  this  set.  Here  we  are  limited  to 
generation  of  high  .frequency  stability  boundaries  -  those  most  commonly  of  interest  in  application. 

Two  types  of  high  frequency  stability  boundaries  are  generated  by  SBOUNDll: 
(1)  parametric  uncertainty  stability  boundaries  based  on  M-contour  specifications  of  relative 
stability  with  high  frequency  process  uncertainty  template  offsets  (gain  only)  and  (2)  mixed 
uncertainly  stability  boundaries  based  on  M-contour  specifications  of  relative  stability  with 
frequency  dependent  mixed  uncertainty  offsets  (gain  and  phase).  For  a  discussion  of  (2)  see  [7]. 

5.1  PPOGRAM  OPERATION 

The  program  initially  displays  a  Nichols  Plot  showing  several  M-comours  and  then 
requests  a  u.ser  choice  of  one  of  the  two  types  cf  stab.l..y  boundaries. 

If  tlie  first  type  is  selected  the  user  must  specify  relative  stability  by  selecting  an  M-contour 
and  then  specify  tire  gain  vanation  parameters  of  the  relevant  high  frequency  parameuic  uncertainty 
template.  No  frequency  information  is  required. 

If  the  second  type  is  selected  the  user  must  enter  the  frequency,  select  an  M-centour 
.specifying  relative  stability  and  then  specify  the  gain  and  phase  dimensions  of  the  mixed 
uncertainty  template.  This  process  can  be  repeated  at  several  frequencies. 

In  both  ca.scs  the  resulting  user  generated  stability  boundaries  can  be  displayed  in  the  N- 
plane  or  the  C-plane. 
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6.  THE  LOOP  GAIN  PROGRAM 


The  Loop  Gain  Program  allows  the  user  to  generate  nominal  loop  gain  functions  Lo(j<B) 
meeting  given  robust  performance  and  robust  stability  specifications  using  performance  boundaries 
and  stability  boundaries  generated  with  PBOUND20,  TBOUNDIO  and  SBOUNDll.  The 
performance  boundaries  must  be  in  the  .PBD  format  generated  by  the  PBOUND20  program  or  the 
.TBD  format  generated  by  the  TBOUNDIO  program.  The  stability  boundaries  must  be  in  the 
.SBD  format  generated  by  the  SBOUNDl  1  program.  Gain  vs.  frequency  and  phase  vs.  frequency 
data  (Bode  plot  format)  describing  the  chosen  nominal  loop  gain  function  can  be  saved  in  a  .LGN 
file  for  further  processing. 

Conceptually,  a  nominal  loop  gain  function  is  obtained  by  fitting  a  rational  function  to 
constraints  given  by: 

1)  the  desired  system  type  (type  0, 1  ,etc.)  and.  for  type  0  systems,  the  loop  gain  at  (0  =  0, 

2)  performance  and  stability  boundaries  obtained  from  specifications  and  process 
uncertainty  templates, 

3)  the  required  high  frequency  phase  (determined  by  the  loop  pole  excess). 

Given  these  constraints  the  Loop  Gain  Program  provides  a  graphical  environment  for  finding 
feasible  nominal  loop  gain  functions  with  minimum  bandwidth. 

6.1  PROGRAM  OPERATION 

The  program  begins  by  asking  the  user  to  enter  data  describing  the  problem  design 
constraints  (i.e.,  performance  and  stability  boundaries).  The  user  entered  performance  and  s'ability 
boundaries  are  then  displayed  in  a  Nichols  Plot  (N-plane)  Window  of  the  LOOP20  Workspace 
and  the  Main  Menu  is  presented.  A  Scratch  Window  is  available  to  the  right  of  the  Nichols  Plot 
Window  for  the  entry  of  gain/frequency  data  describing  trial  loop  gain  function.s. 

The  basic  loop  gain-phase  shaping  design  procedure  involves  an  iteration  of  the  foUowing 
two  design  steps: 

1)  the  user  enters  new  gain/frequency  data  or  edits  existing  gain/frequency  data  in  the 
Scratch  Window,  and 

2)  the  programs  computes  and  plots  the  associated  gain-phase  plot  (over  the  displayed 
performance  and  stabilty  boundaries)  in  the  Nichols  Plot  Window. 

To  accomplish  this  second  step  the  program  interpolates  additional  gain-frequency  points  between 
the  entered  data  points  and  then  computes  the  minimum  phase,  phase/frequency  data  using  the 
Bode  integral  [8]. 

Thru  iteration  of  this  man-machine  editing/plotting  cycle  the  user  can  "learn"  how  to  fit  a 
minimum  bandwidth  loop  gain  function  to  the  problem  performance  and  stability  boundary 
constraints. 

The  LOOP20  Workspace 

Tlie  Nichols  Window  is  used  to  display  boundaries,  trial  loop  gain  functions  and  user 
defined  transler  functions  in  standard  Nichols  format.  Displayed  boundaries  are  marked  by  their 
frequencies  when  appropriate.  When  gain-phase  plots  of  trial  loop  gain  functions  are  displayed, 
small  crosses  are  used  to  relate  specific  gain-frequency  points  in  the  Scratch  Window  to  tiiose  on 
the  associated  gain-pha.se  plot 

The  Scratch  Window  displays  gain-frequency  data  points  entered  by  the  user.  Gain  is 
indicatca  using  the  gain  scale  inherited  from  the  Nichols  Window  while  frequency  is  explicitly 
marked  next  to  each  data  point  To  facilitate  editing  and  learning  in  the  design  process  the  user  can 
store  and  display  three  uniquely  colored  columns  of  gain-frequency  data  in  the  Scratch  Window. 
The  gain-pha-se  p’ois  associated  with  these  columns  can  be  simultaneously  displayed  and  identified 
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by  color.  Several  gain/frequency  data  editing  commands  (e.g.,  interpolate  points,  block  move  in 
gain  or  frequency,  slope  change)  are  provided  to  facilitaie  the  shaping  of  a  loop  gain  function  to  fit 
die  constraints. 


6.2  ALGORITHMS 

The  generation  of  the  gain-phase  plot  from  the  gain-frequency  data  is  a  three  step  operation. 
First  the  gain-frequency  data  is  extrapolated  on  each  end  for  1.5  decades  using  the  inidal  and  final 
slopes.  Second,  five  additional  points  are  interpolated  between  each  point  in  the  gain/frequency  data 
set  using  a  third  order  spline.  Finally,  the  minimum  phase,  phase-frequency  data  is  calcidated  using 
the  Bode  integral  theorem  (a  Hilbert  transform)  which  relates  the  minimum  phase  of  a  rationd 
function  to  the  gain  frequency  data.  The  specific  form  of  the  Bode  integral  used  is  given  in  [8]. 

6.3  COMMENTS  AND  LIMITATIONS 

Understanding  the  use  of  the  various  LOOP20  editing  functions  requires  some  careful 
thinlcing  about  the  relations  between  gain  and  (minimum)  phase  in  a  rational  function.  As  a  start  the 
user  should  note  the  that  when  the  slope  of  the  gain-frequency  plot  is  constant  the  minimum  phase 
is  constant  and  has  a  value  of  4.5m  degrees,  where  m  is  the  slope  of  the  gain-frequency  plot  in 
dB/decade. 


7.  AN  EXAMPLE  -  DC  MOTOR  WITH  UNCERTAIN  LOAD 

The  following  example  (extracted  from  [9])  illustrates  the  application  of  the  the  above  CAD 
tools  to  a  simple  robust  control  system  design  problem. 

Problem  Statement 

The  goal  here  is  the  design  of  a  robust  controller  for  a  speed  control  system  where  the  load 
on  the  motor  can  vary  over  a  wide  range  of  values. 


I  3  ■ 

s?'- 


A  DC  motor  with  an  inertial  load  car;  be  modelled  by  the  transfer  function 

pfo.j  )  —  - - - 

^  ^  ■"  e(s)  (LVUl)s^-KRVRJl)s-HC^^ 

where  is  the  motor  shaft  speed  and  e  is  the  motor  armature  voltage.  Reasonable  parameter 
values  for  this  transfer  function  are  (in  SI  units): 


L  =  2.2E-3 
R  =  0.4 


Kxn  =  0-2 
J„  =  1.4E-3 


We  will  assume  that  the  load  moment  of  inertia  varies  in  the  interval  J  =  [.051^,101  jj,]  and  take 
=  !„,  as  the  nominal  value.  That  is,  we  define  a  =  Jl  and  take  0^,  =  Jm- 

Performance  Specification.s 

The  performance  goal  of  interest  here  is  to  have  the  motor  shaft  speed  col  itack  a  speed 
reference  signal  r.  Typical  frequency  domain  specifications  for  the  closed  loop  tracking  transfer 
function  T(s)  ;=  {oj^(s)/r(s)  are  given  below. 


IT(jto)l  = 


(4) 


0±0.05dB  for  <o^  lOrps 
0±0.2dB  for  10<<o^l00rps 
-20  ±2.0  dB  for  Ol  =  300  rps 

.  -40  ±20  dB  for  <0  >  10^  rps 

Wc  will  require  that  these  closed  loop  performance  specifications  be  met  for  all  in  the  interval  J. 

Stability  Specifications 

For  simplicity,  we  have  chosen  the  relative  stability  specification  by  specifying  a  gain-phase 
margin  region  corresponding  to  the  5dB  M-conlour  on  the  Nichols  Chart.  This  corresponds  to  a 
gain  margin  of  about  4  dB  and  phase  margin  of  about  35*.  In  addition,  we  require  that  this  gain- 
phase  margin  should  be  robust  with  respect  to  variations  of  in  the  interval  J. 

Additional  SpggificatiQm 

For  disturbance  rejection  we  will  require  the  LqQoi)  be  type  1  (i.e.,  one  pole  at  s  =  0).  We 
will  also  assume  that  the  compensator  has  a  one  pole  excess  [giving  an  overall  pole  excess  of  three 
in  the  nominal  loop  gain  function  ^(jo))]. 

The  LGPS  Solution 

We  begin  the  LGPS  solution  by  plotting  the  process  uncertainty  templates  Q(co)  for  P(s;Jl) 
at  several  frequencies.  These  templates  are  shown  in  Fig.  1.  Note  that  since  P(s;Jl)  has  only  one 
independent  parameter  these  templates  are  one-dimensional.  In  addition,  since  P(s;Jl)  has 
independent  parameter  variations  in  numerator  and  denominator  and  these  variations  are  affine  in 
the  uncertain  parameter  (see  (3)],  then  the  templates  obtained  with  TEMP21  are  exact  [3]. 


Fig.  1  Process  Uncertainty  Templates  Q((o)  for  to  =  0.3,  3.0,  30, 300,  and  3000. 
(Template  nominal  point  locations  are  indicated  by  a 

The  second  step  in  the  LGPS  design  process  is  to  compute  and  plot  the  performance  and 
stability  boundaries  at  appropriated  frequencies.  Performance  boundaries  are  obtained  by  entering 
the  templates  plus  the  5T  specification  given  in  (4)  in  the  performance  boundary  program 
(PBOUND20).  The  resulting  performance  boundaries  are  shown  in  Fig.  2. 
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Fig.  2  Perfonnance  and  Stability  Boundaiics 
(Frequencies  Marked  on  the  Boundaries) 

The  relevant  high  frequency  stability  boundary  is  obtained  by  combining  the  stability 
specification  (i.e.,  the  5dB  M-contour)  with  the  high  frequency  process  uncertainty  template 
(oj  =  3000  in  Fig.  1)  in  the  stability  boundary  program  (SBOUNDl  1).  This  boundary  is  the  closed 
region  encircling  the  (-180°,0dB)  point  shown  in  Fig,  2.  (The  use  of  the  high  frequency  stability 
boundary  is  based  on  the  assumption  that  the  process  uncertainty  template  has  become  a  verticd 
line  at  frequencies  where  the  gain-phase  plot  of  the  nominal  loop  gain  function  L^Oco)  is  passing 
near  the  stability  boundary.  It  can  be  seen  in  Fig.  3  that  this  assumption  is  indeed  justified.  In 
general  more  complex  stability  boundaries  may  be  required.)  Note  that  the  performance  boundary 
for  £0  =  3000  lies  entirely  inside  the  stability  boundary  and  is  thus  irrelevant  to  lu  ther  LGFS  design 
steps. 

The  fourth  step  is  to  fit  a  minimum  bandwidth  loop  "ain  function  to  the  performance  and 
stability  boundaries  using  the  loop  gain  fitting  program  LOOP20.  Assuming  one  excess  pole  in 
the  compensator  [i.e.,  argfLg}  goes  to  -270“  as  u  goes  to  »»]  we  fit  a  nominal  loop  gain  function  to 
the  performance  and  stability  boundaries  as  shown  in  Fig.  3. 

At  this  point  we  have  the  frequency  response  description  of  a  rational  L^Oco)  that  satisfies 
the  design  constraints.  That  is,  at  each  of  the  specified  frequencies  coj,  the  nominal  loop  gain 
function  ^(jcoj)  satisfies  the  constraint  implied  by  its  respective  performance  boundary  9Bp(fflj).  A 
traditional  Bode  plot  description  of  LoOu)  is  shown  in  Fig,  4. 
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Fif .  3  An  LGPS  Solution  to  the  Example. 
(O)  ■>  0.3  Boundary  Omitted) 


Fi*.4  Bode  Plot  of  LoCi^^)- 


Rnding  a  solution  (hat  not  only  satisfies  the  constraints  but  also  minimizes  the  loop  gain  and 
bandwidth  requires  additional  work  with  the  L(X)P20  software. 

8.  CONCLLSION 

The  LGPSDP  series  gives  a  complete  solution  to  the  classical  QFT  robust  control  problem 
in  a  wide  range  of  situations.  It  can  handle  specifications  on  closed  gain,  phase  and  disturbance 
rejeaioa  The  templates  generated  by  TE.MP21  and  TEMP30  as.sumc  only  paramcu'ic  uncertainty 
but  obvious  modifications  for  mixed  unceruinty  are  possible  (e.g.  sec  {7j).  The  weakest  link  in  the 
procedure  is  the  fining  process  treated  by  LOOP20.  Additional  work  in  this  area  appears  to  be  of 
major  importance. 
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Development  of  an  Analog  MIMO  QFT  CAD  Package 
by 

Richard  R.  Sating,  I.  M.  Horowitz,  C.  R  Houpis 
Air  Force  Institute  of  Technology 

1  CX'etview  cf  h^tivariable  Control  Prcblan 

A  CAD  package  is  developed  as  a  design  tool  for  applying  the  Quantitative  Feedback  Theory  (QFT)  design 
technique  to  multivariable  control  systems  involving  uncertain  continuous  time  MIMO  plants  which  are  free  from 
outside  disturbances.  A  MIMO  uncertain  square  plant  Pe  with  m  inputs  and  m  outputs  is  to  be  controlled  by  use  of 
a  diagonal  compensator  Q  and  a  diagonal  prefilter  £  in  the  feedback  structure  shown  in  Fig.  1  such  that  the  closed 
loop  system  meets  stability  and  performance  specifications. 

A  flight  centred  system  is  utilized  to  illustrate  this  MIMO  QFT  CAD  package.  The  plant  model  P  to  be 
controlled  is  in  general  constituted  by  four  component  parts.  A  block  diagram  showing  the  placement  of  the  aircraft 
plant  model  Pcont,  the  actuator  dynamics  Tact,  the  sensor  dynamics  Tsens,  and  the  sensor  gain  matrix  Wsens  is 
diown  in  Fig  2.  The  plant  P  of  dimension  mx/  is,  in  general,  not  square.  SiiKe  QFT  requires  a  square  plant  then 
the  square  mxm  plant  Pe  is  formed  from  the  non-square  mxl  plant  P  by  use  of  the  Ixm  weighting  matrix  W  as  shown 
in  the  block  diagram  in  Fig.  3. 

2  Implementaticncfthe  MJMOQFTCAD Package  (Ij 

Several  platforms  are  considered  for  use  in  implementing  the  MIMO  QFT  CAD  package,  including  Matlab, 
MATRIXx,  Control-C,  Mathemalica,  Maesyma,  and  the  ’C’  language.  Mathematica  is  chosen  as  the  pla'form  for 
the  CAD  package  due  to  it.s  high  numeric  precision  and  symbolic  capability.  Additional  features  include  the 
interactive  from  end.  portability,  and  cost,  'fhe  shortfall  in  execution  sp^  associated  with  interpreted  execution  is 
remedied  by  expertin?  computatiaially  demanding  tasks  to  ’C’  subroutines,  while  the  absence  of  control  tools  is 
addressed  by  developing  me  nee<led  resources. 

3  Loading  Plant  Data  (see  block  1  in  Fig  5) 

The  plant  models  may  be  entered  manu  Jly  or  if  they  are  available  on  a  disk  they  can  be  loaded  directly,  that 
is,  automated  loading  of  each  aircraft  plant  m.  trix  PcoNT  is  implemented  to  eliminate  the  need  for  manual  data  entry. 
Once  loaded,  transfer  function  elements  of  Pcont  can  be  listed  in  factored  form  or  plotted  on  a  Bode  plot. 

Often,  each  plant  model  has  associated  with  it  a  unique  set  of  parameters.  The  CAD  package  allows  the 
designer  to  define  a  set  of  parameters  associated  wit’i  the  plant  models.  For  an  aircraft  model,  the  set  of  parameters 
may  include  vehicle  altitude,  Mach  number,  and  angle  of  attack.  The  designer  may  then  specify  the  values  of  these 
parameters  along  with  a  comment  to  be  stored  along  with  each  plant  model  loaded. 

4  Aoiatcr  and  Sensor  Models  (see  bkxk  2  in  Fig  5) 

Dynamics  cf  each  actuator  TACTi(s)  and  sensor  TsENSi(s)  used  to  control  the  plant  is  defined  by  a  deterministic 
LIT  transfer  function.  The  block  diagram  in  Fig.  2  illustrates  the  use  of  actuators  and  sensors. 

5  Sensa  Gain  Matrix  (see  bkxk  3  in  Fig  5) 

In  some  instances,  a  subset  of  plant  outputs  or  a  linear  combination  of  plant  outputs  are  to  be  controlled.  In 
these  cases,  the  designer  can  specify  the  appropriate  sensor  gain  matrix  Wsens.  An  entry  is  accepted  for  each  matrix 
element,  in  the  format  of  a  coefficient  form  or  factored  form  polynomial,  where  the  coefficients,  poles,  zeros,  and 
gain  can  be  constants  or  a  function  of  plant  parameter  values  defined  when  the  plant  models  are  loaded.  Constants 
may  be  used  as  elements  of  Wsens  by  using  transfer  functions  with  no  poles  or  zeros  but  with  the  desired  gains. 

6  ^^fe^htingMa(Iix  (seeb!odcs4,5,and6inFig5) 

A  block  diagram  illustrating  the  insertion  of  the  weighting  matrix  W  to  form  Pe  is  shown  in  Fig.  3.  The 
elements  of  W  are  defined  by  the  designer  in  the  same  manner  'is  for  Wsens.  When  the  plant  matrix  is  not  a  square 
matrix  of  desired  dimensions,  the  weighting  matrix  is  selected  to  achieve  a  square  mxm  effective  plant  Pe.  When 
more  plant  inputs  are  available  than  required  for  control  purposes,  the  weighting  matrix  provides  additional  degrees 
of  freedom  in  the  blending  of  plant  inputs  used  to  control  the  system.  In  these  cases  it  is  desirable  that  the  selected 
W  yield  minimum-phase  effective  plants  (qii)/  for  all  plant  cases  /  =  1, . . ,  J.  The  Binet-Cauchy  Theorem  is  applied 
to  determine  whether  a  minimum-phase  Pe  is  achievable.  In  some  multivariable  control  problems,  the  degree  of 
uncertainty  in  the  system  to  be  coniroll  jd  may  render  impossible  a  successful  design.  Thus  for  some  of  these  cases, 
gain  xheduiing  may  be  utilized  toaifcct  a  QFT  design. 


7  Rrnunu/IifliXJivcHaifl  MnVHs  (w hkiks 7 i«Kl K  i)l'ig.5) 

For  cath  plant  ca,«;  1.  the  weighting  matrix  and  jcnwir  gam  matnx,  whine  rtcnitnis  may  he  tuiKiiiriii  oC  plant 
parameters,  an:  evaluated  using  the  plant  parameter  values  assixtatcd  with  the  plant  nuxlel 

pM«ait  p«*itiVai| 

W/  =  Wtparanii,  paranij,  •  •  •  paramp)  (1) 


jpMMI  •  ^IWlVill 


WsKNS,  =  WshNs(parami,  paramj.  •  •  •  paramp) 


Each  elTeclive  plant  is  then  formed  from  its  amponent  parts; 

Pei  =  !  Pij !/  =  P|  •  W/  =  (  WstNS,  •  TseNS  ■  PcONTi  •  TaCT  )  •  W/  (J) 

When  Pe,  is  firmed,  a  canmon  denominator  is  factored  out  of  each  py  yielding  the  expresswn: 

and  where  the  elements  of  the  matrix  tPr _ )t  are  polynomials  in  factored  firm. 

The  effective  plant  matrix  Pe,  must  be  full  rank  and  liave  diagrrul  elements  which  have  the  same  sign  fir  all 
Tiant  cases  as  w— >■».  The  CAD  package  allows  the  sign  cf  the  m  diagimal  plants  to  b"  examuied  fir  the  J  plant 
cases  ai  (ir-rof-  in  table  form.  The  CAD  package  also  allows  the  designer  to  list  the  deienninant  ol  Pt,  iite  plant  case 
at  a  time.  A  non-zcni  deierminant  is  indicative  of  full  rank.  The  numerator  factors  oi  the  determinant,  which  are 
zeros  of  the  qy  (sec  Sec.  «).  are  examined  as  well.  Thus,  these  determinants  deteimme  the  minimum-  ir  rum-mim- 
mum-phase  character  of  the  effective  plants.  If  any  Pei  is  unacceptable  based  on  the  above  entena,  the  weighting 
matrix  can  be  revised.  P«,  recomputed,  raid  the  tests  applied  once  again. 

8  Inverse  c/  Pe  (see  bkxks  9  and  1 0  in  Fi^’.  .S) 

The  polynomial  matrix  inverse  is  performed  using  the  Mathematica  Inverse  functicn: 

p.-'  =  g|  =  !p.*l  =  p.w.p.l  (« 

The  effective  plants  are  then  formed  by  inverting  the  dements  plj: 

^  detPe  1  f  I  1 


The  Q  matrix  elements  become  the  effcaive  plants  of  the  MISO  loops.  By  the  principle  of  superpesition,  each 
MISO  loop  transmission  consists  of  both  a  tracking  and  a  disturbance  compixcnt.  When  using  a  diagonal  prefiller, 
only  the  diagonal  MISO  locps  have  a  transfer  function  component  due  to  tracking: 

tH  =  tr,+td. 

Off-diagonal  laips.  with  fy  =  0  and  i#j,  have  a  transfer  function  component  due  to  disturbance  only: 

ty  =  id„  where  i^j  (*) 

Expressions  for  tracking  and  disturbance  transfer  function  components  of  the  (ij)  MISO  loop  are  given: 

1,  •_  f  _  f.  f_ildk_l  (9) 

{,  )  =  (dy)r(q,i)/  ^  (dij)<  (quit 

l-t-gilqii)/  l+(L4)r 

where  the  index  /  specifies  one  of  the  J  LTI  plants,  ic.,  /=  1. 2 . J,  and  where  L,  =  gjqii. 

The  disiurhaiKe  input,  a  function  of  all  other  controlled  outputs,  can  be  expressed  by  the  equation: 


(Id,,)/  = 


k=l.li*i 

The  Q  matrix  eiena'iiis  are  (hen  lesied  [o  verify  (hai  the  C'  nditKVi  of  diagonal  dummance  is  satisfied.  If  diagonal 
damin.^'icc  holds  f. «  ali  plan!  cases,  then  a  QFT  Met.h<xl  1  design  can  be  aitempie.l.  Oilicrwise,  a  QFT  Method  2 


(imfrtMd  iMihid)  drugn  mwNi  he  Mtrmpi«d  If  ihr  irtulti  ot  thit  test  are  ik*  utisfactcfy,  then  the  choice  of 
«eifNin|  m«n(  tan  he  nv**  tieil.  ami  the  Q  mama  m:<wnpute»l 

Addai>m*l  hr  rrammiiig  the  efletiive  planiv  qi,  tf  the  Q  mauu  act  include  a  Btxle  plot  functkn  and  a 
Umtfer  rumtiin  ruhrtwnne  The  Bode  pid  hr  a  Q  matrir  element  can  he  diiiplayed  for  a  specified  plant 

caar  <v  hr  all  I  plim  laret  nigiMtirt  The  Bole  pits  hr  the  tet  of  J  plant  cases  is  useful  hr  displaying  the  variation 
m  etieciive  ptwi  u  •<  miitsKn  an  aut  in  aeleding  trmplaie  fncquencies.  Also,  the  CAD  package  allows  the  Q 
mainr  tranifei  lunttKm  elenieniN  to  he  disf/layml  in  taiiired  hrm  ha  any  selected  plant  case. 

To  mime  the  irder  if  the  Q  matitr  trwisler  fumtuos  the  package  perfonns  autcmatic  ca.icellaiion,  cancelling 
nearly  idrntaal  p>ae  rero  pairs  hasivl  in  a  user  spetilied  ratio  ot  the  distance  between  the  pole-zero  pair  to  the 
diaiance  li  the  tero  trim  the  ingin  m  hiih  the  nght-half  and  left-half  plane, 
f  ImfstvedMiihiil  (wrhkidui  I1«id  UnFig.  S; 

The  unproved  metlvd.  idso  known  as  QFT  Method  2,  takes  into  account  any  correlation  between  the  uncertainty 
In  the  designed  MISO  krgis  and  the  nest  row  of  MISO  lavts  for  which  a  design  is  to  be  attempted.  The  standard 
approach  if  VFT  Method  1  assumes  worst  case  conditans  and  does  not  take  this  design  information  into  account. 

Ihe  improved  method  tr  7'tret  the  derivation  of  the  effective  q  plant  transfer  function  for  the  next  channel  to 
he  designed,  tt.  hr  a  3>2  lysiem  n  which  the  contpensator  for  channel  I  has  been  designed  and  Lt  it  known; 


Jiailtkl  ^hert  TIJ  -  ^ 

I-Ti2^Li  Pit  pm 

The  improved  method  CAD  nntinei  currently  address  a  2x2  MIMO  problem  only. 


(12) 


10  IbmpUa  (uaehkck  l5iiFig  5) 

The  CAD  package  requiret  the  designer  in  specify  the  template  frequencies  for  which  the  templates  are  gener- 
med.  The  set  of  templates,  inc  fir  each  template  frequency,  are  then  generated  to  represent  the  uncertainty  in  the 
effective  piaiu  <)«,  and  a  chart  of  templates  is  displayed. 

A  plant  lemplaie  outlines  the  range  of  uncertainty  in  the  frequency  domain  on  the  NC  of  a  plant  transfer  function 
for  a  specific  frequency.  The  template  ter  u  >  oii  is  firmed  by  first  plotting  the  frequency  domain  transmission  at 
u  >  bik  for  CKh  cf  the  i  plan!  cases,  then  enclosing  the  set  of  plant  points  with  an  outline.  The  outline  is  analagous 
to  a  rubber  band  tueiched  around  a  tet  of  nails  representing  the  templMc  poiitts. 

11  ChiacecfNiinBialPUri  (sRhlndi  l6riFig.5) 

The  CAD  package  allows  the  designer  to  display  a  plot  of  numbered  plant  cases  for  a  user  specified  template 
frequency.  The  dettgna  choases  the  nomaul  plant  trim  the  ret  of  J  effective  plants.  A  chan  of  templates  is  then 
displayed  wah  the  selected  nominal  poini  emphasized.  While  any  plant  case  can  be  chosen,  it  is  an  accepted  practice 
to  Klea.  whenever  possible,  a  plant  caae  which  exists  at  the  lower  left  comer  for  all  frequencies  for  which  the 
templiaes  are  nbuined  if  the  chcace  of  nominal  plant  is  not  satisfactory,  another  choice  may  be  sciected. 

Once  a  mminal  pta.T!  case  is  chosen,  the  templates  are  shifted  such  tnat  the  nominal  point  of  each  template  is 
located  at  {0  deg.  0  dB)  ifi  the  NT.  This  can  be  daie  because  only  the  location  of  the  plants  points  relative  to  each 
other  on  the  ir-.iplate  is  of  importance  when  generating  bounds.  The  template  can  then  be  shifted  on  the  NC  such 
that  the  l^.•nlnat  plan)  is  at  a  desired  location  by  adding  the  coorjmtaes  of  the  desired  location  to  the  coordinates  of 
all  r’wU  potnts.  In  this  way.  the  template  can  be  conveniently  placed  at  any  desired  location  on  the  NC. 

12  Spectficaunns  (xeNiKk  n  nFig.  S) 

1X1  Stability  Spec ificai ions 

A  lUhilay  margin  is  specified  for  each  row  of  MISO  loops.  The  stability  margin  may  be  specified  in  terms  of 
the  gam  margin  gm,  the  phase  margin  angle  y.  or  the  corresponding  Ml  contour.  Any  of  these  three  specifications 
can  he  determined  from  any  of  the  ixhers.  Only  the  Ml  contour  stability  specification  is,  stored  in  memory. 

I XX  PerfiTmance  Specificat  ions 

Fr*qucncy  dimain  pcrfixmance  specificattions  are  defined  in  the  form  of  LTI  transfer  functions. 

For  the  diagrxtal  MISO  loops  upper  and  lower  bounds  are  specified: 

a«<!t„|j<b,.  ffv/=l.2 . J  03) 

Fix  the  off -diagonal  .MISO  livips  an  upper  bound  is  specified; 

!t,jl.<b,j  for  /= 


(14) 


rsyi  '1 


1 2.3  Gamma  Bound  Specifications 

The  improved  method  requires  the  derivation  of  tlie  effective  q  plant  transfer  function,  ie.  Eq.  (12).  By  proper 
design  of  the  compensator  gi,  new  RHP  poles  will  not  be  introduced  in  q22e.  By  requiring  the  magnitude  of  the 
denominator  of  Eq.  (12)  be  larger  than  a  small  value  k,  sign  changes  in  the  denominator  are  prevented  and  new  RHP 
poles  arc  not  introduce'^: 

kSll-7i2  +  Lil  (15) 

For  the  case  in  which  g2  is  designed  first,  the  requirement  cn  channel  2  is; 

k  <  !  1  -  721  +L2I  (j5) 

A  unique  minimum  value  k  is  specified  by  the  designer  for  each  of  the  m  channels. 

13  Bounds  cn  the  NC  (see  block  17  in  Fig.  5) 

For  a  given  row  i  of  MISO  loops,  for  a  template  frequency  o)  =  (i)i,  several  bounds  may  be  included  in  the  set 
plotted  on  the  NC.  These  bounds  include  a  stability  bound,  a  tracking  bound,  a  disturbance  bound  for  each 
off-diagonal  MISO  loop,  and  a  gamma  bound  when  using  the  improved  method.  Tnis  set  of  bounds  can  be  replaced 
by  a  single  composite  bound  before  beginning  a  design. 

13.1  Stability  Bounds 

A  stability  bound  is  plotted  for  each  template.  The  stability  bounds  constrain  the  maximum  closed-loc^  trans¬ 
mission  with  unity  gain  prefilter  to  have  a  bounded  magnitude; 

<  Ml  for  1=1,2,.. .J 

[1  +gi(qii)ij 

The  b^nd  is  plotted  for  a  given  frequency  by  plotting  the  path  of  the  nominal  point  while  traversing  the  Ml 
contour  with  the  template  generated  foe  that  frequency.  The  software  must  be  able  to  determine  the  point  of  tangency 
on  the  outline  of  the  template  and  the  location  of  the  template,  when  tangent  at  that  point,  as  the  Ml  contour  is 
traversed.  To  accomplish  this  task,  an  equation  is  derived  which  gives  the  NC  magnitude  M  to  which  a  template 
point  at  the  NC  phase  angle  <p  must  be  shifted  to  be  in  contaa  with  the  Ml  contour.  The  use  of  this  equation  to 
plot  points  on  the  stability  bound  is  then  discussed. 

For  a  given  test  point  on  the  outline  of  the  template,  located  at  a  given  angle  9  cn  the  NC,  an  equation  is  derived 
for  the  NC  magnitude  M  at  which  this  point  is  in  contaa  with  the  Ml  contour.  The  derivation  begins  with  the 
requirement  that  the  magnitude  of  the  closed  loop  transmission  be  equal  to  the  magnitude  Mm  associated  with  the 
Ml  contour  for  the  open  loop  transmission  L  where  Mm  =  and  where  Ml  is  given  in  Decibels: 

Mm=  --V  (18) 

1  +L 

Taking  the  magnitude  of  the  numerator  and  denominator,  with  L  =  M  e*^  and  solving  for  M  yields; 


^  -cos(9) ±  Vcos  (9) - (1  -  M;;,  ) 

(1-MS?) 

Next,  the  range  of  angles  of  the  Ml  contour  over  which  real  solutions  for  M  exist  is  derived.  This  range  is  then 
used  to  determine  the  range  of  angle'  over  which  the  stability  bound  exists.  The  angle  range  of  the  Ml  contour  is: 


Where; 


=-cos  1-Mn‘  I 

To  plot  a  pair  of  points  cm  '.be  stability  tond,  the  template  is  placed  cm  the  NC  with  the  nominal  point  located 
at  the  NC  phase  angle  at  which  the  bound  point  is  to  be  plotted.  To  Icxate  the  point  of  tangency  above  the  Ml 
contour,  the  outline  of  the  template  is  searched  by  applying  Eq.  (19).  The  point  on  the  template  which  requires  the 
highest  template  placement  cn  the  NC  to  bring  the  template  into  contaa  with  the  Ml  ccxitour  is  the  point  of  tangency. 
The  location  of  the  nominal  point  when  the  template  is  in  contact  with  and  above  the  Mi  contour  at  the  point  of 
tangency  will  be  a  point  on  the  upper  portion  of  the  stability  bound  contour.  To  hxate  the  point  of  tangency  below 
the  Ml  contour,  the  template  border  is  .searched  again.  The  point  on  the  template  berder  which  requires  the  lowest 
template  placement  on  the  NC  to  bring  the  template  into  ccxitaa  with  the  M„  contour  is  the  point  of  tangency.  The 


kicatioo  of  the  nominal  point  when  the  template  is  in  contact  with  and  below  the  Ml  contour  at  the  point  of  taii|»;ncy 
will  be  a  point  on  the  lower  portion  of  the  stability  bound  contour.  The  above  procedure  is  earned  out  with  the 
template  nominal  positioned  at  a  set  of  angles  over  which  the  stability  bound  exists  to  generate  the  prxnts  used  'o 
plot  the  stabilty  brand. 

13.2  Disturbance  Bounds 

Disturbance  bounds  are  plotted  for  each  template,  one  for  each  off-diagonal  MISO  loop  in  the  row  of  MISO 
loops  for  which  the  compensator  is  to  be  designed.  Each  disturbance  bound  is  generated  based  on  the  consuamt: 


tij  -  dij 


S  bij  for  i^j 


Where  the  disturbance  is  a  function  of  all  other  controlled  outputs: 

m 

dij =-5:  ^ 

^  ^  qik 

M.lcai 

The  specifications  dictate  that  djj  is  less  than  an  upper  bound  for  each  plant  case  /  in  the  set  of  J  plants; 

(WijWlt  =  E  Sr 


The  most  extreme  upper  bound  on  dij  for  all  the  J  plant  cases  is  then; 
Idijliui  =  [  (  Idijinux  )/ 1  , 

Based  on  Eqs.  (22)  and  (25)  a  lower  brand  can  be  placed  on  1 1  Li  I 
Il+Lil2^%i^ 


By  substituting  Li  =  —  Eq.  (26)  can  be  transfomed  such  that  the  bound  is  plotted  on  the  inverse  NC: 


1  +  in  iQiil  WijfmM 

Simplifying  by  using  the  symbol  Md  to  designate  the  inverse  NC  caistant  magnitude  contour 

'  — ■  '  S  Md  where  Md  =  —  f28l 

1-l-m  kjiil  Idijimmx 

In  general,  Md  is  different  for  different  plant  cases  since  qa  is  different  for  different  plant  case".  From  this  point 
forward  the  inverse  NC  constant  magnitude  contour  will  be  refened  to  as  the  Md  contour.  An  equation  is  derived 
wfaidi  gives  the  NC  magnitude  to  which  a  template  point  located  at  the  NC  phase  angle  (p  must  be  shifted  to  be  in 
contact  with  the  specified  Md  contour.  The  equation  is  then  used  to  plot  points  on  the  disturbance  bound. 

Tte  derivation  begins  with  the  requirement  on  m: 


Taking  the  magnitude  of  the  left-hand-side,  with  m  =  Mmv  e^’  at  (u  =  toi  and  sdving  for  Minv  yields: 

,  ,  -COS(f  inv)  ±  Vcos^(^)inv)  -  ( 1  -  M5^) 

Minv  =  - - -  (30) 

(1-Mb^) 

This  requirement  applies  to  m  =  (giqu)"',  not  to  Li  =  giqu,  as  desired.  By  making  the  .substitution 
M=  Mb'  and  qi  =  -9ipv.  the  solution  is  now  written  to  apply  to  Li,  where  =  Me^. 

Era  the  case  of  Md  <  1 ,  one  solution  exists  for  a  given  value  of  <p  ra  the  NC,  coiresponding  to  the  single  point 
of  contact,  at  that  angle,  with  the  Md  contour  which  runs  across  the  NC: 

_ (‘  ~  ^  _ _  rin 


-cos((p)  -I-  V  cos^(q>)-(l  -  Md^) 


for  Md  <  1 


A  disturbance  bound  generated  using  an  Md  cratour  with  Md  <  1  is  an  open  bound  contour  running  across 
the  entire  angle  range  of  the  NC. 


(32) 


f  ir  tlit>  <a**  i4  M|i  >  I .  Iwn  w 'luUntm  enlM  i>vi*r  »  liniiicd  range  nf  angles  (*i  the  NC; 

(I  M..’) 

M  ’■  -  ;  ,  •<»  Mo  >  1 

n)s(ir' ••  V  n"-  !*,"  >  (I  Mit‘) 

Hus  i.ist  IV  ar.aiagisiv  U'  ttu  p.ni  ^>1  'tolututis  liMained  *hen  using  Eq.  (19)  to  plot  stability  bounds.  The 
(Viivai'iin  111  ita-  laiigo  angli  s  lor  whivh  ilie  so/uiKiris  exist  is  dien  caaied  out; 


9l'„  ^  9  91 

(33) 

ykTierr 

91  w  -  ".‘'v  'l 

(34a) 

9t)«,  *  -ccw  ' 

[-./TTm,?] 

(34b) 

A  disiurhan.e  hixind  geiieraied  using  an  Mo  coniixir,  with  Md  >  I,  is  a  cItKcd  contour  on  the  NC.  For  the 
cane  o(  Mu  »  1  a  wnall  value  can  be  added  to  Md  alUiwing  it  to  be  handled  as  tl  Mq  >  1. 

To  pl(*  a  poinl  on  the  disiuitiance  Kxind.  the  template  is  placed  on  the  NC  with  the  nominal  point  at  tlic  NC 
angle  a  whk  h  the  huxind  point  is  to  be  plixied.  The  template  outline  is  then  searched  to  lix'ate  the  point  which 
results  iiHhe  most  msiiktive  Kxind  jviinl  using  the  same  algiTithm  used  to  plot  stability  bounds.  For  Md>I  two 
sean  tH‘<:  using  lx|.  (1.')  are  implenunieil,  deieniiining  the  nitist  restrictive  upper  and  lower  disturbance  ‘ixxind  points 
ai  the  NC  angle  ai  wlikh  the  Nxind  poinis  are  nhtted.  F<»  Md  <  1  one  search  using  Eq.  (31)  is  implemented  to 
lU'ieunine  Ur-  hrkI  msiriciive  hound  fKiint  at  the  NC  angle  at  which  bound  point  is  plixtcd.  The  quantity  Md  is 
reevaluated  based  ixi  qn  lor  cash  icmplaie  poiiit  examtiK'd  by  the  scaah  routine  to  lake  into  acaxint  correlation 

hit  ween  ihe  nghi  band  side  and  left  hand  side  of  Eq,  (27)  due  to  correlation  letween  qu  and  m  =  LT’  among  the  J 
plant  casts.  Using  the  above  prvxedurc  the  bound  is  plotted  across  the  range  of  angles  for  which  it  exists. 

1.3.1  Gamma  Hiunds 

Gamma  bounds  arc  gentraied  based  (»i  Eq.  (35),  f(T  each  template,  where  the  compensator  for  row  j  is  to  be 
designed  aba  tlie  c  (»tipens;iux  U»  row  i  iC  the  MI.SO  kxips.  It  is  desired  that  the  magnitude  of  the  denominator  of 
the  ellriiive  plant  q:>.  calculated  using  the  impttived  method,  na  be  smaller  than  a  specified  minimum  value 
despiic  plan!  uncenaaiiy: 

1 1  *  fctji.  -  T, '  ^  k  (35) 

hquiunxi  (35)  is  ustxl  to  derive  the  cquiUKxis  used  to  plot  gamma  bounds  on  lao.  It  is  shown  that  for 
1 1 -Yi,  I  >  k  there  exists  a  range  (rf  angles  S  9  5  in  which  a  range  of  transmission  magnitudes 

M,(9)  5  M  f.  Mb(9)  are  acceptable  where  =  Me'**’.  For  this  case  a  closed  gamma  bound  exists  on  the  NC 
over  a  limited  range  ol  angic.v  It  is  al.so  shown  that  fcT  I  1  -^ij  I  <  k  a  lange  of  magnitudes  0  <  M  5  Mb(9)  are  not 
acceptable  ai  any  given  9  where  I  ,  =  Me'*'.  Ftx  this  case  an  open  gamma  bound  runs  across  the  length  of  the  NC. 
Assuming  f(x  a  momeni  ihai  7,^  is  fixed,  the  range  limits  of  Ihe  traresmi-ssion  magnitude  M,(9)  and  Mb(9)  arc 


derived  in  terms  of  the  transniisston  phase  angle  9  beginning  with  the  inequality; 

1 1  -  X,  +  I,  I  >  k 

TIr-  Nxmd  iTi  !.,  <0-  oiy  exists  where  the  uiequality  is  about  to  be  violated; 

I  1  -  X  *  m  r.  k  (37) 

Subctiiuimg  l  -  y  ,  ;  «i  +  >t:  and  K^Me***  and  solving  for  M  yields  two  solutions  for  M,  the  range  limits 
M»(C)  and  Mhlig): 

M.(9)  -  -  (rci  cos((g)  ■*  rt:  sin(9))  -  iTjai  cosfo)  +  (ij sin(9))^  -  (ril  +  aj  -  k^)  {38a) 

.Mh(9)  =  -  {<ti  cos/p )  +  a:  si'i(9))  +  iTlai  aisi'p)  +  02  sin(9^ (a?  +  o?  -  k') 

Solutions  exist  f(v  angles  at  which  the  desenminant  is;  nai-negative; 

|«i  cos(c')  +  02  su.tc)!'’  -  ('■*!  ^  i  0  (39) 


Si.'>;c  this  uancenjema!  equai;ori  cannot  he  .sislved  ftx  9,  an  iterative  search  is  used  to  determine  the  range 
9G„„  e  C  e  lor  which  v>iii!Kin.s  for  M,(9)  and  .Mbi©)  e.xis!  when  ll-T,|l>k. 


Initially,  it  is  assumed  that  gamma  is  fixed.  To  plot  a  point  cat  the  gamma  bound,  the  template  is  placed  on  the 
NC  with  the  nominal  point  at  the  NC  angle  at  which  the  bound  point  is  to  be  plotted.  The  template  outline  is  then 
searched  to  locate  the  point  which  results  in  the  most  restrictive  bound  point  using  the  same  algorithm  used  to  plot 
stability  bounds.  For  I  l-ysj  l>  k  two  searches  are  implemented  using  Eq.  (38a)  and  (38b)  to  determine  the  upper 
and  lower  bound  points  at  each  NC  angle  for  which  the  closed  gamma  bound  ccaitour  is  plotted.  For  1 1-Y,j  I  <  k 
one  search  is  implemented  using  Eq.  (38b)  to  determine  the  upper  bound  point  at  each  NC  angle  fca-  which  the  bound 
is  plotted.  Using  the  above  procedure  the  gamma  bound  is  plotted  across  the  range  of  angles  for  which  it  exists. 

An  additicmal  consideration  which  must  be  taken  into  account  is  the  fact  that  a  different  gairjna  exists  for  each 
plant  case.  This  variation  is  handled  by  the  CAD  package  by  generating  a  gamma  bound  for  each  value  of  gamma, 
one  for  each  of  the  J  plant  cases.  The  value  of  gamma  is  held  constant  when  generating  each  gamma  bound.  A 
composite  bound  is  then  formed  from  the  set  of  J  gamma  bounds,  (composite  bounds  are  discussed  in  Sec.  13.3) 
13.4  Tracking  Bounds 

Tracking  bounds  are  used  to  insure  that  the  variation  in  closed  loop  frequency  domain  transmission  tu  of  the 
diagonal  MISO  loop  does  not  exceed  the  variation  Sr  permitted  by  the  performance  specs.  The  variation  in  the 
closed  loop  transmission  of  the  diagonal  MISO  loop  results  from  both  uncertainty  in  the  response  due  to  tracking 
and  from  the  presence  of  the  disturbance  input: 

where  tr,  and  tua  are  given  by  Eqs.  (9)  and  (10). 

A  portion  of  the  permitted  variation  Sr  of  the  total  response  ta  is  therefore  allocated  to  the  transmissicm  due  to 
disturbance  tda  resulting  in  a  reduced  range  of  variation  Sr'  for  the  transmission  due  to  tracking  tr,.  Because  the 
relationship  between  tr,  and  is  additive,  the  permitted  variaf.'on  is  represented  in  terms  of  magnitude  rather  than 
log  magnitude  when  allocating  for  disturbance; 

Am  = 

Am'  =  10'«*'''“>  (42) 

By  allocating  the  portion  2  rja  to  disturbance,  the  permitted  variation  in  closed  loop  transmission  is  reduced  to 
Am',  as  shown  in  Fig.  4. 

The  permitted  closed  loop  variation  in  tracking  is  now: 

Am'  =  Am-2Tjs 

The  performance  tolerances  for  the  closed  loop  transmission  tr,  then  become: 

au'  =  aii  +  Tda  (44) 

bn'  =  bu-Tdu 

And  the  requirement  on  the  closed  loop  transmission  becomes: 

au'<lml^b.i' 

With  this  disturbance  allocation  the  method  discussed  in  Sec.  13.2  can  be  used  to  determine  the  point  on  the 
disturbance  bound  on  Lj  at  a  given  frequency.  From  Eq.  (26)  the  constraint  on  Lj  for  bij  =  T4  is: 


ll+Lil 

iTdiil 

with  Idiilmu  defined  by  Eq.  (25)  with  i  =  j. 

The  constraint  on  Li  used  to  determine  a  point  on  the  tracking  bound  is: 

Lm(TR™.)  -  Lm(TR„i.)  <  5r' 

where  8r'  =  Lm(Am')  =  Lm(Am-2Toi,,)  and  where  the  transmission  with  unity  gain  prefilter  Tr  is: 

I  Li  I 


The  CAD  package  uses  an  iterative  search  to  determine  the  value  of  for  which  Eqs.  (47)  and  (49)  place  the 
same  restriction  on  Li;  this  is  the  value  of  for  which  the  lea.st  restrictive  composite  bound  point  on  Li  will  be 
generated.  Because  points  on  the  the  disturbance  bound  are  identical  to  those  on  the  allocated  tracking  bound  for 
the  value  of  tuh  thus  chosen,  only  points  on  the  tracking  bound  are  plotted  on  the  NC.  In  general  the  value  of  Tds 


is  unique  at  each  u) --  Wi  and  li»  each  phase  anplc  at  whieh  the  N»ind  iv'iiit  is  ph^ii'd  Ouse  a  value  irf  tj.  is 
available  at  a  given  phase  angle  v,  Sk'  van  K'  ealsulaksl  and  a  [xiiiit  mi  the  tiaiking  (vmi.  )  ean  Iv  plmted 

To  pl(<  a  point  on  the  iraekmi:  txxind,  the  template  I'lr  (.1  ■  ol,  is  pl.ned  mi  the  NC  with  the  iimnmal  ivnnt 
located  at  the  NC  imgle  9  at  sshish  the  IxHind  ixiini  is  to  he  plmted.  Ilie  li  nqilaie  is  then  m.ved  up  m  down  as 
needed  until  the  dilfercnce  beisveen  the  largest  ( rk„„)  and  smallest  (Tk™)  elosi'd  Imp  traiisimssimis  'In,  as  deter 
mined  by  the  template  outline,  is  equal  to  bk'  in  IXkitvIs: 

Lm(TR„J-Lm(TK„^)  Sr'  (50) 

The  position  of  the  nominal  point  when  Kq.  (50)  is  satisfied  is  the  piaint  mi  the  traeking  hound.  Togcner.iie 
the  entire  bound,  this  procedure  is  repeated  fm  the  range  of  angles  U  the  NC.  using  a  unique  ij,,  at  each  ph.cse  angle. 
By  constraming  to  be  above  the  bound,  the  actual  variation  in  tii  will  be  less  than  8k. 

13.5  Composite  Bewnds 

A  set  of  composite  bounds  is  ftmed  based  on  any  or  all  of  the  tracking,  stabiliiy.  disturbance,  and  gamma 
bounds.  The  cmnposite  bound  fm  a  given  frequency  is  formed  by  retaining  the  m'lst  restrictive  ponitn  of  the  Nxmds 
for  the  given  frequency  for  which  the  compiisite  bound  is  formed.  The  prmedure  usco  aerate  the  C(»tip<Mtc 
bound  hides  the  line  segment  of  any  bcxind  whose  endpoints  lie  entirely  within  the  forbiddi.  regioiis  of  any  other 
bounds.  Fm  a  tracking  bound,  which  is  a  single  contexir  nirming  across  the  NC,  the  ftxbiddon  region  is  the  aica  on 
the  NC  below  the  bound.  For  a  stability  bound,  the  forbidden  region  is  the  region  enclosed  by  the  bound  on  the  NC. 
Disturbance  and  gamma  bminds  likewise  have  fcxbidden  regions  associated  with  them.  A  Iiik.^  .segmotit  included  mi 
the  compcisite  bound  may  extend  into  a  forbidden  region,  resulting  in  rough  breaks  at  the  points  of  intersect r*i.  This 
is  the  price  paid  for  the  simplicity  of  this  method  of  generating  a  composite  bound. 

1 4  Conpensaor  Design  (see  blcck  1 8  in  Fig  5) 

The  compensator  is  designed  to  satisfy  design  specifications  for  the  entire  revw  of  MISO  lixps  in  which  the 
compensator  is  used.  Since  Lio  =  giqiio  is  the  same  for  all  MISO  loops  in  a  given  row,  bounds  for  all  MISO 
loops  are  plotted  together  on  the  NC.  The  compensator  design  is  therefore  performed  fm  an  entire  row  of  MISO 
loops  using  a  single  design  iteration  based  on  composite  bounds  plated  on  the  NC. 

The  Cad  package  makes  a  Bode  pla,  a  Nichols  pla  with  bounds,  and  a  factored  form  listing  of  U©  =  giqi« 
available  to  the  designer.  On  bah  plas,  the  bound  frequencies  arc  marked  on  the  loop  traasmi.ssioo  using  ertored 
markers.  On  the  NC,  all  bounds  are  plotted  in  ctilw  to  match  the  color  of  the  markers  on  the  loop  transmission. 
The  designer  must  be  .sure  the  colored  markers  do  na  violate  bounds  of  matching  color.  The  Bale  pla  must  be 
used  to  read  off  the  frequencies  associated  with  the  colored  markers,  when  used  in  place  of  frequency  labels  on  the 
NC.  The  Bode  pla  is  also  useful  for  naing  the  frequency  associated  with  features  of  interest  on  Li©. 

The  CAD  package  allows  the  open  kxip  transmission  to  be  shaped  by  adding,  deleting,  or  modifying  the  poles 
and  zeros  of  the  compen.sator  ard  by  allowing  adju.stment  of  the  gain.  After  any  change  to  the  ooies  and  zeros,  the 
gain  is  automatically  adjusted  such  that  the  loop  transmission  is  relatively  unaffected  at  frequencies  much  less  than 
that  associated  with  the  modified  pole  or  zero.  This  allows  the  designer  to  ’bend"  the  loop  transmession  on  the  NC 
at  successively  higher  frequencies  until  an  acceptable  loop  shape  is  obtained.  An  updated  listing,  in  factored  form, 
of  the  comperesator  poles,  zeros,  and  gam  is  displayed  after  any  of  these  changes  Is  made.  Bah  real  and  complex 
pedes  and  zeros  mav  be  added  to  the  compensator.  Caaplex  poles  and  zeros  are  displayed  as  a  natural  frequency 
and  a  zeta.  The  designer  can  add  complex  poles  and  zxros  in  the  form  displayed  or  as  complex  numbers. 

The  designer  may  terminaie  the  loop  shaping  process  by  saving  the  compensata  (»  may  abort  the  design 
changes  before  returning  to  the  CAD  package  menu  system.  If  saved,  the  compeasator  can  be  funher  mtxlified  by 
again  executing  the  "Design  Compensator"  option.  In  additkxi,  the  designer  may  save  the  NC  or  the  Bede  pl«  to  a 
postscript  file  at  any  time.  Once  the  designer  has  obtained  a  satisfaciory  compensator  design,  and  the  design  has 
been  saved,  then  the  prefiltcr  can  be  designed. 

1 5  Pnefilter  Desist  (see  block  19  in  Fig.  5) 

The  preper  design  of  the  compensator  guarantees  that  the  variation  in  closed  lorp  transmission  due  to  uncer¬ 
tainty  for  tii  is  acceptable,  but  does  na  guarantee  that  the  traasmission  is  within  the  upper  and  lower  performance 
tolerances  a,i  and  b,,.  The  prefilter  is  therefore  required  to  shift  the  closed  loop  transmission  t©  such  that  it  satisfies 
the  upper  and  lower  pertonnance  tolerances. 

Tlie  prefilter  design  begins  with  the  determination  of  Tr.„„  and  Tr„^,  the  mitximum  and  minimum  closed  lap 
transmission  due  to  tracking  Tr  with  unity  gain  prefilter,  rcpectively,  at  each  template  frequency  (1)1  using  Eq.  (49). 


These  quantities  are  ohti^ined  at  each  to,  by  piacuig  the  template  ki'  (i>,  rn  the  NC  with  the  nminal  piitnt  at  the 
kxatkm  of  Uo  =  giq,»  for  to  =  to,.  The  search  suhrixitiiic  used  for  pei'craiii)(t  the  trwkinie  houmU  is  then  usisl  to 
search  the  pcninctcr  of  the  temphtfe  f<r  the  maximum  and  minimum  rkised  Uxjp  iransmissiois  Ti«_  and  T»^. 

As  is  the  case  for  tracking  hounds  cti  the  NC,  a  portuai  <4  the  permitted  range  it  variatKvi  of  tu  is  alheated  to 
the  disturbance.  With  the  coxupcisator  design  in  hand,  the  maximum  transmission  due  to  disturbance  lld„„J  is 

determined  by  maximiring  Fq.  (10)  (ACT  the  plant  ca.scs  . J  where  f|)~l  and  (diiV  ^  klijUax  fnxn  Eq. 

(23)  with  1  =  j.  Because  the  phase  of  is  unknown,  the  most  cxlieme  case  is  aicsumed;  the  maximum  and 
minimum  limits  on  the  range  of  vanatKin  of  tu  must  each  be  made  mere  lestnctive  by  the  magnitude  (*  the 
disturbance,  as  illustrated  m  Fig.  4.  The  tolerances  in  U,  become: 

bii' «  bu-tU.^.!  (51a) 

•«'  =  +  (51b) 

Finally,  the  filter  boinds  on  the  nominal  tr,  are  avnpuled  as  folkAvs; 

Lm(  bu' )  -  Lni(  Tr^  )  (*2a) 

Lmf  aii' )  -  Lm(  Tr„  )  (52b) 

These  upper  and  lower  bounds  cewer  only  the  range  of  frequencies  cewered  by  the  templates.  The  CAD  package 
extends  thit  frequency  range  ine  decade  higher  and  c»w  decade  liAccr  based  on  the  values  of  Tr,^  and  Tr^ 
obtained  by  minimising  or  maximizing  Tr  over  the  plant  ca.ses.  Templates  on  the  NC  arc  not  used  to  compute  these 
values  since  no  templates  arc  generated  in  the  frequency  range  into  which  the  bounds  arc  to  be  extended. 

Once  the  bounds  are  plotted  on  the  Bode  plot,  a  prefilier  is  synthesi/xd  such  that  the  Bode  plot  lies  between 
these  two  bounds  and  satisfies  tij(s)  =1  in  the  limit  as  s-»0.  Once  the  design  is  complete,  the  designer  may  ciiltcr 
save  or  abort  changes  made  to  the  prefilter.  If  the  design  is  saved,  the  design  prexess  can  be  continued  on  yet  another 
row  of  MISO  loops,  until  all  compensaiors  and  prefilters  have  been  designed. 

16  Simulaticn  (SBeblnck21  inFig.S) 

The  CAD  package  provides  two  tests  to  verify  that  the  completed  MIMO  design  meets  the  dability  and 
performance  specil'icatinns  for  the  J  plant  cases.  The  first  test  allows  the  designer  to  verify  that  the  stability 
specifications  have  been  satisfied  by  plating  an  array  of  the  J  open  loop  MISO  loop  transmissions  (L,)/  =  g  (q,i)r 

for  a  given  row  of  MISO  loops  i  fa  all  plant  cases  /=  1. 2 . .  J  along  with  the  M|,  contour.  If  no  open  loop 

transmission  violates  the  Ml  contour,  then  the  stability  specifications  are  satisfied  for  row  i  of  the  MISO  loops. 

The  second  lest  allows  the  designer  to  verify  by  insp'ciioi  that  performance  specifications  placed  on  the  closed 
loop  system  have  been  met  over  the  frequency  range  of  interest  by  pioaing  an  mxm  array  of  B<xje  magnitude  plots, 
one  Bode  pla  fa  each  element  tij  of  the  closed  loop  transfer  function  matrix  T.  FtT  each  diagonal  !«,  J  Bode 
magnitude  plas  are  plated  altxig  with  the  perfomance  bounds  aji  and  bii.  Fa  each  off-diagonal  tij,  J  Bode  magni¬ 
tude  plas  are  plated  along  with  the  pwrformaixe  bound  bij.  The  mxm  closed  loop  transfer  function  matrix  T,  whose 
elements  ijj  are  the  transmissions  plated  on  the  Bode  plots,  is  formed  fa  the  J  plant  cases  based  on  the  equation; 

T  =  [UPGr' PGF  (53) 

where  I  is  the  identity  matrix,  and  P,  F,  and  G  are  the  mxm  plant  matrix,  diagonal  prefilter  mairi.x,  and  diagonal 
compensata  matnx,  respectively. 

Fa  the  third  test,  the  completed  design  is  saved  to  a  MATRIXx  readable  file  and  a  System-Build  model  created. 
The  designer  can  then  insert  nonlinear  dynamics  such  as  saturation  and  hysteresis.  The  model  is  then  simulated  to 
verify  that  the  lime  domain  figures  of  ment  specifications  are  satisfied. 

17  Sunsnary 

An  analog  MIMO  QFT  CAU  package  has  been  developed  based  on  Malhcmatica  which  automates  the  design 
ptaedure,  including  problem  setup,  aiinvaient  plant  formation,  compensaia  and  prefi'icr  design,  and  design  vali¬ 
dation  fa  mxm  MIMO  systems.  Raitmes  have  been  added  to  perform  an  improved  method  design  fa  2x2  systems. 
This  CAD  package  is  reirig  extended  to  handle  anal.-g  or  discrete  systems  and  3x3  improved  method  designs. 

18  Refeinxes 
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Fig.  1  MIMO  QFT  amiixiller  block  diagram  ^'8-  ^  Fomation  of  square  effccUve  plant  P* 
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Fig.  2  Components  of  the  Plant  P 
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Fig.  4  Allcxation  for  disturbance 


Fig.  5  Flowchart  for  MIMO  QFT  CAD  Package 
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MULTIPLE  INPUT  SINGLE  OUTPUT  QFT 
CAD  USER  MANUAL 

ODED  YANIV* 


Abstract 

This  user  msnual  describes  how  to  use  a  user  friendly  CAD  progtam  to  find  feedback  stnic* 
tuies  for  a  oaltiple-inpnt  single-output  (MISO)  linear  time-  invariant  plant.  The  CAD  program 
is  baaed  oo  the  Horowitz  frequency  domain  design  method  for  uncertain  feedback  systems  [2] 
that  appears  in  the  Uterature  under  the  name  Quantitative  Feedback  Theory  (QFT).  The  pack¬ 
age  includes  dkerete  and  continuous  design,  loop  shape  invironment,  optimisation  option  and 
linear  and  nonlinear  simulations.  A  mouse  can  be  used  for  all  design  options. 

1  Introduction 

The  design  pioceas,  for  both  analog  and  digital  control  systems,  follows  the  following  steps: 
(1)  The  designer  defines  the  plant  (usually  a  set  of  possible  plants),  output  performance  tol¬ 
erances  due  to  tracking  input  and/or  disturbances,  and  margin  perfomoance  (an  option  that 
transfer  the  plant  into  Z-Domain  is  included);  (2)  The  package  translates  the  data  of  step  (1) 
into  bounds;  (3)  A  user  friendly  environment  to  perform  Loop  Shaping  to  satisfy  the  bounds 
is  executed  (discrete  and  continuous  options  are  included);  (4)  The  designer  defines  an  opti¬ 
misation  criterion  and  gets  an  optimal  solution;  (5)  Prefilter  design;  (6)  Closed  loop  simulations 
including  choice  of  the  nonlinear  elements:  saturation  of  the  plant  mput  and  its  dead  zone, 
stiction  and  friction,  choice  of  where  the  input  is  (tracking,  plant  input  plant  output  and  sensor 
output)  choice  of  the  input  (step,  sine  square  wave  and  an  input  from  a  file;  and  (7)  Closed  loop 
analysis. 

In  Section  2  the  MISO  problems  which  the  package  solves  are  defined.  Section  2  shows  some 
figures  for  several  examples. 

This  user  friendly  package  is  an  excellent  environment  for  control  engineers  as  well  as  con¬ 
trol  students.  After  a  short  practice  an  engineer  can  find  an  optimal  practical  control  law  to 
a  problem  containing  sampling  time,  delays,  plant  uncertainty  etc.  and  can  easily  study  their 
effect  on  the  solution.  Students  who  like  to  practice  the  QFT  technique  can  use  this  package 
to  quickly  learn  about  loop  shaping  in  continuous  and  discrete  domains,  nonminimum  phase 
systems,  sampling  time  and  its  effect  on  the  solution,  uncertainty  and  its  effect  on  the  controller 
bandwidth,  gain  scheduling  and  any  plant  parameter  scheduling  and  its  efiect  on  the  controller 
bandvridth,  closed  loop  performance  and  its  effect  on  the  controller  bandwidth  and  tradeoff 
anoong  all  these  parameters. 

The  package  uses  the  same  notations  which  appears  in  the  text  book  of  O'Azzo  and  Houpia  [1]. 

’Faculty  of  Engiueeting,  E.E.-Systenu,  Tel-Aviv  University,  Td-Aviv  69  978,  Israel. 


2  The  Problems  That  The  Package  Solves 

QFT  i«  an  engmeering  denga  tool  devoted  to  practical  design  of  feedback  control  ■yatema.  It 
ia  baaed  on  the  aaaumption  that  feedback  ia  needed  only  because  of  plant  and/or  disturbance 
uncertainty,  which  then  leads  to  the  following  problem:  There  ia  given  an  open  loop  set  of 
plants  P  =  {P}  and  a  set  of  acceptable  plant  tracking  input  output  relations  Tn.  Also  there 
is  given  a  set  acceptable  disturbance  input  output  reli^ons  7i>.  The  problem  is  to  find  a 
linear  time  invariant  controller  and  prefilter  of  Fig.  1.1  such  that:  The  transfer  function  from  the 
prefilter  input  to  the  plant  output  (Y/R)  is  a  member  of  the  acceptable  set  Tr,  and  the  transfer 
function  from  the  disturbance  Di  (Dj)  to  the  plant  output  Y/Di  {YfDt)  is  a  member  of  the 
acceptable  set  7i>  for  all  P  €  P-  In  the  next  sections  these  problems  are  defined  quantitatively 


Figure  1:  Schematic  representation  of  a  MISO  feedback  system 

as  implemented  in  the  CAD  package. 

2.1  For  Tracking  Specification 

There  is  given  a  set  P  =  {P;},  j  s  where  J  is  the  number  of  Unear  time  invariant 

SISO  plants.  The  plant  is  embedded  in  a  two  degree-of-freedom  feedback  structure  described 
schematically  in  Fig.  1.2.  The  closed  loop  system,  from  input  R  to  output  Y  is  plant  sensitive. 


Figure  2:  Schematic  representation  of  a  tracking  feedback  structure 

There  are  given  bounds  on  this  sensitivity  in  the  form  of  two  functions  of  the  frequency  w, 
Rii{ui)  and  Bt.{u).  The  modelling  of  a  desired  Bu  and  Bi  for  a  specified  problem  is  discussed 
in  [1,  sections  21.4  and  12.2).  See  vi  example  in  Fig.  1.3.  The  problem  is  to  find  the  controller 
G  and  prefilter  F  of  Fig.  1.2  suc’a  tbai  the  closed  loop  transfer  function. 
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wbatoa  S  1  b  a  eboata  paramttar.  Tba  graatar  aia,  tba  amaUar  tba  ataady  atata  aiautaidal  arror 
tar  a  atatad  ataaaoidal  iapat  (1,  Sac.  0.2).  Tba  gaia  raargia  a  aad  phaaa  margia  7  (saa  dafiaitioa 
ia  [1,  Sac.  I.ll]  ia«ludiag  Log  inagmtuda  aad  phaaa  diagram  aad  polar  ploU  ot  CP  tbowiag  tba 
gaia  aaargia  a  aad  phaaa  margia  7  for  opaa  loop  atabia  aa  wall  aa  opao  loop  uaatabla  ayttema  (1, 
Fig.  1.40])  ara  ralatad  to  a  aa  tbUowa;  Tba  gaia  margia  a  ia  (1  -  aad  tba  phaaa  margio  ia 
ISO*  -  2eaa~'(a/2).  For  azampla  a  ■  0.5  givaa  MB  gaia  margia  aad  30*  phaaa  margia,  which 
ghwB  by  aqoatioa  3 

|l  +<;/»|> (5) 

Tba  paramatar  *y’  limita  tb«  marimUm  value  of  K7/’;/l  4-  <7i;|.  For  a  aecoad  order  ayatem  it 
aiao  datanaiaaa  tba  aunimam  daaiping  [1  aectioa  0.3] 


2.3  For  Disturbance  Rejection  Specidcations  Di  and 

Tbara  ia  gives  a  aat  P  of  Uaear  tinM  iavariaat  aiagle-input  siBgie  output  piaata.  The  piaat  is 
embedded  ia  a  aiagle  degrea-of-freedom  feedback  structure  described  schematically  ia  Fig.  1.4. 
Tbare  is  givea  aa  upper  bound  |AdoO'w)|  on  the  magnitude  of  the  eoatrol  ratio  &om  the  dia. 
tarbaaca  input  D\  (Dt)  to  the  plant  output  To,  (7b,).  See  a  typical  example  in  Fig.  1.5.  The 
problem  is  to  find  a  cmitroUer  G  such  that  one  of  the  following  two  options  for  disturbance 
rejectioo  spedficatioas  is  satisfied: 

Option  I 

P 


7b,  (jw)  = 


l+GP 


satisfies  for  ail  P  €  P; 
Option  3 


ITb.O'w)!  <  \MdU^)\ 


7b»(^“)  ■  1  +  ci» 

satisfies  for  aQ  P  €  Pj 

|7b.(iw)|  <  |.VoOw)| 

In  both  options  the  distance  from  the  —1  +  Oy  point  constraint  snould  satisfy: 


(«) 

(7) 

(8) 
(9) 


\\  +  GP\>z 


(10) 


(11) 


•ad  the  eonitraint  on  the  cloeed  loop  damping  ratio  [1  aectioo  21.11] 


GPi 


L 


'l  +  GPj 


<y 


where  «  <  1  ia  a  choeen  parameter  which  replace*  the  gain  and  phaae  margin,  aee  equation  3. 
Guideline*  lor  calculating  \Md(J<^)\  given  in  [1  aection  12.8).  y  >  1  limit*  the  maTiTnnm 
value  ot  \GPj/l  +  GP^|.  For  a  aecond  order  system  it  also  determines  the  minimum  damping. 
For  guidelines  on  choosing  y,  see  [1  section  9.3] 


2.3  For  Both  Disturbance  and  Tracking  Specifications 

The  problem  described  now  is  an  integration  of  the  two  problems  given  in  the  two  previous 
sections.  There  is  given  a  set  ^  =  {/^}  of  linear  time  invariant  MISO  plants.  The  plant  is 
embedded  in  a  two  degree-(rf'-freedam  feedback  structure  described  schematically  in  Fig.  1.6. 
The  closed  loop  system,  from  input  R  to  output  Y  is  plant  sensitive.  There  are  given  bounds 
on  this  sensitivity  in  the  form  of  two  functions  of  u,  Bv(u)  and  ate  Fig.  U.  Similarly 

there  is  given  an  upper  bound  on  the  transfer  function  &om  the  disturbance  input  to  the  plant 
output  in  the  form  of  a  function  |AfoO'w)|,  see  Fig.  1.5.  The  problem  is  to  find  the  controller  G 
and  prefilter  F  of  Fig.  1.6  such  that  the  closed  loop  satisfies  the  following  three  condition*  for 
all  P€  P: 

Coadition  1:  This  condition  is  for  tracking  specifications.  The  transfer  function  from  the 
prefilter  input  to  the  plant  output. 


TrU^)  = 


CPF 
l  +  GP 


(12) 


should  satisfy; 


5t(w)  <  17ii(iw)|  <  Ba(u} 


(13) 


Condition  2:  This  condition  is  for  disturbance  rejection  specifications.  Two  options  exists. 


•  Option  1:  The  transfer  function  from  the  disturbance  input  to  the  plant  output  To, 

3b.(jw)  =  T:i~  (14) 

satisfies: 

|7b,(jw)(  <  1A/D(i«)|  (15) 

•  Option  2:  The  transfer  function  from  the  disturbance  input  to  the  plant  output  Tn, 

TdAJ'^)  =  (18) 

satisfies: 

\TD,(j^)\  <  |Afo(yw)| 

Condition  3:  The  distance  from  the  —  1  +  Oj  point  constraint  r  <  1 


(17) 


■od  tlie  eaoatniat  od  Um  cloaed  loop  damping  ratio  [1  M«tioa  21.11] 


'l  +  GP^ 


<» 


(19) 


where  x  <  1  ii  a  choaen  paramcf^  which  replacea  the  gain  and  phaae  margin,  aee  equation  3, 
and  y  >  1  Ihnita  the  maxinuim  value  of  \GPj/l  +  GP^|.  For  a  aecond  order  ayatem  it  also 
determinea  the  minimum  damping.  Guidelines  for  choosing  y,  aee  {1  section  9.3] 


Figure  4:  A  disturbance  rejection  feedback  structure 


Figure  6:  Schematic  representation  of  a  MISO  feedback  system 


3  Exjimples 

Tk*  (7-#)  akowt  Um  loop  tlitp*  MvirMitmat  witli  •!!  iu  optiou  whicli  mfhHtu 

oww  lor  PMdiiki  UU  «pM  Mi<<  ck»H  loop  v»iu«  Bo<l«  plot  of  Um  nuudmura  ud 
trackiai  twrff  fiu»ctio«*  Md  <w«  optioa  of  the  •unuluior^. 
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Abstract 

The  use  of  Quantitative  Feedback  Theory  (QFT)  has  developed  from  a  number 
of  design  and  synthesis  perspectives  in  order  to  achieve  robust  stability,  robust 
tracking  and  robust  gain  4:nd  phase  margins.  Various  models  include  multiple- 
input  single-output  (MISO)  and  multiple-input  multiple-output  (MIMO)  feed¬ 
back  systems  with  continuous  and  discrete  controllers.  QFT’s  potential  in  solving 
real-world  control  problems  reqmres  extensive  computer-aided  design  (CAD)  fa¬ 
cilities.  Such  a  capability  is  required  since  considerable  numerical  and  symbolic 
manipulation  is  employed  in  developing  a  robust  controller  for  systems  with  plant 
parameter  uncertainties  and  additive  disturbances. 

The  objective  of  this  paper  is  to  discuss  the  general  development  of  a  computer- 
aided  control  system  design  (CACSD)  package  with  emphasis  on  a  QFT  tool  box. 
The  design  and  implementation  of  such  a  software  system  is  approached  &om  an 
object-oriented  point-of-view  for  case  of  software  maintenance  and  expansion. 

Part  I  of  the  paper  discusses  the  concept  of  object-oriented  software  design 
and  programming.  Part  II  deals  with  applying  this  discipline  to  the  creation  of  a 
general  CACSD  package.  Part  III  deals  specifically  with  the  development  of  the 
associated  QFT  CAD  toolbox. 


PART  I:  Object-Oriented  Software  Design  and  Programming 


In  the  software  devdopment  process,  the  objective  is  to  develop  a  high  level  design  and  then  to  decompose 
this  design  into  lower  level  modules  until  reaching  the  primitive  level  (implementation/coding .  T wo  software 
design  appioaches  to  decomposition  are  funeiional  and  objeet-oriented  de$ign  (OOD).  Most  packages  today 
ate  modnlar  and  are  written  using  functional  programming  techniques.  A  functional  program  is  a  collection 
of  tasks  which  the  computer  program  sequentially  executes,  operating  on  data  in  the  way  each  line  instructs. 
Tasks  are  usually  modularised  into  functional  procedures  (subroutines).  Operations  are  processed  through  a 
hietarchical  structure  of  procedures  until  the  program  is  completed.  An  object-oriented  (00)  program  is  also 
modular  except  the  modules  are  objects  instead  of  procedures.  Objects  contain  both  data  and  procedures 
that  operate  on  that  data.  OO  programs  are  not  sequential  in  nature  but  are  event'driven.  An  event  is, 
for  example,  a  user  selecting  a  command  from  a  menu  object.  The  menu  object  contains  an  event-handler 
that  sends  appropriate  messages  to  the  other  objects  in  tne  program  instructing  them  as  to  what  function 
the  nser  has  asked  to  be  performed.  Each  object  operates  on  its  own  data  in  order  to  achieve  that  function. 
Thus,  the  maun  difference  between  OO  programs  and  functional  programs  can  be  viewed  as  nouns  doing 
verbs  (objects  responding  to  messages)  insteed  of  verbs  acting  on  nouns  (sequential  statements  performing 
functions  on  stored  data). 

This  part  of  the  paper  explains  what  is  involved  in  applying  OOD  conce^  s.  Section  1  gives  a  firm 
basis  in  definitions  of  terms  used  in  the  OOD  process.  Section  2  describes  the  OOD  process.  Section  S 
introduces  the  spedfic  OO  environment  of  Borland  Turbo  Pascal  6.0  Turbo  Vision(l)  (the  OO  programming 
language  used  in  this  CACSD  implementation).  Sections  4  and  6  give  the  advantages  and  disadvantages 
of  OOD  over  functional  design.  And  finally  Section  6  presents  a  summary  of  benefits  in  using  OOD  for 
rdiability,  maintenance  and  user  interface  within  currently  evolving  engineering  software  packages,  such  as 
rCECAP-PC(2,  3). 

1  Terminology 

la  order  to  understand  OOD,  the  reader  needs  a  comprehensive  understanding  of  thr>  terms  used  in  the  OOD 
ptocess{4,  6].  This  section  is  a  dictionary  and  discussion  of  the  terms  used  in  this  paper. 

1.1  Abstract  Date  Types 

Examples  of  data  types  can  include  integers,  characters,  and  boolean  variables  along  with  their  associated 
operations.  A  tJore  fo*mal  method  of  defining  data  types  is  the  concept  of  abstract  data  types  (ADT).  By 
formal  definition,  an  ADT  is  a  three-tuple,  (D,  F,  A),  where  D  represents  the  domains  of  the  data  type,  F  *he 
fosctions  (services,  proeednres,  methods  or  functions)  on  the  data  type,  and  A  is  a  set  of  axioms  (first-order 
predicate  calculus)  that  encode  the  desired  semantics  of  the  operations(6].  An  ADT  is  an  encapsulated  data 
structure  with  its  associated  functions.  An  explicit  enumeration  of  the  axioms  is  usually  not  included  since 
testing  it  employed  to  validate  the  functions.  The  ADT  state  by  definition  is  the  value  of  the  data  structure 
variable.  The  ADT  data  and  functions  provide  the  interface  to  the  user  and  their  implementation  it  not 
visible  (interface).  The  invisibility  of  an  ADT’s  state  and  the  separation  of  its  interface  component  from  its 
implementation  are  the  distinguishing  features  which  separate  an  ADT  from  a  simple  data  type  such  as  an 
integer  The  ADT  provides  the  fundamental  basis  for  the  OO  concept  of  an  object  and  a  class. 

1.2  Object 

All  computer  programs  operate  on  structured  data  sets.  Typical  data  structures  are  stacks,  queues,  arrays 
and  records.  An  object  is  a  entity  that  contains  both  attributes  and  services  that  operate  on  the  attributes. 
Be  CACSD  OO  development,  a  typical  object  may  be  a  matrix,  polynomial  or  transfer  function  with  its 
associated  procedures  for  manipulation  (eigenvalues,  roots,  time  response,  etc.). 


As  object  is  implemented  in  n  compnter  program  by  three  main  parts;  its  attributes,  an  event  handler, 
and  services.  The  attrihatef  are  the  data  types  the  object  maintains  and  is  stored  in  the  computer’s  memory 
nnder  the  object's  name.  The  event  Aandter  i«  a  listing  of  messages  to  which  the  o’^ject  can  respond  and 
the  cervices  the  object  should  enact  if  the  eonesponding  message  is  received.  The  $ervtcti  are  ezecntable 
procedures  that  operate  on  the  object’s  attributes  and  send  messages  to  other  objects.  Their  counterpart  in 
fnactional  programming  would  be  subroutines. 

Clua 

A  class  is  a  higher  level  of  abstraction  than  an  object,  that  is,  a  set  of  objects  can  share  the  common 
stmctnre  and  common  behavior  of  a  class.  A  class  is  defined  as  a  collection  (set)  of  services  and  a  collection 
of  attributes.  The  class  must  also  have  a  name.  The  class  inter&cc  consists  of  pa&lic  (visible)  elements, 
private  (invisible)  elements,  and  froUeied  (visible  only  to  subclasses)  elements.  When  the  attributes  and 
serviees  can  be  accessed  by  other  objects,  they  are  visible  outside  the  object.  If  they  evi  not  be  accessed  by 
another  object,  then  the  attributes  and  services  are  defined  as  invisible,  i.e.,  information  hiding.  In  selecting  a 
class,  the  criteria  includes  reusability,  complexity  (time  and  s,>*ce;,  and  attributes.  This  definition  represents 
the  general  ADT  concept  as  previously  presented  in  *crms  of  data  and  functions  (services). 

An  object  is  by  definition  sm  insttinUaiion  or  tiuianee  of  a  class.  The  object  has  all  the  attributes  and 
services  of  its  class.  The  object  state,  which  only  changes  through  invocation  of  the  services,  consists  of  the 
associated  attribute  values  or  instance  variables.  Although  each  object  has  its  own  unique  state,  the  serviees 
are  identical  in  all  objects  instantiated  from  the  same  class.  So  while  a  class  defines  services  and  attributes, 
classes  do  not  contain  any  real  data  until  they  are  instantiated  existence  as  an  object.  Objects  from  the 
same  class,  therefore,  share  the  same  serviees  but  not  the  same  instantiated  variables!  A  class  is  a  template 
for  an  object.  An  object  is  an  iiutaaee  of  an  ADT  with  the  added  ,}roperty  of  method  inheritance. 

Class  iaAertinnce  is  a  relationship  among  classes  whereby  ore  class  shares  the  stmctnre  and  behavior 
defined  in  one  or  more  other  classes.  Under  instantiation,  unique  data  variables  are  created  for  the  object, 
but  the  class  services  are  used  for  the  object  serviees.  The  instt  ;uat«d  object  can  also  have  its  own  unique 
serviees  or  modify  the  ones  it  inherits. 

An  inheritance  hierarchy  of  classes  is  a  tree  stmctnre  that  permits  any  class  in  the  tree  to  inherit  and 
operate  using  any  service  or  attributes  in  a  class  higher  in  the  tree.  The  utility  of  this  inheritance  is  that 
once  a  class  has  been  fully  written  and  termed,  it  never  needs  to  be  modified  again.  These  same  capabilities 
can  be  used  by  future  objects  by  simply  declaring  them  to  be  inj.antiations  of  the  first  object’s  class.  This 
vastly  simplifies  the  process  of  software  development  and  maintenance  using  OOD. 

Inheritance  defines  the  structure  and  capabilities  of  a  class  while  instantiation  defines  lines  of  ownership 
and  control  of  actual  data.  The  two  concepts  are  quite  different  and  understanding  this  difference  is  key  to 
understanding  object-oriented  analysis,  design  and  programming. 

1.4  Object-Oriented  Analyris  (OOA),  Design  (OOD)  &  Programming  (OOP) 

OOA  is  an  OO  approach  to  problem  requirements  definitionfT].  OOA  attempts  to  identify  the  classes  and 
objects  that  model  the  application  context.  Domain  analysts  attempts  to  identify  the  classes  and  objects 
that  are  common  to  all  applications  within  a  specified  domain  such  as  CACSD.  Partitioning  of  classes  in 
this  process  can  be  quite  difficult  in  general.  Approaches  to  partitioning  include  categorisation,  clustering 
and  prototyping.  Categorization  of  group  entities  is  based  upon  properties  or  characteristics  that  form  a 
predefined  category.  Cluttering  refers  to  grouping  entities  according  to  some  high  level  description  such  as 
name.  Protoigptng  refers  to  the  predefining  of  a  prototypical  type  for  a  class  of  objects.  Other  objects  are 
members  of  that  class  if  they  resemble  this  type. 

OOD  is  a  design  methodology  using  OOA  decomposition.  The  OOD  process  consists  of  identifying  the 
classes  and  objects  from  the  OOA  level  of  abstraction,  identifying  in  detail  the  attributes  and  se;  vices  of  each 
class  and  object,  identifying  in  more  detail  the  relationships  between  objects,  defining  message  connections 


(event  hnndler*),  nnd  implementing  object  modulei.  There  U  in  general  no  unique  optimal  OOD  in  any 
given  application. 

OOP  U  a  programming  technique  coding  eollectioni  of  objects.  Evaluation  of  implemented  objects 
(or  classes)  can  be  done  using  standard  programming  discipline  metrics  such  as  object  coupling,  cohesion, 
sufficiency,  completeness  and  primitiveneas.  Coupling  refers  to  the  relationships  between  objects,  eoheiion 
tefen  to  the  relationship  between  internal  object  constructs.  Suffieieney  and  eompUUne»$  refer  tc  the  object 
having  enough  of  all  pouible  behaviors  so  as  to  be  useful.  Primitiveneu  refers  to  when  a  desired  program 
behavior  can  be  implemented  by  not  accewing  invisible  structures  of  an  object.  The  chosen  computer 
language  should  have  the  proper  00  constructs  of  classes  and  objects.  Examples  include  Ada,  C++, 
Smalltalk  and  TurboVision  which  vary  in  their  00  constructs. 

OOO  notation  can  be  expressed  in  a  set  of  hierarchical  graphs:  class  diagrams,  state  transition  diagrams 
and  object  diagrams.  Although  not  enumerated  here,  specific  icons  can  be  associated  with  the  characteristics 
of  each  diagTam(4].  A  class  diagram  presents  each  class  and  its  relationship  with  other  classes.  The  dynamic 
behavior  of  the  class  is  represented  by  a  stale  irantiiion  diagram  which  portrays  the  transition  from  state  to 
state  as  caused  by  an  event  handler  as  well  as  the  actions  resulting  from  a  state  change.  The  object  diagram 
presents  each  object  and  its  relationship  to  others.  Since  objects  are  created  and  destroyed  during  program 
execution,  the  object  diagram  represents  the  dynamics  of  the  object.  Object  diagrancs  are  prototypical 
daaaifcations.  By  construction,  class  and  object  diagram  development  document  the  logical  design  of  the 
system. 

2  OOD  Process 

This  section  presents  a  practical  appros^h  to  applying  the  OOD  process  to  software  development.  OOD  allows 
the  software  engineer  to  take  advantage  of  three  important  software  design  concepts;  abstraction,  information 
hiding,  and  modularity.  The  process  of  OOD  begins  with  OOA.  First,  a  paragraph  is  written  in  plain  English 
language  that  describes  the  objective  of  ihe  computer  program.  Classes/objects  are  extracted  from  the 
paragraph  by  underlining  the  nouns  in  the  sentences.  AUribuiet  of  objeeU  are  extracted  by  underlining  the 
a4jectives  of  the  sentence  and  grouping  them  with  their  associated  objects  (nouns  they  modify).  Servieee 
are  identified  by  underlining  all  the  verbs,  verb  phrases,  and  predicates  in  the  sentences.  AUribuiet  of  the 
tervicet  are  found  by  underlining  all  the  adverbs  and  grouping  them  with  their  associated  services  (verbs 
they  modify)[7].  Each  grouping  of  attributes  and  services  is  identified  using  catagorisation,  clustering  or 
prototying. 

A  modified  methodology [7]  involves  the  following  steps: 

1  Define  the  problem  to  be  solved 

2  Decompose  the  problem  into  dasses/objects 

3  Determine  each  object’s  required  attributes 

4  Determine  each  object’s  required  services 

6  Determine  interfaces  between  attributes  and  services 

6  Determine  a  parent-child  hierarchy  related  to  the  attributes  and  services  (dasses/objects) 

7  Determine  inheritance  relationships  related  to  attributes  and  services  (classes) 

8  Create  a  user-interface  object  (message  connections/event  handlers) 

9  Create  each  object 

The  first  four  steps  are  achieved  as  in  the  OOA  phase.  There  exist  many  techniques  for  iteratively 
applying  these  four  steps  further  down  levels  of  abstraction  until  finally  arriving  at  the  primitive  level.  At 
this  lowest  level  the  objects  required  to  solve  the  problem  are  obvious,  as  are  the  services  they  need  to 
perform,  and  the  associated  attributes  they  need  to  use. 

Step  6.  determining  interfaces  between  objects  and  services,  is  done  by  determining  how  each  object 
depends  on  the  others.  From  this  it  can  be  determined  what  messages  each  object  needs  to  send  to  the  other 


object*.  Event-Iuuidlisg  routioe*  are  deaigned  for  each  object,  $o  they  can  perform  the  desired  services  when 
the  message  is  received. 

The  next  two  steps  (6  &  7)  are  related  and  display  one  of  the  advantages  of  OOP  at  the  implementation 
level.  The  objects  that  have  services  and  attributes  in  common  are  grouped  into  classes.  These  classes  can  be 
completely  separate  from  one  aaother,  or  they  may  have  common  attributes  or  common  services.  Whenever 
possible,  blocks  of  code  should  aot  be  repeated,  so  if  the  classes  have  common  attributes  and  services,  then 
these  common  attributes  and  aerriees  are  grouped  into  a  class  of  their  own,  and  the  original  classes  are  made 
children  of  that  new  class.  This  class  may  not  make  sense  as  an  object  in  itself  and  there  may  never  be  an 
object  who  is  a  direct  instantiatiott  of  it,  but  its  children  would  have  'Highter  code”  since  they  have  this 
library”  of  ready-made  services  to  use. 

Step  8  creates  an  interlace  object  whieh  can  serve  as  the  system  interface  between  the  human  user  and 
the  internal  objects.  This  interfsee  object  contains  the  overall  event-handling  service  as  well  as  most  of  the 
flle  and  screen  I/O. 

The  ftnal  step  is  to  {nek  a  particular  language  and  implement  the  design  in  code[8].  The  next  section 
describes  such  a  language. 

3  Borland  Turbo  Viaion 

BorlandrA/  provides  an  excellent  pre-delined  object  library  in  its  Turbo  Vision[l]  package  available  with 
l^ubo  Pascal  V  6.0  and  Turbo  C-f+.  The  Turbo  Vision  object  library  provides  a  predefined  framework  to 
develop  00  windowing  applications  and  00  interfaces  including: 

1.  Multiple,  resiseable,  overlapping  00  windows 

(handy  for  viewing  the  same  function  on  multiple  planes  such  as  s,  s  and  w) 

2.  Mouse  support 

3.  Drop-down  menus  and  dialogue  boxes  for  user  input 

4.  Buttoiu,  scroU  bars,  cheri-.  boxes  and  radio  buttons 

6.  Standardised  event  handling  for  keyboard  and  mouse  events 

Elxperience  with  Turbo  Vision  has  shown  that  while  it  presents  an  intense  learning  curve,  time  spent 
learning  it  is  worthwhile.  One  word  of  caution;  if  the  decision  is  made  to  build  an  application  with  Turbo 
Vision,  the  entire  project  should  be  built  using  Tlirbo  Vision  objects  and  standards.  Attempting  to  mix 
standard  functional  code  with  'Airbo  Vision  objects  can  create  memory  conflicts.  Another  point  to  note 
is  that  Turbo  Vision  programs  are  not  portable  between  platforms;  Turbo  Vision  programs  are  limited  to 
MS-DOS  computers. 

llirbo  Vision  consists  of  a  class  diagram  (PART  11,  Table  1)  of  predefined  class’  types  that  provide  a 
basic  user  interface.  The  term  *family  tree”  is  used  to  indicate  the  inheritance  lines  of  each  class. 

The  root  class  of  Turbo  Vision  is  TObject.  TObject  has  no  ancestors  and  is  extremely  limited  function¬ 
ally.  It  has  a  constructor  (Constructor  INIT),  a  destructor  (Destructor  DONE),  and  a  service  (Procedure 
FREE)  that  disposes  of  the  instantiated  class  (object)  and  frees  its  memory.  TObject  has  six  child  classes, 
among  whom  is  TView.  TView  is  of  primary  importance  because  its  children  provide  the  user  interface. 

TView  is  the  parent  to  all  classes  which  can  write  to  the  screen.  The  Turbo  Viaion  standard  is  that  all 
screen  writes  be  accomplished  via  the  TView. Draw  service.  While  it  is  possible  to  use  the  standard  Pascal 
write  and  writeln  statements,  it  violates  the  Turbo  Vision  standard  and  their  use  is  strongly  discouraged.  The 
writeln  and  readln  statements  employed  for  user  input  are  replaced  by  dialogue  boxes  which  are  descendants 
of  TView.  TView  has  another  important  property;  it  is  the  lowest  class  on  the  tree  that  is  capable  of 
message  transmission  and  reception.  Thus,  any  class  that  needs  to  communicate  with  other  classes  should 
be  a  descendant  of  TView  whether  or  not  they  are  visible  to  the  user  on  the  screen.  All  the  “workhorse”  type 
classes  in  Turbo  Vision  are  made  descendants  of  TView.  For  example,  a  matrix  object,  a  polynomial  object,  or 
a  transfer  function  object  should  all  be  instantiations  of  TView  descendants.  TView  has  several  descendants. 


•Bcli  M  TApplication,  TDialog,  TDeaktop,  TMenuBat,  and  TStatutLine.  The  following  diicuMion  ii  limited 
to  theee  claaiet  at  they  are  of  primary  importance.  For  farther  information,  the  Borland  T^trbo  Viiion 
Gnide[l]  that  come*  with  Turbo  Pascal  V  6.0  it  highly  recommended. 

The  focal  point  of  any  Torbo  Vision  program  it  always  an  instantiation  of  TApplication  which  the 
programmer  most  define.  Furtkermore,  there  should  be  only  one  TApplication  object  for  any  given  program. 
This  object  own*  via  instantiation  all  other  objects,  handles  all  message  dispatching,  communicates  directly 
with  the  main  menu,  manages  idle  times,  and  processes  computer  error*. 

Descendants  of  TDialog  provide  pop-up  dialogue  boxes  for  user  input.  Dialogue  boxes  contain  radio 
buttons,  check  boxes,  list  boxes,  and  input  lines.  Radio  kuitons  are  input  device*  that  allow  the  user  to 
choose  only  one  item  among  a  palette  of  options.  Cheek  kotee  are  input  devices  that  allow  the  user  to  choose 
any  combination  of  items  among  a  palette  of  options.  List  hose*  provide  a  list  of  items  to  choose  from, 
such  as  files  on  disk  or  directories.  Input  line*  provide  text  entry  of  a  string  variables.  Each  of  these  (radio 
buttons,  cheek  boxes,  list  boxes  and  input  lines)  are  descendants  of  TView.  Each  can  be  instantiated  into  a 
descendant  of  a  TDialog  object.  Many  fine  examples  are  given  in  the  Turbo  Vision  Gnide[l]. 

Other  classes  are  TDesktop,  TMenuBar,  and  TStatusLine.  TDesktop  it  simply  the  background  view 
upon  which  all  other  visible  views  appear.  TMenuBar  is  the  menu  bar  object  that  displays  and  controls  drop 
down  menus.  TStatusLine  provides  a  bottom  frame  to  display  and  control  shortcut  keystroke*  and  other 
useful  information  such  os  remaining  heap  site. 

Event  Handling  is  always  a  big  design  concern  in  OOP.  In  Turbo  Vision,  all  event*  are  represented  via 
a  TEvent  type  record.  TEvent  is  a  record  that  identifies  the  type  of  event  that  has  occurred.  While,  all 
events  are  not  commands,  all  commands  are  events.  For  example,  the  movement  of  a  mouse  pointer  it  not  a 
command;  however,  it  it  an  event.  All  Turbo  Vision  classes  have  event  handler*  to  process  TEvent  records; 
however,  the  descendant  of  TApplication  is  the  highest  level  for  all  event-handling. 

Tbrbo  Vision  provides  several  tools  to  relieve  the  software  engineer  of  many  mundane  chore*  of  interface 
design  while  allowing  all  the  benefits  of  programming  in  a  typical  high-level  language.  Execution  speed, 
numerical  predtion,  and  mathematical  algorithm*  are  iJl  designed  with  far  greater  control  and  efficiency 
than  could  ever  be  attained  by  developing  our  own  language  interpretor  like  commercial  control  system 
packages  often  do.  Once  the  initial  obstacle  of  learning  OOD,  OOP  and  the  Turbo  Vision  toolbox  are 
mastered,  building  applications  becomes  quick  and  effective. 

4  Advantages  of  OOP 

The  following  opinions  were  formed  from  specific  experiences  af:n  modifying  and  debugging  the  functional 
version  of  ICECAP-PC  (a  CACSD  package)  and  then  having  translated  it  into  OO  code.  While  the  expe¬ 
riences  discussed  here  are  based  upon  a  specific  package,  they  can  certainly  (based  on  discussion  found  in 
current  literature  of  similar  design  projects)  be  generalised. 

File  I/O  Abstraction:  A  tjrpical  danger  spot  in  fi  nctional  programming  is  opening  a  data  file  in  one 
section  of  the  code  and  then  closing  it  (or  forgetting  to  close  it,  or  hitting  tome  conditional  branching 
statement  that  bypasses  its  closing)  in  tome  later  section  of  code,  la  OOP,  a  database-type  object  is 
used  which  is  the  only  object  in  the  program  that  con  get  and  save  data  from  files.  Therefore,  only  one 
OPEN/CLOSE  command  pair  is  used  for  the  entire  program. 

User  I/O  Abstraction:  An  advantage  of  the  user  interface  object  is  that  it  abstracts  the  programmer  from 
having  to  worry  about  any  user  I/O  during  the  writing  of  the  mathematical  code,  etc.  One  object  deals  with 
user  requests  and  translates  the  requests  into  event  message*  to  be  tent  to  the  “workhorse”  objects.  Likewise, 
the  tame  object  returns  the  workhorse  answers  to  the  user  in  some  screen  format.  Thus  the  workhorse  object 
need  only  contain  code  for  the  algorithms  to  convert  the  input  into  the  correct  output. 

Object  Abstraction:  The  software  engineer  can  design  at  the  highest  level  of  abstraction  listing  the  upper 
level  tasks  that  need  to  be  done  to  solve  the  problem  assuming  that  some  object  can  do  each  task.  Then 
one  moves  down  on;  level  of  abstraction  and  takes  each  task  and  decomposes  down  into  subtasks  assuming 
some  object  (or  service)  can  do  each  snbtask.  This  is  done  down  to  the  primitive/coding  level.  Debugging  is 


daeompoMd  tke  ma*  w»y.  Tkc  mAwmc  eagiom  luoki  at  the  iapnt  aad  output  of  the  higheet  level  object. 
If  it  ia  wreag,  the  iapat  and  oatpat  of  each  of  the  objecti  in  the  next  level  down  ia  examined.  Only  the  object 
arith  an  iaconact  inpat/oatpat  paii  maat  be  farther  decompoaed.  Becauae  each  object  ia  thua  aelf-contained, 
it  makaa  maintenance  very  aimplc. 

SmtUkr  Code:  AAcr  the  oiaia  claaaea  in  the  program  are  fully  defined  in  terma  of  what  attribntea  and 
aarvieaa  they  naad,  inhetitanee  ia  aaed  to  decreaae  the  xiae  of  the  code.  A  Library  claaa  can  be  defined  that 
bacomea  the  parent  of  all  the  ■ania  workhorae  claaaea.  Thia  library  claaa  containa  all  the  aervicca  that  the 
arorkhotnc  claaaea  hold  ia  eommoa.  Thia  mcana  that  each  of  the  aeparate  claaaea  are  amaller  becauae  they 
can  globally  aceaaa  the  acrvicca  they  inherited  from  their  parent  Library.  Library  might  contain  aervicca  to 
dedphet  uaer  textual  input,  to  aeork  with  data  ftlea,  aad  other  general  pnrpoae  type  aervicca.  The  claaaea 
could  alao  be  made  amaller  by  the  creation  of  a  math  library  clam.  Thia  claaa  might  contain  aervicca  to  do 
common  mathematical  fanctioaa. 

Prod*et*wHt;  Becauae  the  object  library  from  Borland  Turbo  Viaion  waa  available,  productivity  waa 
fiauad  to  be  muck  higher  than  would  be  typically  expected  in  aoftwarc  development.  The  f%net%onal  veraion 
of  ICECAP'PC  waa  not  complete  in  the  human  faetora  engineering  area  becauae  only  ao  much  time  could 
be  devoted  to  menuing  ayatema  aad  output  acreen  formatting  aad  context  aenaitive  help  acreena.  Uaing  the 
ptoCmaioaally  packaged  clam  library  of  Turbo  Viaion,  the  aoftwarc  engineer  ia  able  to  focua  almoat  completely 
OB  CACSD  algorithma  aad  let  the  commercial  package  take  care  of  uaer  I/O.  Becauae  of  thia,  the  anthora 
have  been  able  to  work  oa  expaadiag  ICECAP-  PC’a  CACSD  toolboxea  beyond  that  which  could  otherwiae 
have  been  aceomptiahad.  Purthermore,  later  reaearchera  ahouid  be  able  to  go  even  farther  aince  the  overhmd 
of  porting  the  ICECAP-PC  aubroutinea  into  an  00  environment  haa  already  been  accompliahed. 

JlaboMity:  OOP  diadplinea  produce  more  reliable  code  due  to  modular  debugging  and  uae  of  exiating 
objecta  that  have  been  debugged  through  yeaia  of  uae.  In  the  caac  of  ICECAP-PC,  the  benefita  of  two  worlda 
have  been  iaherited  .  At  the  upper  level,  the  program  haa  ita  I/O  baaed  on  a  commercially  produced  aad 
teated  package  (Turbo  Viaion).  At  the  primitive  level,  the  object  aervicca  are  baaed  oa  the  baaic  control 
ayatem  algorithma  from  ICECAP-PC  (developed  aince  1B77  aad  uaed  by  a  large  atudent  body).  After  the 
OO  program  had  been  teated  at  all  levela  of  abatractioa,  new  objecta  could  be  added  to  the  exiating  reliable 
code  with  a  high  degree  of  confidence  in  the  reliability  of  the  CACSD  package  aa  a  whole. 

ifaintaruaWity;  The  aame  OOP  diadpliaea  produce  more  maintainable  code  due  to  the  celf-anffieieBcy 
of  objecta.  Proper  OOP  techaiquea  avoid  the  uae  of  ^obal  vmtiablea  and  low  functional  independence  which 
often  plaguea  functional  program  modulea.  If  each  object  ia  eom{nled  (relatively)  reparately  and  it  reaponda 
with  expected  output  reaponaea  to  teat  inpnta,  then  it  doea  not  diaplay  the  undeairable  dependence  qualitiea 
of  low  eokertou  or  high  evpling  with  aome  other  object. 

'nia  paper  claima  that  following  proper  OOP  diadpliaea  rcaulta  ia  highly  cakenvt  code,  becauae  each 
object  ia  functionally  bound  to  operate  on  ita  data  alone.  Of  eourae,  whUe  objecta  higher  on  the  parent-child 
tree  own  more  data,  they  atin  perform  only  one  higher  level  function.  The  higher  level  object  ia  made  up 
of  amaller  objecta  who  are  each  functionally  bound  to  operate  on  thdr  more  tpedfie  piece  of  the  data.  Thia 
reeuraea  down  through  the  object  tree  until  the  primitive  level  ia  reached.  At  thia  loweat  level,  very  eoheaive 
aervicea  (aubroutinea)  are  written. 

la  the  aame  way,  following  proper  OOP  diadplinea  reaulta  in  low  ee%pling  between  objecta,  becauae 
each  object  ia  again  functionally  bound  to  operate  on  ita  data  alone.  High  external  aad  common  coupling 
ia  avoided  by  only  having  a  aingle  object  which  ia  able  to  acceaa  the  central  data  file.  Furthermore,  high 
content  coupling  ia  rendered  almoat  impoaaible  in  OOP  becauae  it  ia  not  poaaible  (without  trying  very  hard) 
to  branch  into  a  aervice  located  in  another  object  or  into  a  aervice  located  inaide  the  aame  object.  However, 
ia  order  to  aave  aome  code,  the  uae  of  limited  control  coupling  (uaing  global  flaga  to  control  how  come  objecta 
reapond)  haa  been  found  to  be  uaeful.  In  the  atricteat  aenae,  ndag  theae  global  flaga  do  break  the  rulea  of 
OOP. 


5  Disadvantages  of  OOP 

Only  two  disodTBiitage*  with  luiiig  OOP  have  been  experienced,  neither  of  which  are  directly  related  to 
OOP  itaelf.  The  lint  can  be  attributed  to  learning  a  new  programming  language  and  learning  a  new  way  of 
thinking  about  algorithms  to  solve  problems.  The  second  can  be  attributed  to  the  decision  to  operate  within 
an  MS-DOS  environment. 

Any  time  a  new  programming  syntax  must  be  adopted,  there  is  a  learning  curve  that  must  be  overcome. 
With  OOP  this  is  doubly  true,  because  not  only  must  the  syntax  of  Turbo  Vision,  or  some  other  00 
language  package,  be  learned,  but  the  software  engineer’s  thinking  process  must  change.  Humans  typically 
think  in  functional  terms.  Therefore,  the  transition  into  OOP  is  not  ns  intuitively  easy  as  using  functional 
programming  techniques. 

Any  time  code  is  developed  within  the  MS-DOS  environment,  limitations  are  placed  on  how  much 
memory  room  is  available  for  use  by  the  program.  A  stack  cannot  be  larger  than  64K,  variable  declarations 
cannot  be  larger  than  64X,  and  the  compiled  program  and  heap  space  (dynamic  variable  space)  cannot 
exceed  840K.  The  $40K  barrier  can  be  overcome  in  Turbo  Pascal  by  breaking  the  compiled  code  into  overlay 
units,  but  even  then  each  unit  e/nnot  be  larger  than  64K  and  must  be  able  to  be  compiled  to  some  extent 
separately  &om  the  other  units.  These  memory  restrictions  place  some  limit  on  how  closely  one  can  follow 
the  generally  accepted  rules  of  OOP. 

Ideally,  the  objects  required  to  solve  the  current  problem  should  all  be  allowed  to  remain  in  memory  at 
once.  Due  to  heap  limitations,  several  large  objects  cannot  be  instantiated  in  the  heap  at  once.  This  forces 
the  use  of  common  data  coupling  or  temporal  and  proeeditral  cohesion  in  order  not  to  lose  data  when  one 
object's  data  memory  locations  must  be  released  for  use  by  the  next  object.  The  solution  is  to  keep  compiled 
object  code  as  small  as  possible.  Also  the  sise  of  code  inherited  from  an  object’s  parents  must  be  monitored. 
If  an  object’s  local  code  is  64K,  but  it  inherits  30K  of  services  from  its  parent,  then  it  is  too  large  to  be  used 
as  a  Turbo  Pascal  overlay  unit.  Because  of  this  tradeoff  between  heap  sise  and  object  sise,  it  has  been  found 
necessstry  to  break  the  rules  of  OOP  by  using  compiled  units  that  are  not  objects,  but  are  "global  procedure 
libraries”. 

Use  of  these  global  variables,  control  flags,  and  procedures  is  done  very  cautiously  and  only  when  ab¬ 
solutely  necessary.  Eventually,  as  more  clever  ways  of  defining  the  objects  in  ICECAP-PC  are  found,  this 
"fast-prototyping”  answer  is  to  be  replaced  with  more  reliable  and  proper  OO  code. 

6  Summary  of  Object-Oriented  Approach 

Object-oriented  design  and  programming  has  grown  to  a  standard  practice  because  of  various  benefits  over 
functional  design  and  programming.  Such  advantages  include  the  reuse  of  existing  software  components,  more 
maintainable  systems,  reduction  of  developmental  risk,  and  use  of  OOP  language  constructs.  Disadvantages 
include  the  higher  cost  of  development  and  possible  performance  degradation  due  to  message  passing,  the 
multi-layer  abstraction,  hierarchy  of  classes,  and  associated  memory  and  execution  overhead. 

The  00  approach  generally  results  in  smaller  systems  because  of  reusable  subsystems  and  thus  the  00 
system  are  more  admeaniable  to  providing  an  economic  framework  for  evolution.  The  original  ICECAP- 
PC  was  developed  using  the  functional  design  approach  os  were  its  predecessors.  The  new  OO  version  of 
ICECAP-PC  provides  for  better  reliability,  maintenance  and  user  interface. 

As  has  been  introduced  in  this  part  of  the  paper  and  is  further  discussed  in  Part  II,  it  has  been  found  that 
OOP  seems  to  offer  new  opportunities  in  the  design  of  engineering  packages.  Specifically  it  has  been  found 
that  a  commercially  packaged  object  toolkit  like  Borland’s  Turbo  Vision  abstracts  the  software  engineer 
from  the  concerns  of  user  interface  and  allows  concentration  on  the  mathematical  algorithms  and  instruction 
within  the  CACSD  package. 


PART  H:  An  Object-Oriented  CAD  Environment 


CACSD  loftwaie  derclopmeBt  u  an  inherently  complex  proceu  because  of  (1)  the  multitude  of  math¬ 
ematical  operations  and  capabilities  required  and  (2)  the  variety  of  requirements  posed  by  the  end  users 
(control  students  and  control  engineers). 

Relatively  new,  and  growing  rapidly,  is  the  use  of  object-oriented  design  (OOD)  and  programming  (OOP) 
techniques  as  presented  in  PAST  I.  While  the  software  engineering  community  has  embraced  this  technique 
with  open  arms,  other  engineering  disciplines,  control  systems  engineering  inclusive,  have  been  slow  to  adopt 
this  teidinology.  The  purpose  of  Part  n  is  to  discuss  the  object-oriented  ICECAP-PC  Release  10  project 
now  underway  at  the  Air  Force  Institute  of  Technology. 


1  Scope  of  Effort 

Since  1977,  graduate  students  (9,  10,  11,  12,  13,  14,  IS,  16]  at  the  Air  Force  Institute  of  Technology 
(AFIT),  have  contributed  to  the  development  of  the  Interactive  Control  Engineering  Computer  Analysis 
Package  (ICECAP)  program.  In  1985,  ICECAP-PC[17],  a  Pascal  version  of  the  miiniraune  program  using 
structured  and  functional  design  techniques  was  tailored  to  the  pwrsonal  computer.  This  Pascal  version  of 
ICECAP-PC  has  gone  through  various  design  revisions  with  current  research  involving  the  object-oriented 
(00)  redesign  using  the  interlace  definition  of  Turbo  Vudonfl].  ICECAP-PC  is  a  public  domain  CACSD 
tool  targeted  for  educational  use.  This  is  not  meant  to  imply  deficient  capabilities.  Rather,  every  effort  is 
made  to  ensure  that  ICECAP-PC  Release  10  is  mathematically  correct,  rich  in  capability,  and  both  easy  and 
quick  to  use  from  a  user’s  perspective.  The  purpose  is  simply  to  challenge  the  state-of-the-art  in  CACSD 
software  design.  The  new  ICECAP-PC  is  easier  to  use,  more  accurate,  faster,  leaner,  more  capable,  and 
more  robust  than  prior  versions. 

2  Design  Goals 

The  first  priority  is  to  provide  a  CACSD  environment  to  perform  basic  control  system  analysis  functions 
such  as  polynomial  and  matrix  manipulations,  and  time  and  frequency  domain  analysis  with  a  user-friendly 
interface  including  graphical  presentationa,  help,  and  macro  facilities.  These  exist  already  in  the  current 
functional  version  of  ICECAP-PC.  In  addition  to  improving  these,  the  following  are  to  be  provided: 

•  A  context  sensitive  help  facility. 

•  A  ‘systems  build”  capability  to  design  a  control  system  graphically  in  block  diagram  form. 

•  An  improved  user  programmable  macro  language. 

•  An  improved  root  finding  capability. 

•  A  nonlinear  simulation  capability. 

•  An  improved  MISO  and  MIMO  QFT  toolbox  (continuous  and  discrete  systems) 

•  An  improved  report  generating  facility. 

•  A  Database  Metadata  Dictionary 

Providing  a  new  user  interface  using  proven  human  factors  engineering  (HFE)  concepts  is  also  a  top 
priority.  This  interface  should  be  both  intuitive  and  powerful  to  satisfy  both  the  novice  that  normally  uses 
menus  as  currently  employed  in  ICECAP-PC  and  the  professional  who  wants  direct  access  to  the  underlying 
algorithms.  This  interface  includes  single-stroke  menu  selection,  MatLab/MatrixX  type  data  input  with 
direct  entry  of  complex  numbers,  one-stroke  shortcut  keys  to  circumvent  novitiate  menu  levels,  and  a  macro 
facility  for  system  programming. 


2.1  CASE  Environment 


Beiidei  OOP,  uother  new  technology  revolutioniiing  the  toftwnre  deeign  proceM  if  computer>nided  loftwnre 
engineering  (CASE).  CASE  proridei  an  integrated  let  of  tooU  which  increaaef  productivity  and  empowers 
the  production  of  more  reliable  and  more  maintainable  code.  The  deaire  for  ICECAP- PC  to  inherit  all  the 
ben^ta  of  CASE  was  tue  basis  for  naing  the  Turbo  Pascal  A.O  Turbo  Vision  OO  environment.  The  Turbo 
Pascal  6.0  Compiler,  Profiler,  Debugger,  Make,  and  Touch  tools  provide  limited  CASE  environment.  The 
TVubo  Vision  tools  force  the  OO  discipline  upon  the  code.  Thus  the  claim  is  made  that  OOD  coupled  with 
an  integrated  programming  environment  like  Turbo  Pascal  6.0  is,  indeed,  a  CASE  ettvironment{8]. 

The  advantages  of  developing  ICECAP- PC  in  a  CASE  environment  have  been  extensive.  Most  of  these 
advantages  have  already  been  diacnased  in  Part  I  of  this  paper;  better  file  I/O  handling,  better  user  I/O, 
better  code  design,  better  debugging,  smaller  code  site,  increased  prodnetivity,  more  reliable  code,  and  more 
easily  maintainable  code.  One  of  the  largest  benefits  of  the  newest  CASE  environments  it  the  concept  of 
antomatic  code  generation.  The  user  describes  the  desired  flowchart  of  functions,  and  the  CASE  tool  writes 
reliable  code.  Turbo  Vision  offers  a  siniilar  capability  in  the  form  of  precompiled  libraries  of  objects.  It  has 
been  said  that  80%  of  code  development  is  spent  on  user  interface  overhead,  but  Turbo  Vision  already  has 
all  the  mouse  support  and  meaning  system  support  and  windowing  support  any  CACSD  package  requires. 

2.2  Interface 

The  Interface  for  ICECAP-PC  is  a  menu-driven,  mouse-supported  interactive  system.  Simple  drop-down 
window  menus  form  the  main  cottunand  interface  and  replace  the  command  line  and  menu  system  of  the 
previous  version.  All  dro(Mlovm  menus  are  activated  using  the  mouse  or  single  keystrokes.  The  user  enters 
the  data  in  a  MatLab/MatrixX  style  input  line.  Furthermore,  the  input  line  has  a  history  buffer  and  all 
prior  entries  can  be  recalled  and  edited.  While  general  commands  are  processed  with  drop-down  menus,  the 
user  interacts  with  dialog  boxes  to  provide  specific  instructions.  Mathematical  operations  also  use  dialog 
boxes.  Hot  keys  add  additional  speed  to  the  command  entry  process. 

The  main  menu  consists  of  only  three  levels  at  its  deepest  point.  The  user  does  not  have  to  descend 
through  several  levels  of  menus  to  get  to  the  desired  function.  The  Tools”  menu  option  replaces  the  main 
menu  with  the  specified  toolbox  main  menu.  The  QFT  toolbox  and  its  menu  are  rliscussed  in  Part  IH  of 
this  paper. 

3  ICECAP-PC  Structure 

ICECAP-PC  has  ten  predefined  matrices,  ten  predefined  polynomials,  and  ten  predefined  trsmsfer  functions. 
All  matrices,  polynomials  and  transfer  functions  share  a  common  data  type  and  are  located  in  a  single  disk 
file. 

While  other  data  types  are  used  for  program  control,  using  a  unified  data  structure  was  found  to  provide 
enough  similarity  between  matrices,  polynomials  and  transfer  functions  to  make  them  children  of  the  same 
parent,  thus  greatly  saving  program  code  sise  and  memory. 

The  following  paragraphs  describe,  the  classes  used  to  implement  ICECAP-PC.  The  relationship  of  the 
ICECAP-PC  classes  are  explained  to  be  children  of  classes  in  Turbo  Vision.  Table  1  shows  the  class 
structure  of  ICECAP-PC.  All  ICECAP  specific  classes  are  denoted  with  an  asterisk. 

TIceMain,  a  child  of  TApplication,  is  the  main  program  class.  The  main  job  of  TIceMain  is  to  process 
events  &om  the  main  menu,  from  shortcut  keys  and  messages  from  other  classes.  Additionally,  it  processes 
background  tasks,  such  as  updating  the  screen  buffer  and  the  heap  viewer,  during  idle  periods.  IceMain  is 
the  iiutantiation  of  TIceMain  and  owns  all  other  classes  through  instantiation. 

TViewInterior  is  an  important  class  that  owns  all  the  I/O  devices.  It  owns  the  view  screen  and  is  the 
sole  class  in  ICECAP-PC  that  is  allowed  to  write  to  it. 

TLibrary  is  the  parent  class  to  TMacro,  TMatrix,  TTransFunc,  and  TQFT.  By  defining  this  service  in 
TLibrary  and  making  TMatrii,  TTransFunc,  TMacro  and  TQFt  children  of  TLibrary,  the  Parseline  service 


Table  1:  Complete  Family  J>ee  Structure  of  IC£CAP*PC 

is  Uherited  by  all  four  clauet,  thus  reducing  the  overali  code  site.  TLibrary  ha«  two  other  lerrices  that 
merit  mcatioa,  epedfically  the  erly  two  eerviee*  in  ICECAP-PC  that  are  allowed  to  aceeu  data  on  disk  are 
TLibrary.RetrieTeData  and  Tljbrary.StoreData.  This  prerents  the  common  error  of  learing  data  files  open 
thns  making  the  program  rulnerable  to  a  crash.  These  two  serrices  open  the  file,  read/write  the  data,  close 
the  file  and  send  the  rariable  to  the  caller. 

Children  of  TLibrary  are  TMacro,  TMatriz,  TTkansFonc,  and  TQFt.  TMacro  prorides  the  macro 
language  capability  for  ICECAP-PC.  TMatriz  is  the  class  responsible  for  all  matrix  operations.  TTkansFunc 
is  the  clast  tesponsiUe  ibr  all  transfer  fonction  and  polynomial  operations.  TQFT  is  the  class  responsible 
foe  the  QFT  implementation. 

As  U  discatsed  in  Part  I  of  this  paper,  the  most  difficult  step  in  OOD  is  defining  the  objects.  When 
the  riewpoint  of  the  lowest  lerel  of  abstraction  is  taken,  it  would  seem  logical  to  the  strictest  OO  designer 
that  each  p^ynomial  and  matrix  and  transfer  function  should  be  an  object.  Then  when  the  user  asks  for 
a  frequency  response  of  the  open  loop  transfer  function  (OLTF),  the  OLTF  object  would  draw  a  frequency 
response  of  itself  on  the  screen.  Howerer,  when  the  viewpoint  of  the  OO  software  engineer  is  taken,  it 
becomes  more  logical  to  think  of  some  nebulous  transfer  function  object  that  owns  each  of  the  individual 
transfer  function  data  records.  When  the  user  asks  for  two  transfer  functions  to  be  added  together,  the 
transfer  function  object  services  carry  out  the  task.  How  could  two  objects  add  themselves  to  each  other? 
There  would  have  to  be  some  owning  object  who  could  simultaneously  access  both  their  individual  data 
records.  The  ICECAP-PC  data  structure  has  been  designed  using  the  latter  implementation  viewpoint. 

Using  the  idea  of  not  having  each  polynomial  or  matrix  be  its  own  object  and  having  an  overall  Polynomial 
and  Matrix  object,  these  parental  objects  are  called  Toolboxes  The  current  toolboxes  within  ICECAP- 
PC  are  the  transfer  function/polynomial  toolbox,  the  matrix  toolbox,  the  macro  toolbox,  the  nonlinear 
tocdboz,  the  system  build  toolbox,  the  database  toolbox,  the  digital  signal  processing  (DSP)  toolbox,  and 
the  Quantitative  Feedback  Theory  (QFT)  toolbox.  Each  toolbox  can  be  ihought  of  as  a  major  division  of 
the  program  which  the  user  would  use  to  solve  a  given  problem.  The  functions  of  each  of  the  toolboxes  are 
described  briefly.  Other  toolboxes  sire  in  development. 

The  tratufer  funetion/polirnomial  toolbox  within  ICECAP-PC  provides  the  basic  building  block  mathe¬ 
matical  algorithms  necessary  to  design  control  systems  using  conventional  (as  opposed  to  modern)  control 
techniques.  The  toolbox  is  composed  of  objects  of  one  class  called  TTtansFunc.  This  class  contains  all 


the  ferricee  teqaited  to  manipnlste  poiynomiai*  and  transfer  functions  (ratio  of  polynomials).  There  are 
polynomial  services  s\ich  as  adding,  subtracting,  multiplying,  defininj,  modifying,  etc.  There  are  transfer 
functions  services  for  forming  closed  loop  transfer  functions,  finding  time  equations,  taking  partial  frMtion 
expansions,  and  transforming  into  state  matrices,  etc. 

The  matru;  toolbox  within  ICECAP-PC  provides  the  basic  building  block  mathematical  algorithms  nec¬ 
essary  to  design  control  systems  using  modern  (as  opposed  to  conventional)  control  techniques.  The  toolbox 
is  composed  of  objects  of  one  class  called  TMatrix.  This  class  contains  all  the  services  required  to  manipulate 
matrices.  There  are  basic  matrix  services  such  as  adding,  subtracting,  multiplying  and  advanced  services 
such  as  eigenvalues,  controllability,  observability,  etc. 

The  maero  toolbox  within  ICECAP-PC  provides  a  batch  language  which  allows  automatic  performance 
of  program  operation.  The  toolbox  is  composed  of  objects  of  one  class  called  TMacro.  This  class  contains 
all  the  services  required  to  edit  macro  files,  traiulate  macro  files  into  program  input  commands,  and  provide 
user  inter&ee  during  macro  file  execution. 

The  nonlinear  toolbox  within  ICECAP-PC  provides  the  capability  for  nonlinear  simulation  of  system 
trsmsfer  functions.  The  toolbox  is  composed  of  objects  of  one  class  csJled  TNonLinear.  This  class  contains 
all  the  services  required  for  nonlinear  simulation  modeling.  The  services  include  support  for  both  semi¬ 
automatic  and  interactive  linearisation  of  nonlinear  systems. 

The  system  build  toolbox  within  ICECAP-PC  provides  the  ability  to  construct  system  transfer  functions 
from  icon  representations  of  gaiiu,  filters,  nonlinearities,  time  delays,  frequency  response,  etc.  The  toolbox 
is  composed  of  objects  of  one  class  called  TSysBuild.  This  class  contains  all  the  services  needed  for  the 
graphical  user  interface  as  well  as  program  control  to  generate  the  necessary  commands  to  generate  the 
transfer  function  described  by  the  icon  representation. 

The  dalabaie  toolbox  within  ICECAP-PC  provides  all  the  data  storage  and  retrieval  functions  as  well  as 
data  interrelation  functions.  The  toolbox  is  composed  of  objects  of  one  class  called  TDataBase.  This  class 
contains  all  the  services  required  to  control  data  flow  between  the  program  and  disk  files.  It  also  contains 
the  class  level  applications  which  maintain  relational  information  tables  between  data  items  known  as  the 
Database  Metadata  Dictionary. 

The  DSP  toolbox  within  ICECAP-PC  provides  a  no-frills  ability  to  perform  some  limited  digital  signal 
processing  (DSP)  technology  demonstrations.  The  toolbox  is  composed  of  objects  of  one  class  called  TDSP. 
This  class  contains  all  the  services  required  to  do  convolutions,  fonrier  transforms,  complex  phaser  rotation, 
and  signal  aliasing. 

Graphical  representation  of  time/frequency  data  is  provided  by  the  Graphics  toolbox  using  the  Graphics 
class.  User  modification  of  matrix/polynomial  objects  within  the  Graphics  object,  requires  an  interactive 
interface  such  as  function  keys,  cursor  controls,  or  a  mouse.  Implementation  of  th:  interactive  environment 
involves  the  mapping  of  a  graphical  object  into  memory,  and  enabling  the  image  to  be  moved  by  cursor  control 
without  conflicting  with  other  graphical  objects.  Within  each  interactive  graphic  display  environment,  the 
user  is  able  to  drag  an  image  across  the  screen.  When  this  image  moves,  it  does  not  disturb  the  pixels 
underneath  the  image. 

The  QFT  toolbox  within  ICECAP-PC  provides  the  basic  building  block  mathematical  algorithms  nec¬ 
essary  to  design  control  systems  using  QFT  control  techniques.  The  toolbox  is  composed  of  objects  of  one 
class  called  TQFT.  This  class  contains  all  the  services  required  to  define  tracking  and  disturbance  specifi¬ 
cations,  enter  plant  variations  to  manipulate  transfer  function  matrices,  enter  disturbance  models,  generate 
|dant  templates,  generate  bounds,  design  a  nominal  loop  transmission,  generate  a  controller,  design  a  filter, 
simulate  responses,  and  generate  a  compreh  .nsive  report. 

4  Testing  and  Validation 

Perhaps  the  most  important  aspect  of  a  CACSD  package  to  the  engineering  c  '-et  is  its  ability  to  give  correct 
answers.  While  ICECAP-PC  can  in  no  way  claim  the  level  of  testing  and  validation  done  on  a  commercial 
package,  certain  disciplines  have  been  strictly  adhered  to  during  the  code  development.  ICECAP-PC  hu 
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been  tested  ud  validated  thtoaghont  the  coding  etage  uiing  black  box  testing,  white  box  testing,  and  its 
macio  language  toolbox. 

Black  box  testing  is  the  process  of  looking  at  the  CACSD  package  as  a  black  box  which  accepts  inputs 
and  produces  outputs.  The  tester  does  not  care  how  the  package  arrived  at  the  outputs,  as  long  as  they 
ace  the  correct  outputs  for  the  inputs  given.  As  eacn  service  was  created  within  ICECAP-PC,  a  page  of  all 
possible  input  patterns  was  constructed  as  well.  When  the  service  was  completely  coded,  each  input  was 
qiplied  to  it  and  the  output  was  checked  for  correctneu. 

MHiite  box  testing  is  the  process  of  looking  at  the  internal  algorithms  within  the  CACSD  package.  The 
tester  provides  u  input  to  a  service  or  object  and  then  traces  through  the  program  code  one  step  at  a  time 
examining  all  the  variable  states  and  how  they  are  affected  as  the  algorithm  progresses  toward  the  output. 
During  white  box  testing  the  code  is  tested  for  both  robustness  and  efRciency  (in  terms  of  memory  use, 
execution  time,  and  other  machine^riented  parameters). 

The  macro  language  facility  within  ICECAP-PC  is  used  to  its  fullest  during  the  testing  phase  especially 
during  Ustek  box  testing.  The  pages  and  pages  of  test  conditions  are  programmed  into  macro  files  which  are 
available  with  the  ICECAP-PC  sr- .ce  code.  This  saves  the  tester  much  time  during  the  many  iterations 
of  running  examples,  finding  .r*o»,  correcting  the  code,  and  rerunning  the  same  examples  until  they  run 
correctly.  This  also  gnarv..t*cs  correct  and  repeatable  inputs  to  the  program  during  testing. 

5  Object-Oriented  CAD  Summary 

The  new  ICECAP-FC  has  benefited  greatly  from  the  use  of  00  technology.  OOP  has  made  the  use  of 
memory  mote  efficient  in  both  the  heap  space  and  the  stack.  The  user  interface  has  been  improved  in  both 
ease  of  issuing  commands  bid  context  sensitive  help  and  error  messages  for  the  commands.  Furthermore,  the 
forced  modularity  discipline  of  the  object  structure  has  produced  more  reliable,  efficient,  and  maintainable 
code. 

As  in  any  CACSD  package,  successful  design  depends  on  clean,  efficient,  and  mathematically  correct 
numerical  methodology.  Thus  it  is  incumbent  on  the  CACSD  designer  to  carefully  choose  the  algorithm,  and 
to  seek  ways  to  improve  the  accuracy  of  the  math  foundation.  One  of  the  principle  goals  of  the  ICECAP-PC 
project  is  to  take  a  careful  look  at  the  underlying  math  routines  and  find  ways  to  improve  them. 

Thken  as  a  whole,  the  OO  ICECAP-PC  is  a  much  sturdier  base  upon  which  to  develop  the  QFT  CAD 
toollxa  described  in  Part  IH  of  this  paper. 


Part  III:  An  Object-Oriented  QFT  CAD  Environment 


QnutiUtire  Feedback  Theory  (QFT)  fMn(«(«(iee/y  formulate*  variou*  factor*  in  the  form  of  «cti  (a) 
T't  =  {Tr}  of  acceptable  command  or  tracking  input-output  relation*  (b)  To  =  {Tp)  of  acceptable  distur¬ 
bance  input-output  relation*  and  (c)  a  *et  7  =;  {P}  of  pouible  plant*.  The  object  i*  to  guarantee  that 
the  realiied  control  ratio  Tr  =  Y/R  i*  a  member  of  7r  and  Tn  =  Y/D  i*  a  member  of  Tp,  for  all  P  in  V, 
That  i*,  vaiion*  bounds  are  specified  a  priori  for  acceptable  pi  rformanee  in  regerd  to  each  transfer  function 
relationship  [18,  19,  20,  21,  22]. 

QFT  methods  have  been  developed  for  both  linear  and  nonlinear,  time-invariant  and  time-varying, 
continnou*  and  sampled-data,  uncertain  multiple-input  single-output  (MISO)  and  multiple-input  multiple- 
output  (MIMO)  plants,  as  well  as  for  output  and  internal  variable  feedback  model*  and  distributed  systems. 

The  QFT  frequency-domain  technique  involves  *,s  and  tu  domain  transformations  of  the  specification* 
and  variable  plants.  Most  of  the  QFT  design  step*  have  been  automated  in  CAD  packagesflO,  2,  3).  Using 
an  OO  approach  in  this  ICECAP-PC  toolbox,  the  various  QFT  objects  presented  in  the  following  discussion 
are  associated  with  various  services.  The  OO  window  interface  guide*  the  user  step  by  step  through  the  QFT 
MISO  phases  (specifications,  plant  models,  disturbance  models,  templates  construction,  loop  transmission 
generation,  filter  generation,  simulation  and  reporting).  In  the  MIMO  QFT  CAD  process,  transfer  function 
matrix  manipulation  is  provided  a*  discussed  in  the  following  section. 

1  MIMO  QFT  Synthesis  Approach 

The  QFT  MIMO  synthesis  problem[23,  24]  is  converted  into  a  number  of  MISO  single-loop  feedback  problems 
in  which  parameter  uncertainty,  external  disturbances,  and  performance  tolerance*  are  derived  from  the 
original  MIMO  problem.  The  combined  solution*  to  these  MISO  single-loop  problems  achieve  the  desired 
performance  for  the  MIMO  plant.  The  basic  approach  is  a  point-wise  frequency  domain  MISO  synthesis 
technique.  The  state-space  model  representation  for  a  LTI  MIMO  system  is: 

i(t)  =  Ax(l)-(-Bu(<)  (I) 

y(<)  =  Cx(t)  (2) 

where  x  is  an  m  vector,  y  is  an  n  vector  and  u  is  an  r  vector.  A,  B,  and  C  are  constant  matrices  of  the 
proper  dimension.  The  plant  transfer-function  matrix  P(s)  is  defined  as 

P(s)  =  C(sI- A]-'B  (3) 

This  plant  matrix  P(s)  =  [piy(s)]  is  a  member  of  the  set  V  =  {P(s)}  of  possible  plant  matrices  which  are 
functions  of  the  uncertainty  in  the  plant  parameters.  The  plant  matrices  are  entered  and,  as  appropriate, 
so  are  the  sensor  and  actuator  matrices.  If  the  equivalent  plant  matrix  Pe  resulting  from  the  three  matrices 
is  not  square,  a  weighting  matrix  W  can  be  used  to  form  an  effective  square  plant.  An  interstctive  dialog 
provides  the  user  with  the  ability  to  iteratively  generate  W. 

In  CACSD  practice,  one  of  three  explicit  methods  can  be  used.  One  method  is  based  upon  the  physical 
modeling  of  various  plants  representing  the  variety  of  possible  plants.  The  second  includes  the  selection  of 
only  a  finite  set  of  P  matrices,  representing  the  extreme  boundaries  of  plant  pole/iero  uncertainty.  The 
third  considers  the  variations  in  plant  coefficients  by  considering  a  preselected  number  of  plants  to  represent 
the  maximum  variations.  A  convex  hull  is  then  closed  around  these  plant*  to  derive  the  minimum  number 
of  plant  models  to  represent  the  variation. 

An  mxm  MIMO  closed-loop  system  can  be  represented  by  three  tram  matrices,  F,  G,  and  P  as  shown 
in  FIG  1.  There  are  w?  closed-loop  system  transfer  functions  f,j(*)  (transmissions)  contained  within  it* 
system  transmission  matrix  or  system  *  tacking  matrix.  Tr(*)  —  *)},  relates  the  outputs  p,'(s)  to  the 

inputs  ry(s),  that  is,  v,(*)  =  tiy(*)rj(s).  In  a  quantitative  problem  statement  there  are  tolerance  bound* 


om  each  («>(•),  finsg  a  t«t  of  ni’  accepUblt  regioni  T;y(«)  wkich  ate  to  be  ipec.fied  in  the  detign,  thus 
^>(*)  ^  ^t(*)  These  regioL'i  can  alao  be  directly  given  in  the  frequency  domain. 

Baaed  upon  FIC  t  The  following  system  equations  can  be  written:  y  -  Vx,  x  =  Gu,  u  =  v  -  y, 
V  =  ft. 

In  these  equations  G(s)  is  the  matrix  of  compensator  transfer  functioos  and  is  often  simplified  so  that  it 
is  diagonal.  f(s)  is  the  matrix  of  prefilter  transfer  functions  wliich  may  also  be  a  diagonal  matrix.  Ihc 
combination  of  these  equations  yields  a  ?  degree-of-freedom  feedback  structure: 

y  =  (I+PG]-*PGrr  (4) 

where  the  system  traekiag  control  ratio  relating  r  to  y  is 

Tr  =  [I  +  PG1-‘PGP  (5) 

The  disturbance  model  is  given  ae 

To  s[l  +  PG]-'P  =  {d.,}  (6) 

The  MIMO  design  objective  is  to  determine  a  F  and  G  for  all  plants  in  P  such  that 
e  the  closed-loop  control  ratio  of  Elq.  6  is  stable  “stability” 

e  the  norm  of  t,j(w)  is  bounded;  04/(10)  <  |<i/(<o)|  <  h<j(w)  for  w  <  wo  “closed-loop  performance” 
e  the  disturbance  Eq.  6  is  bounded  by  o^(w),  >  0  “disturbance  rejection” 

2  MISO  Equivalents  for  a  MIMO  System 

A  linear  mapping  from  a  MIMO  system  structure  results  in  MISO  equivalent  systems,  each  with 
two  inputs  and  one  output.  One  input  is  designated  as  a  “desired”  tracking  input  and  the  other  as  a 
“disturbance”  input.  To  develop  this  mapping  consider  the  inverse  of  the  plant  matrix  represented  by: 


P-'  = 


Pit  PiJ 
Pjj 


Pml  Pm3  Pmm 


The  effective  plant  transfer  functions  are  formed  by  defining 

qti  =  I/p:,  =  [detP/adjPy] 

where  defP  reflects  a  minimum  phase  transfer  function  model.  A  Q  matrix  is  defined  as: 


flu  flii  —  9l>n 
far  qn  —  9am 


1/Ph  1/Pla  -  1/Plm 
VpJ,  l/pja  •••  l/rtm 


L  —  9mm  J  L  VPml  ^/Pm7  Vpmm  J 

where  P  =  [p,/],  P~'  =  [p*,]  =  [1/9,/],  and  Q  =  [7,/]  =  [l/p*^].  The  matrix  P”‘  is  partitioned  to  form 

P-'  =  b:/)  =  [l/9ir]  =  A-HB 


where  A  =  is  the  diagoaai  p«rt  end  B  =  {6^^}  is  the  ofT-diagonaJ  component  of  P~'.  Thus,  = 
l/?n  =  P"ii  ftii  =  0,  and  bif  =  1/j,,  =  p,*.  for  t  ^  j.  Premultiplying  Eq.  (6)  by  P"'[I  +  PGJ  yields,  using 
Eq.  (10). 

Tii  =  (A  +  Gr'(Gf-BT]  (II) 

Each  of  the  matrix  elements  on  the  right  side  of  Eq  (11)  can  be  interpreted  as  a  MISO  problem.  This 
fixed  point  mapping  is  described  by  defining  Y(T^)  as; 

Y(Tr)  h  (A  +  G]  ' '  [GP  -  BT)  ( 12) 

where  G  =  {pi,}  is  amomed  to  be  diagonal  and  each  member  of  is  from  the  acceptable  set  T^.  If  this 
mapping  has  a  ^ed  point,  i.e.,  €  Tn  such  that  Y(Tg)  =  Tg,  then  this  Tg  is  a  solution  of  Eq.  (II). 

The  control  ratios  for  the  desired  tracking  of  the  inputs  by  the  corresponding  outputs  for  each  feedback 
loop  of  Eq.  (12)  hare  the  form 

Mi  =  ttii,(«,/  +  d,>)  =  M.  +  Vrf,,  (15) 

where  =  9„/(l  +  piip,,)  and  =  ffnfo-  interaction  between  the  loops  has  the  form 


d(f  =  —  ^  f^l  k  =  1,2,. ..,n 
llitj 


and  appears  as  a  “distorbanee”  input  in  each  of  the  feedback  loops.  As  mentioned  previous  regarding  the 
MIMO  sreighting  matrix,  the  various  diagonal  transfer  functions  can  be  modified  as  a  function  of  the  off 
diagonal  terms  above  and  to  their  left.  This  results  in  a  more  complex  but  better  model.  The  modeling 
objective  is  to  generate  a  Q  with  diagonal  dominsmce.  The  disturbance  MISO  input  although  minimised  is 
still  retained  in  the  model. 

Eq.  (13)  represents  the  control  ratio  of  the  <th  MISO  system.  The  transfer  function  WuVij  relates  the 
‘desired*  ith  output  to  the  jth  input  ry  and  the  transfer  function  T0,|d,’y  relates  the  ith  output  to  the  jth 
‘disturbance*  input  dij.  Defining  the  loop  transmission  A,  for  each  of  these  loops,  an  additional  desig.’i 
objective  can  be  included  that  states; 

|1  -t-  .^f(‘*')i  ^  ’’H(a>)  for  all  i  and  all  plants  ‘stability  margin  performance” 

For  nonlinear  systems  a  similar  ploy  is  used  in  that  the  nonlinear  components  of  the  system  equations 
are  modeled  as  disturbances.  The  QFT  controller  is  designed  based  upon  the  linear  component  and  the 
bounds  of  the  disturbances.  Simulation  of  the  controller  system  is  then  accompli.shed  using  the  nonlinear 
structure  explicitly. 


3  MISO  Performance  Models 

To  synthesise[23,  24,  1  3,  26,  6]  a  QFT  MISO  design,  the  model  control  ratio  can  be  generated  based 
upon  the  system’s  performance  specifications  in  the  time  domain  using  the  individual  MISO  models.  For  a 
minimum  phase  continuous  structure  of  FIG  3,  the  MISO  control  ratios  for  tracking  and  for  disturbance 
rejection  are,  respectively, 

T  =  J’(*)G(s)P(s)  _  £WH?)rr,-eWl  ,141 

rfl(»)  -  j  G{t)P($)  ~  1  +  jD{s)  05, 

Ted*)  =  Disturbance)  (16) 

=  Trdm  "  Disturbance)  (17) 


where  I(«)  s  G{$)P{*)  ii  deftaed  m  the  loop  tranemiiiioii.  A  fourth 
defined: 


^  ~  I  +  G(t)P(s)  F(t) 


transfer  function,  7,  can  also  be 


(18) 


which  is  used  to  define  additional  performance  requirements. 

FIG  3  represents  the  feedback  structure  which  is  generic  in  nature  for  continuous  and  discrete  systems. 
The  previous  equations  esm  be  modified  for  a  discrete  feedback  block  diagram  using  a  multiplicative  sero- 
order  hold  (ZOH  Operator).  The  ICECAP-PC  user’s  manual  contains  QFT  flowcharts  for  the  continuous 
and  discrete  design  processes.  For  sampled-data  systems,  two  QFT  approaches  exist.  The  first  transfers 
the  sampled-data  system  into  the  »-domain.  From  this  plant  with  an  integrated  lero-ordet-hold  structure, 
the  mapping  s  =  e^^*  is  used  to  transfer  to  the  frequency  domain.  The  standard  QFT  techniques  are 
then  employed  in  the  frequency  domain  [21].  The  second  method  uses  the  QFT  frequency  domain  design 
techniques  that  have  been  highly  developed  for  the  s  domain  which  can  also  be  applied  in  the  w  domain. 
The  condition  for  this  application  is  that  the  pertinent  s,i  and  w  plane  modeling  relationships,  based  on  the 
Tnstin  approximation,  are  valid  for  low  sampling  frequencies  [10].  An  example  is  now  used  to  illustuate  the 
various  phases  of  the  QFT  desigpn  process. 

S.l  Design  Example 


A  QFT  MISO  system  is  designed  usiag  the  control  system  of  FIG  8,  srith  f(i)  =  dj{t)  =;  n.i(()  to  meet  the 
following  example  time-domain  specifications: 

Tracking  Specifientioni  7r 

Thu'  Second  Order  System  with  Peak  Overshoot  {Mp)  of  1.3  and  setting  time  ((,)  of  1.65 

Tr/,:  Second  Order  System  overdamped  system  with  a  setting  time  ((,)  of  1.65 

From  these  two  tracking  specifications  the  appropriate  values  of  a,'j(h;)  and  5i>(ii')  can  be  determined  to 
bound  7a  .  FIG  3  and  4  represent  the  generic  time  and  frequency  responses  for  the  tracking  specifications. 
For  the  stability  margin  bounds,  |1  -f-  Li|  >  mi(ui). 

Disturbance  Bound  Speeificatioui 

ITol  <  ap(w)  =  |c(t,)*„|  =  0.1  for  all  <•; 

Phase  Margin  Angle:  7  =  40” 

These  specifications  can  be  initially  defined  in  the  frequency  domain  by  defining  a  finite  set  of  magnitude 
values  vs  frequency. 

The  examp!:  second-order  model  is 


Ps(s)  =  (k«)/(s(s  +  o)J 
where  2  <  a  <  10,  1  <  k  <  5,  k  =:  1, 2, ...,  J 

where  J  is  the  number  of  uncertain  plants  and  the  variation  of  a  and  k  describe  the  region  of  uncertainty. 

Observe  that  the  phase  margin  and  gain  margin  performance  requirements  can  also  be  incorporated  as 
the  following  bound  where  btj  =  Sr-. 

|7(«)|  <  Sr(w)  (19) 

and  the  tracking  bound  as 

|7/it/(w)  -  Trl(u)\  <  Sr(u)  (20) 

These  tracking  spedfieations  are  based  upon  satisfying  some  or  ail  of  the  step  forcing  function  figures  of 
merit  for  underdamped  (Afp,  ip,  t,,  tr.  Km)  and  overdamped  ((,,  t^,  Km)  responses  for  a  simple  second-order 
system. 

The  upper  and  lower  tracking  hfISO  models  are  normally  second  order  systems  since  the  designer  must 
meet  the  given  time^lomain  unit-step  performance  specifications  (3f,,  (p,  <,,and  tr).  This  design  process 
is  recoraive.  First  TRv{jw)  and  TriIjv)  are  determined  and  then  the  (\TRu{ju)\  -  \TRL(jm)\)  difference 
mnst  increase  with  frequency  in  order  to  achieve  a  satisfactory  controller.  Thus  TRu{jui)  and  TrlUu/)  are 


modified  without  chupng  the  desired  performance  eharaeteriatie*  by  modifying  Thl  with  a  negative  real 
pole  which  ii  choeen  aa  dote  to  the  origin  aa  pouible  without  affecting  this  original  time  reaponae. 

For  minimnm-phaae  plants,  only  the  tolerance  on  |  TrO'w,-)  j  need  be  aatiaiied  for  a  aatiafactory  design. 
For  itonmintmum-phaae  plants,  tolerances  on  mast  also  be  specified  and  satisfied  in  the  design 

process.  It  is  desirsHe  to  synthesise  the  control  ratios  corresponding  to  the  upper  and  lower  bounds  Tmj 
*>>d  Trl,  respectively,  so  that  6R{jui)  increases  as  Ui  increases  above  the  0  dB  crossing  frequency  of  Tnir. 
This  characteristic  of  )  simplifies  the  process  of  synthesising  a  loop  transmission  La(s)  =  (?(s)Po(s), 
where  Po(*)  >*  the  selected  nominal  plant  transfer  function. 

The  Bode  plots  are  generated  from  the  time  responses  y(<)(;  and  ir(t)t,  and  represent  the  upper  bound  Bv 
and  lower  bounds  Bi,  respectively,  of  the  specifications  in  the  frequency  domain.  As  mentioned  previously, 
the  specifications  can  be  directly  defined  in  the  frequency  dommn,  and  thus  the  generation  of  time-domain 
specifications  is  not  required. 

The  templates  are  constructed  next  from  CAD  generated  plots.  The  B/}(iv,'),  BpO'vi),  and  BmoU^i) 
bounds  and  B|^,  Bs,  and  Bl  contours  are  then  obtained.  The  optimal  loop  transmission  transfer  function 
Lmoiyi)  and  the  prefilter  F(w)  are  synthesised.  TLe  following  sections  present  a  summary  of  the  details. 

3.2  Template  Generation 

The  simplest  QFT  disturbance  rejection  model  considered  is  To(s)  =  Y{»)/D{i)  =  Op,  a  constant  (the 
maximum  magnitude  of  the  output  based  upon  a  unit  step  disturbance  input). 

To  characterise  the  plant  model  variations,  consider  the  log-magnitude  (Lm)  of  Eq.  (15): 


Lm  Tr  =  Lm  F  -f-  Lm 


f— 1 

[l  +  ij 


The  change  in  Tr  due  to  the  uncertainty  in  P  is 


A(LmTR)  =  LmTR  -  LmP  =  Lm 


L  ■ 
1  +  L 


(21) 


(22) 


By  the  proper  design  of  L  —  L«  and  F,  this  change  in  Tr  is  restricted  so  that  the  actual  value  of  Lm  Tr 
always  lies  between  Bv  and  Bi.  Synthesising  requires  the  generation  of  templates.  These  templates  for 
various  values  of  Uj  ever  a  specified  frequency  range  characterise  the  variation  of  the  plant  uncertainty,  as 
described  by  the  J  plant  transfer  functions.  Selecting  the  frequency  range  for  the  templates  generally  requires 
the  selection  of  three  frequency  values,  no  less  than  an  octave  apart,  up  to  approximately  the  —12  dB  value 
of  tae  Bv  plot.  In  addition,  for  a  Type  0  plant[18]  select  w*  =  0  and  for  a  Type  1  or  higher-order  plants 
select  Wx  ^  0.  Automatic  or  interactive  generation  of  these  bounds  is  permitted.  A  nominal  plant  is  also 
selected  at  this  time.  Graphical  and  tabular  template  data  can  be  displayed  for  evaluation. 


3.3  High-Freqeuency  Boundary 

The  specifications  on  system  performance  in  the  frequency  domain  identify  e  minimum  damping  ratio  C  for 
the  dominant  roots  of  the  closed-loop  system  which  becomes  a  bound  on  the  value  of  Mn,.  On  the  Nichols 
chart,  this  bound  on  M„  =  Ml  establishes  a  region  which  must  not  be  penetrated  by  the  template  of 
for  ail  w.  The  boundary  of  this  region  is  referred  to  as  the  universal  high-frequency  boundary  (UKFB)  or 
the  U-eontonr,  because  this  becomes  the  dominating  constraint  on  as  u  approaches  oo.  Therefore, 

the  top  portion  of  the  M-contour  on  the  Nichols  chart,  which  corresponds  to  the  vrdue  of  the  selected  value 
of  Ml  ,  becomes  part  of  the  U-contonr. 

For  a  large  problem  class,  the  limiting  value  of  the  plant  transfer  function  approaches 


lim  [P(ju>)]  =  ^ 

w  — OO  faf" 


(23) 


where  i;  cepiewnts  the  of  poles  over  leros  of  P(*)-  The  plant  template,  for  this  problem  class, 

approaches  a  rertical  line  of  length  equal  to 

A  =  lim  (LrnPm.*  -  LmP„<.]  (24) 

=  LmX^r  -  =  VdB  (25) 

If  the  nominal  plant  is  chosen  at  X'  ==  then  the  constraint  Ml  gives  a  boundary  which  approaches  the 
U-eontonr  of  FIG  5. 

3.4  l^addng,  Disturbance  and  Stability  Margin  Bounds 

The  determination  of  the  tracking  bounds,  the  disturbance  BoUui)  bounds  and  the  stability  margin 

bounds  am  required  in  order  t^  yield  the  optimal  composite  bounds  Be(jui)  on  Xo(iw,-).  The  solution  for 
SRiiui)  requires  that  the  actual  ATii(jui)  be  <  Thus  it  is  necessary  to  determine  the  resulting 

constraint,  or  bound,  BnOui)  on  L{jui).  The  procedure  is  to  pick  a  nominal  plant  Po(»)  and  to  derive 
the  bounds,  by  use  of  the  templates,  on  the  resulting  nominal  transfer  function  Lo{»)  —  G(s)Pa(s).  In 
ICECAP'PC,  the  process  is  antomated.  However,  the  user  can  observe  the  bound  generation  for  a  specific 
angle  and  firequeney  on  the  Nichols  chart.  The  user  can  also  move  the  templates  under  key /mouse  input  on 
the  Nichob  chart  for  manual  bound  generation.  The  disturbance  bounds  Bod^^i)  can  be  determined  in  a 
similar  msaaer[2,  3]. 

For  CAD  generation  of  and  Bodu),  the  ad>ove  process  is  automated  given  the  plant  variations 

with  the  ZOH,  disturbance  models,  specifications  and  the  selection  of  a  nominal  plant  Po-  In  particular, 
the  minimum  and  maximum  values  of  Lmif  for  each  plant  template  at  jwi  are  found  for  a  given  angle 
(0  >  and  <  2w)  over  the  range  0  to  -180  degrees  (6°  increments)  such  that  their  max-min  difference  is 
S  If  *  template  for  a  spedfie  plant  becomes  tangent  to  the  Ml  contour,  the  angle  iteration  stops 

since  entering  this  region  would  violate  the  Tftd'^i)  specifications.  The  process  for  genereting  Bft  is  iterated 
for  Ui  over  the  specified  frequency  bandwidth  with  values  an  octave  apart.  This  is  the  basic  technique  that 
was  emidoyed  in  the  ICECAP'QFT  software  in  1985(10].  A  modified  approach[19]  for  finding  the  bounds 
is  to  manipulate  the  form  of  Tr{u)  <  Sr{u)  from  Eq.  25  into  an  inequality  equation,  vary  the  phase  angle 
9  of  G{jui)  and  Uj  over  the  same  ranges  as  above  along  with  the  variations  of  the  plant,  and  solve  for  the 
max  and  min  values  of  |G(yw,-)|  for  each  0.  Both  algorithms  essentially  solve  the  same  inequality  and  thus 
provide  an  automated  process  for  generating  the  bounds  Bftd'ui).  The  same  process  can  be  employed  to 
find  the  bounds  for  Bo(jWi)  and  any  other  bounds.  Numerical  consideration  must  be  given  to  implementing 
either  of  these  techniques  for  sampled-data  systems,  especially  if  the  computations  are  done  in  the  s-plane 
frequency  domain  [19]. 

The  composite  Bo(jui)  bound  for  the  loop  transmission  is  composed  of  those  portions  of  each  respective 
bound  BrOuh),  Bp{jui)  and  stability  margin  bound  that  have  the  largest  relative  values  (a  union  of  the 
various  bounds).  To  synthesise  Lg(jui),  it  must  lie  on  or  just  outside  the  bound  Bg(ju{)  for  each  This 
process  of  generating  Bo  is  implemented  in  the  QFT  Toolbo.x. 

3.5  Synthesizing  a  Nominal  Loop  Transmission 

The  loop  shaping  or  synthesising  of  is  shown  by  the  dashed  curve  in  the  Nichols  chart  of  FIG 

6.  A  point  such  as  Za(i2)  must  be  on  or  above  B„(j2).  Further,  in  order  to  satisfy  the  specifications, 
Zg(ju)  cannot  violate  the  U-contonr.  In  this  example  a  reasonable  Lg{jw)  closely  follows  the  U-contonr  'up 
to  w  =  40  and  must  stay  below  it.  Synthesising  an  La(*)  which  satisfies  the  above  specifications  involves 
constructing  a  rational  function  (more  poles  than  seros).  is  built  up  rational  term-by-term  (loop 

shaping)  to  remain  on  or  just  outside  the  U-contonr  in  the  Nichols  chart.  A  graphical  interface  is  provided 
for  determining  a  rational  loop  transmission  with  minimum  bandwidth.  Various  interactive  and  automated 
loop-shaping  processes  have  been  proposed[27,  28].  ICECAP-PC  provides  a  number  of  interactive  and 
automated  techniques  for  generating  Lo. 


3.6  Filter  Design,  Simulation  and  Reporting 

The  design  of  the  prefilter  requires  the  positioning  of  Lm  [T(^)]  within  the  frequency  domain  spedficstions. 
The  magnitude  of  the  frequency  response  must  lie  within  the  bounds  Bv  and  Bi-  By  use  of  straight-line 
approximations  F{t)  is  synthesised  so  that  Lm  F{ju)  lies  within  the  time  domain  boundaries.  ICECAP-PC 
prorides  a  table  and  a  bode  plot  for  help  in  defining  the  MISO  filter  transfer  function.  Simulation  of  the 
overall  control  system  can  now  validate  the  design. 

Simulation  is  accomplished  by  observing  the  step  response  (tracking)  in  the  time  domain  and  the  fre¬ 
quency  response  over  the  band  of  interest  for  all  plant  variations  and  disturbance  bounds.Fot  nonlinear 
system  simulation,  nonlinear  equation  solvers  are  used  in  ICECAP-PC.  If  the  resulting  simulation  does  not 
validate  the  design  specifications,  the  user  can  return  to  the  appropriate  phase  and  modify  the  design  and 
continue  the  QFT  design  process. 

Since  the  QFT  proceu  involves  coMderable  computation  ud  data  processing,  CACSD  files  are  stored 
for  each  phase  and  combined  under  program  control  to  generate  a  rough  text  report  of  QFT  data  to  which 
the  student  or  control  engineer  csm  add  prose  in  order  to  generate  a  report. 

4  Conclusions 

The  development  of  an  object-oriented  CACSD  quantitative  feedback  design  package  requires  extensive  data 
and  symbolic  manipulation.  The  use  of  computer-aided  packages  for  performing  some  of  these  manipulations 
is  straight  forward  using  tables  and  equations,  yet  the  synthesis  of  the  loop  transmission  Lq  is  still  an 
interactive  process. 

The  generation  of  an  OOD  and  OOP  CACSD  package  such  as  ICECAP-PC  permits  ease  of  extension 
and  testing  for  such  techniques  as  QFT.  Use  of  this  QFT  OO  CAD  package  with  graphical  interfacing 
promotes  ease  of  data  manipulation  and  permits  evolution  of  numerous  compensator  designs.  ICECAP-PC 
is  a  continuing  cooperative  development  project  and  available  free  of  charge  for  MS/DOS  environments  from 
the  authors. 
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